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• Control theory and Integral transforms (1964-68)

Degree work and first 2 papers dealt with linear control problem of the form:

(1) ẋ = A x + B u

with constant matrices A and B and where controls u belong to some convex
set U whose interior is nonempty.
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(1) ẋ = A x + B u

with constant matrices A and B and where controls u belong to some convex
set U whose interior is nonempty.

Necessary and sufficient conditions ensuring that
for a given T > 0 and x̃ ∈ Rn the solution of (1) starting in x̃
can be controlled to the origin at a time t ≤ T .

Moreover, he proved that the set of such x̃ can be uniquely
determined by extremal controls.
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Generalized Linear Differential Equations

x(t) = x̃ +

∫ t

a
d[A(s)] x(s) + f (t)− f (a)

(
d x
d τ

= D[A(t) x + f (t)]
)

• existence and uniqueness, variation-of-constants formula,

• boundary value problems and duality theory,

• Floquet theory,

• continuous dependence of solutions on a parameter,

• Perron-Stieltjes (=Kurzweil-Stieltjes) integration of BV functions with
respect to BV functions,

• duality theory in the BV space,

• extensions to Volterra-Stieltjes or Fredholm-Stieltjes integral equations.
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• Differential equations with interface conditions. Časopis pro pěstování matematiky, 105,
391–408 (1980).
• Generalized Volterra integral equations. Czechoslovak Mathematical Journal, 32, 245–270
(1982).

• Variational stability for generalized ordinary differential equations. Časopis pro pěstování
matematiky, 109, 389–420 (1984).

Inspired by integral stability introduced by I. Vrkoč for ODE’s, Štefan for GDE’s

(1) x(t) = ex +

Z t

a
DF (x(τ), t)

defined:

The zero solution of (1) is variationally stable if: for every ε > 0 there is δ > 0 such that 
‖ex‖< δ and varT

t0

�
x(s)−

Z s

t0

DF (x(τ), t)
�
< δ

!
=⇒ ‖x(t)‖< ε for t ∈ [t0, T ]

holds for each solution x of (1) on [t0, T ] which has a bounded variation on [t0, T ].

For this type of stability he proved some Lyapunov type results including converse Lyapunov
theorems.
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matematiky, 109, 389–420 (1984).

Inspired by integral stability introduced by I. Vrkoč for ODE’s, Štefan for GDE’s
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GENERALIZED ORDINARY DIFFERENTIAL EQUATIONS 

by Š Schwabik (Czechoslovak Acad. Sci.)  

The contemporary approach of J Kurzweil and R Henstock to the Perron integral is applied to the theory of 

ordinary differential equations in this book. It focuses mainly on the problems of continuous dependence 

on parameters for ordinary differential equations. For this purpose, a generalized form of the integral 

based on integral sums is defined. The theory of generalized differential equations based on this integral is 

then used, for example, to cover differential equations with impulses or measure differential equations. Solutions of 

generalized differential equations are found to be functions of bounded variations. 

The book may be used for a special undergraduate course in mathematics or as a postgraduate text. As there are currently 

no other special research monographs or textbooks on this topic in English, this book is an invaluable reference text for 

those interested in this field. 

  
Contents: 

• The Generalized Perron Integral  

• Ordinary Differential Equations and the Perron Integral  

• Generalized Ordinary Differential Equations  

• Existence and Uniqueness of Solutions of Generalized Differential Equations  

• Generalized Differential Equations and Other Concepts of Differential Systems  

• Generalized Linear Differential Equations  

• Product Integration and Generalized Linear Differential Equations  

• Continuous Dependence on Parameters for Generalized Ordinary Differential Equations  

• Emphatic Convergence for Generalized Ordinary Differential Equations  

• Variational Stability for Generalized Ordinary Differential Equations  

  
Readership: Mathematicians, undergraduate and postgraduate students. 
  
“… the book is highly recommended to researchers … and to readers who wish to learn an important chapter in the 

philosophy and thinking of differential equations.” 
Zvi Artstein

Mathematical Reviews

  
“… the book is well-written and organized … warmly recommended to specialists working in differential equations … every 

reader may find the book helpful as an introduction to the theory of generalized integrals and as a guide to the literature for 

futher details.” 
J Bana)

Mathematics Abstracts
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• On Mawhin’s Approach to Multiple Nonabsolutely Convergent Integral (with Jarník, J. and
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• Ordinary differential equations the solutions of which are ACG∗-functions (with Kurzweil, J.).
Archivum Mathematicum, 26, 129–136 (1990).

• Convergence Theorems for the Perron Integral and Sklyarenko’s Condition. Commentationes
Mathematicae Universitatis Carolinae, 33 (2) 237–244 (1992).
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Equiintegrability
• Set D={α0, α1, . . ., αm}⊂[a, b] is a division of [a, b] if a=α0<α1<. . .<αm=b.

• Couple (D, ξ) where D = {α0, α1, . . . , αm} is a division of [a, b]
ξ = (ξ1, . . ., ξm)∈ [a, b]m and αj−1≤ξj≤αj , is a partition of [a, b].

• Functions δ : [a, b] → (0, 1) are called gauges.

• Partition (D, ξ) is δ-fine if [αj−1, αj ] ⊂ (ξj − δ(ξj ), ξj + δ(ξj )) for all j .

System F of functions f : [a, b] → R is equiintegrable if

each function f ∈F is integrable,

for each ε > 0 there is a gauge δ such that������
X

j

f (ξj ) (αj − αj−1)−
Z b

a
f

������ < ε

hold for each δ-fine partition (D, ξ) and each f ∈F .

• If {fn} is equiintegrable and fn → f pointwise, then f is integrable and
Z b

a
fn →

Z b

a
f .

• For McShane integral the equiintegrability convergence result is equivalent to the Vitali’s
convergence theorem.
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Linear Stieltjes integral equations in Banach spaces
• Abstract Perron-Stieltjes Integral. Mathematica Bohemica, 121 (4) 425–447 (1996).

• Linear Stieltjes integral equations in Banach spaces. Mathematica Bohemica, 124 (4)
433-457 (1999).

• Linear Stieltjes integral equations in Banach spaces II: Operator valued solutions.
Mathematica Bohemica, 125 (4), 431-454 (2000).

• A note on integration by parts for abstract Perron-Stieltjes integrals. Mathematica Bohemica,
126 (3), 613–629 (2001).
• Operator - valued functions of bounded semivariation and convolutions. Mathematica
Bohemica, 126 (4), 745–777 (2001).

Integration in Banach space
• On the strong McShane integral of functions with values in a Banach space (with Ye Guoju).
Czechoslovak Math.Journal 51 (126) (4), 819–828 (2001).

• The McShane and the Pettis integral of Banach space-valued functions defined on Rm

(with Ye Guoju). Illinois Journal of Math. 46, 1125–1144 (2002).

• The McShane and the weak McShane integral of Banach space-valued functions defined
on Rm (with Ye Guoju). Mathematical Notes, Miskolc, 2 (2), 127–136 (2001).

• On McShane integrability of Banach space-valued functions (with Jaroslav Kurzweil). Real
Analysis Exchange 29 (2), 763–780 (2003/2004).

• A negative answer to a problem of Fremlin and Mendoza (with Ye Guoju). Acta Mathematica
Scientia Series B, 27B (4), 813–820, (2007).

• Bochner product integration. Mathematica Bohemica, 119 (3) 305–335 (1994).

• Henstock-Kurzweil and McShane product integration; Descriptive definitions (with Antonín
Slavík). Czechoslovak Mathematical Journal 58 (133), 241-–269 (2008).
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TOPICS IN BANACH SPACE INTEGRATION 

by Štefan Schwabik (Czech Academy of Sciences, Czech Republic) & Ye Guoju (Hohai 
University, China)  

The relatively new concepts of the Henstock–Kurzweil and McShane integrals based on 
Riemann type sums are an interesting challenge in the study of integration of Banach 
space-valued functions. This timely book presents an overview of the concepts developed 
and results achieved during the past 15 years. The Henstock–Kurzweil and McShane 
integrals play the central role in the book. Various forms of the integration are introduced 
and compared from the viewpoint of their generality. Functional analysis is the main tool for presenting 
the theory of summation gauge integrals. 
  
Contents: 

• Bochner Integral  
• Dunford and Pettis Integrals  
• McShane and Henstock–Kurzweil Integrals  
• More on the McShane Integral  
• Comparison of the Bochner and McShane Integrals  
• Comparison of the Pettis and McShane Integrals  
• Primitive of the McShane and Henstock–Kurzweil Integrals  
• Generalizations of Some Integrals  

 
Readership: Graduate students and lecturers in mathematics. 
  
“I can recommend this book for those seeking an overview of the concepts and results achieved during 
the past 15 years.” 

Mathematical Reviews
  
“This book is carefully written and should be accessible to anyone with a basic knowledge of classical 
integration theory and elementary functional analysis. The book contains an extensive bibliography and 
should be useful to those with interests in Banach space integration.” 

Zentralblatt MATH
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• Discontinuous local semiflows for Kurzweil equations leading to LaSalle’s Invariance Principle
for non-autonomous systems with impulses (with Everaldo M. Bonotto and Márcia Federson),
in preparation.
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(1) ẏ = f (yt , t), yt0 = φ

Imaz & Vorel
ASSUME:

f : C([−r , 0], Rn)× [t0, T ] → Rn

there is M ∈ L1[t0, T ] such that�� Z t2

t1

f (xs, s) ds
�� ≤ Z t2

t1

M(s) ds for x ∈C[−r , 0], t1, t2 ∈ [t0, T ],

there is M ∈ L1[t0, T ] such that�� Z t2

t1

[f (xs, s)− f (ys, s)] ds
�� ≤ Z t2

t1

L(s) ‖xs − ys‖ ds for x , y ∈C[−r , 0], t1, t2 ∈ [t0, T ].

DEFINE: X = C([t0−r , T ], Rn)} and

F (y , t)(ϑ) =

8>>>>>>><>>>>>>>:

0 if t0−r ≤ϑ≤ t0 or t0−r ≤ t ≤ t0,Z ϑ

t0

f (ys, s) ds if t0 ≤ϑ≤ t ≤T ,

Z t

t0

f (ys, s) ds if t0 ≤ t ≤ϑ≤T ,

ex(ϑ) =

8<:ϕ(ϑ−t0) if t0−r ≤ϑ≤ t0,

ϕ(0) if t0 ≤ϑ≤T .

THEN: (1) is equivalent with x(t) = ex +

Z t

a
DF (x(τ), t).
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Variational measures and extensions of integrals
• Variational measures and extensions of the integral. Real Anal. Exch. 33,
Suppl. 31st Summer Symp. Conf. Rep., 167–171 (2008).

• Variational measures and the Kurzweil-Henstock integral. Mathematica
Slovaca 59 (6), 1–22 (2009).

• General integration and extensions. Czechoslovak Mathematical Journal
60 (135) (4) (2010), to appear.

• General integration and extensions II. Czechoslovak Mathematical
Journal 60 (135) (4) (2010), to appear.



The Saks class S of integrals
• −∞< a < b <∞, Sub([a, b]) are compact subintervals in [a, b],

• Functionals are mappings from the set of real valued functions defined on
[a, b] into R,

• If S is an additive functional, then F : [a, b]→R is S-primitive to f ∈Dom(S)
if

S(f , I) := S(f · χI) = F [I] = F (d)−F (c)

holds for all I ∈Sub([a, b]) with boundary points c < d .

• S is integral on [a, b] if each S-primitive function to f ∈ Dom(S) is
continuous on [a, b]. Denote S the set of all integrals in [a, b].

• Let T , S ∈ S, then T contains S (S @ T ) if:
Dom(S)⊂Dom(T ) and T (f , I) = S(f , I) for all f ∈Dom(S), I ∈Sub([a, b]).

• The relation @ is a partial ordering in S.



Contribution by Štefan Schwabik:

• He presented a general approach to extensions of integrals, like the
Cauchy and Harnack extensions. His results give, as a specimen, the
Kurzweil-Henstock integration in the form of the extension of the Lebesgue
integral.

• He introduced and studied 2 new general extensions in properly chosen
class T of integrals containing all the classical integrals like Newton,
Riemann, Lebesgue, Perron, Kurzweil-Henstock.

• These new extensions lead to approximate Nakanishi like description
of the Kurzweil-Henstock integral based on the Lebesgue integral.
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