
 

Palatini Cattan

Gravity



The standard formulation ofgravity

The field describing gravity on

a manifold M is a

pseudo Riemannian metric g
Classically g must satisfy Einstein's equations

G 1g 0

when no matter is present



Here G Ric Rg
Ricci tensor

scalarcurvature R R

Rav Rtm Riemann curvature

α sit Tr G 0

A is a fixed constant cosmological

constant



Einsteini equations are the Euler Lagrange equations

for the Einstein Hilbert EA action

SurgR Arg

rg Mtg de the density
associated to

g
Rem The curvatures Riem Rie R are computed

in terms of the Levi Civita connection



Palatini considered

Sm 9,7 Vg R Arg

where the curvature are defined in terms

of a torsionfree connection

EL equations 1 I must be metric so Levi Civita

2 Einstein's equations



Cartan's formalism

Basic idea from linear algebra

of positive definite synm bil
form

idt
orthonormal lasis

n

g EE

E invertible

conversely E invertible EE positive definite synm bil
form

Rem the columns of E are an orthon basis of EE

E is called a frame E is called a coframe



cotrames
Therefore I

positive definite sgnm.bil.fo.ms invertible matrices

on R

The same works w other signatures

Eg signature I n
g EtyE y

Minkowski metric

sum bil formsofsignature invertible matrices

on 112
1



On manifolds To describe a pseudo Riemannian metric
g

on M we need a coframe field e

Locally we have a frame é et ETM
in dium

which corresponds to an orthonormal basis for ge

Equivalently E 12m Tom
N to E E V EatinVider

The frame is the inverse

C É Tom RM



The metric
g

is recovered as before

af

In components gap En Masest

Y Euclidean Minkowski metric on IR

Globally we need a vector bundle V

with Enel Minh metric y
or fibers

and ETMEN



Construction 1 Fire a is Rien
metric

go

2 Consider the associated orthonormal frame bundle For

3 Let V IR with End Mink metric
y

N Fn XomV

Fenton.nu



The standard density from
g Eye we get

detg date dety

Iditph detel

Re dete con be interpreted as
enzyme

en

e TMIU

Actually eer thou

w e er Atman

Ei M



so far fee
m Mt

and we have one piece of EA action

Notation
1

P ATM AN
To get the other term we need to introduce a connection and its

curvature



let w be a connection 1 form
on

i e W is an orthogonal connection on V

Its connection 2 form For dw w w

can be viewed as a 2 form with values in ad Fm

Rem soc AV
and adter tv using 7

So Fw E R ee r

1 invariant



Construction of
the Palatini Cartan e action

Ingredients e F
Outcome a density i e an

element
of R

In Lid we only have

es EE F
Pontryagin class

S e w f Eft e

AER



Equivalence with EH Sfw dude

El equations 82 0 dwe 0 i

8
0 eft e o 2

either
end
due o1 edwe o

Re Given e we dwee 0

This is the analogueof the Levi Civita condition



More precisely
using e TM IN

one car associate to the connection w on V

a connection
an TM

1 w orthogonal is metric for
g etye

2 due 0 P is torsion tree



Inserting we 2 reads

ef.tt e o

Exercise This is equivalent to Einstein's equations

for g



Globally hyperbolic manifolds and symplectic structure on initial data

Let Σ be a
closed 3 manifolds and take Canepa c cos

M Σ x I an interval
t time

For simplicity now assume 1 0

Minkowski signature

Also write w̅ for rotsame and connection on M

S fu ééF
PC



Decompose endt e

w̅ Wndt in

Here ener eer

WhER I sonnestion

t Zone 0 20,4 0

Then on

Spc en ef eeonio wedge dt
M

pa d only alongΣ

s ftp.ci H P 9l de



Idea Fix Enel sit EnyEn 1 time like

Restrict the spaceoffields to that for
which thee's one space like

go eᵗye is a Riemannion metric on Exft It

In other words we only allow metrics on M that make it

globally hyperbolic



Now En time like
e space like En en es ez coframe

entries lin indep

MECLEXI

Zep I TΣ
t EMEtize

Recall endt e

w̅ Wndt w



Moreover due to a thin by Canepa C Schiavina

splitting in w v with Endue er some r

confection in ev o

Then 2ont 0

Spc ten ef eednwdttwn.edu e
M

220 edwe ene v.v It

Leednwalt analogue to pick
M

eFw o
En Wa Lagrange multipliers yielding the constraints educ 0



Finally set W Wn 220 a vector field
II dependent in E directions

then Spc Spc Sam
can

Secan e W M Z W

nlzeednw meet be left wedweldt

San
m

ene u v It



Getting rid of o

Th m Corollov of C Schiavina

For given en e the quadratic form in v

Q L ene v.v It

is roudegenerate

Corollary f 0 of 0 0 0



Rem Digression In the quantum version we can integrate out N

gets Do J en e some determinant

so et Desi et J De DM DzDw



Back to the analysisof Spca

Secan e W M Z W

weed w Eyelet wedweldt

Of the form fadt X H
Lagrangemultipliers

1 da symplectic form



That is on Σ we have

Space of fields e w E R Conn Endue er
for some

Symplectic form I d d d feedw
n I fereow

closed rundey
2 form

Constraints

fedure
0

ef 0

this leave 2 local degreesoffreedom



BV BFV extensions

The critical loans symmetries may
be resolved cohomologically BU

The constraint locus haracteristic may
be resolved cohologically BFV

distributive

symplectic
reduction

For M Σ I plob hyp working w Spc
can

yields a compatible BV BFV formulation



Roughly
speaking BFV or E is a dg symplectic struck

BV on EXI is a Lagrangian structure

BEI BVs Re
TFR NO

nondey

The BV RFV formalism is very flexible

Possible
way

towards quantization

Way to establish equivalence with other theories

quasi isomorphisms



Thanks


