Distributional integrals

Erik Talvila
Chilliwack, Canada

One way to define an integral is through properties of its primitive. This is a
function whose derivative is in some sense equal to the integrand. For example,
if f:R — Rthen f € L' if and only if there is an absolutely continuous primi-
tive F': R — R of bounded variation such that F’ = f almost everywhere. For
the Denjoy or Henstock-Kurzweil integral, the primitives are ACG™ functions.
For the wide Denjoy integral the primitives are ACG functions and the approx-
imate derivative is used. Each of these spaces of primitives is contained in the
continuous functions on the extended real line. By using C(R) as the set of prim-
itives and the distributional derivative, we obtain an integral that contains the
Lebesgue, Denjoy and wide Denjoy integrals.

Denote the Schwartz distributions on the real line by D’(R). This is the topo-
logical dual of the test function space D(R) = C2°(R). The distributional deriva-
tive is denoted F".

Let B.={F:R - R | F € C°(R), F(—) = 0, F(c0) € R}. Then B, is a Ba-
nach space under the uniform norm ||-|| . The space of integrable distributions is
then A, = {f € D'(R) | f = F' for F € B.}.If f € A. then the continuous primitive
integral of f is fab f = F(b) — F(a) where F € B, is the unique primitive of f and
—00 < a < b < oo. The Alexiewicz norm of f is sup,cg ‘ffoo f’ = ||F||co. Under
the Alexiewicz norm, A, is a separable Banach space isometrically isomorphic to
B.. It follows that A, contains all functions integrable in the Lebesgue, Denjoy or
wide Denjoy sense. And, A, is the completion of these spaces in the Alexiewicz
norm. Many of the usual properties of integrals hold. The fundamental theorem
of calculus is built into the definition. The dual space and multipliers are func-
tions of bounded variation. There is an integration by parts formula, change of
variables, second mean value theorem, convergence theorems. A, is a Banach lat-
tice under the ordering f < gin A. if and only if F'(z) < G(z) forall z € R, where
F,G € B, are the respective primitives of f, g. The space A, is also a Banach alge-

bra: fg = (FG)'. Convolutions and Fourier series have also been studied for this
integral. See [1], [2] and [4].

A function on the real line is called regulated if it has a left limit and a right limit
at each point and real limits at infinity. By taking the primitives to be regulated
functions we obtain a Banach space of integrable distributions that contains all
of those above and also all sighed Radon measures. The Dirac measure is § =
H'" where H = X (0, is the Heaviside step function. Since H is regulated, § is
integrable in this sense. See [3].

Other generalisations are to consider higher derivatives within the class of
continuous or regulated primitives [5] and to use LP functions as the space of
primitives [6].
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