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Throughout X is a Banach space and X∗ is the dual space of X . [0, 1] is the
unit interval of the real line equipped with the usual topology and the Lebesgue
measure. We denote by L the family of all Lebesgue measurable subsets of [0, 1]
and by I the collection of all closed subintervals of the interval [0, 1]. For E ∈ I
the symbol |E| denotes the Lebesgue measure of E.

Definition 1. A function f : [0, 1] → X is said to be Henstock-Kurzweil-Pettis in-
tegrable (or HKP -integrable) on [0, 1] if for every x∗ ∈ X∗ the function x∗f is
Henstock-Kurzweil integrable and for each I ∈ I there exists a vector wI ∈ X
such that 〈x∗, wI〉 = (HK)

∫
I
x∗fdt, for every x∗ ∈ X∗. wI is called the Henstock-

Kurzweil-Pettis integral of f over I and we set wI : = (HKP )
∫

I
fdt.

Definition 2. A function f : [0, 1] → X is said to be Henstock-Kurzweil-Pettis in-
tegrable (or HKP -integrable) on [0, 1] if for every x∗ ∈ X∗ the function x∗f is
Henstock-Kurzweil integrable and for each I ∈ I there exists a vector wI ∈ X
such that 〈x∗, wI〉 = (HK)

∫
I
x∗fdt, for every x∗ ∈ X∗. wI is called the Henstock-

Kurzweil-Pettis integral of f over I and we set wI : = (HKP )
∫

I
fdt.

Throughout cwk(X) will denote the family of all nonempty convex weakly com-
pact subsets of X . For every C ∈ cwk(X) the support function of C is defined for
each x∗ ∈ X∗ by s(x∗, C) = sup{〈x∗, x〉 : x ∈ C}. A map Γ : [0, 1] → cwk(X)
is called a multifunction. A multifunction Γ is said to be scalarly measurable if for
every x∗ ∈ X∗, the map s(x∗, Γ (·)) is measurable. Γ is said to be scalarly integrable
(resp. scalarly HK-integrable) if, for every x∗ ∈ X∗, the function s(x∗, Γ (·)) is inte-
grable (resp. HK-integrable). A function f : [0, 1] → X is called a selector of Γ if
f(t) ∈ Γ (t), for every t ∈ [0, 1].

Definition 3. A multifunction Γ : [0, 1] → cwk(X) is said to be Pettis integrable
in cwk(X), if Γ is scalarly integrable and for each A ∈ L there exists a set WA ∈
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cwk(X), respectively) such that

s(x∗,WA) =
∫

A

s(x∗, Γ (t)) dt for all x∗ ∈ X∗.

We call WA the Pettis integral of Γ over A and we set WA : = (P )
∫

A
Γ (t)dt.

Replacing L by I and the Lebesgue integrability by the HK-integrability, we
obtain the definitionnitions of HKP-integrability of Γ .
We set then WI = : (HKP )

∫
I
Γ (t)dt.

Given a multifunction Γ , the symbol SHKP (Γ ) denotes the family of all selec-
tors of Γ that are HKP-integrable.

Definition 4. A scalarly measurable multifunction Γ : [0, 1] → cwk(X) is said to
be Aumann–Henstock–Kurzweil–Pettis integrable if SHKP (Γ ) 6= ∅. Then we defini-
tionne for each J ∈ I

(AHKP )
∫

J

Γ (t) dt := {(HKP )
∫

J

f(t)dt : f ∈ SHKP (Γ )} .

The following theorem is the main result of my presentation:

Theorem 1. Let Γ : [0, 1] → cwk(X) be a scalarly measurable multifunction. Then the
following conditions are equivalent:

1. Γ is HKP-integrable in cwk(X);

2. SHKP (Γ ) 6= ∅ and for every f ∈ SHKP (Γ ) the multifunction G : [0, 1] →
cwk(X) definitionned by Γ (t) = G(t) + f(t), is Pettis integrable in cwk(X);

3. there exists f ∈ SHKP (Γ ) such that the multifunction G : [0, 1] → cwk(X)
definitionned by Γ (t) = G(t) + f(t) is Pettis integrable in cwk(X);

4. for each interval I ∈ I , the set (AKHP )
∫

I
Γ (t) dt belongs to cwk(X) and

s

(
x∗, (AHKP )

∫

I

Γ (t) dt

)
= (HK)

∫

I

s(x∗, Γ (t)) dt

for all x∗ ∈ X∗;

5. each scalarly measurable selector of Γ is HKP-integrable.
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