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The Picone identity

[%(vru’ — uRv’)}/ =(r—Ru?+(Q—qu*+ R(u’ - %U/)Q 1)
(' + qu) - u((Re'Y + o)

appears to be a useful tool in qualitative theory of differential equations. M. Pi-
cone [6] used this identity for a proof of Sturmian comparison theorem for linear
second order ODE and other related results. This identity has been extended in
several aspects to more general operators than second order linear differential
operator. Picone identity is used not only to derive important results in compar-
ison and oscillation theory of related differential equations, but can be also used
to get uniqueness or nonexistence results, monotonicity of eigenvalue in domain,
results for various eigenvalue problems and inequalities and other results. See
[1,2, 4, 5] for more details.

On the poster we present a suitable replacement for Picone identity in the
theory of half-linear partial differential operators
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with anisotropic p-Laplacian, where 2 € R" is a bounded domain in R™ for
which the Gauss-Ostrogradskii divergence theorem holds, a € C1(Q, R"*") and
A € C(Q2,R™*™) are smooth elliptic matrix valued functions, ¢ € C%%(Q) and
C € C%*(Q) are Holder continuous functions, div(-) and V are the usual di-
vergence and nabla operators, ||-|| is the usual Euclidean norm in R” and p > 1
is a real constant. By Apax(z) and Apin(z) we denote the maximal and mini-
mal eigenvalues of the matrix A(x) and similarly Apax(z) and Amin (z) denote the
maximal and minimal eigenvalues of the matrix a(z).

The domain D;(Q2) of operator [ is the set of all functions u(z) € C*(Q) such
that a(z) || Vul[" "> Vu € C*(Q)NC(Q). In a similar way we define domain Dy, ()
of the operator L.

The following version of Picone identity can be proved (see [3] for the proof
and some cosequences).

Theorem 1. Let u € D;(Q2) and v € D (2), v # 0 on Q. Denote
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The inequality
div (WL_% [w*%a(x) 1Val|P % Vu — |u|p*2uA(a:)||w\|P*2w} )

> [Auin(e) = K (@)] IVl + [C(@) = ()] jul’ ®)

([0~ 201(u) = [ul~2uL(v)|

|v]P=2v

holds for every = € . The inequality becomes equality if and only if the following
conditions hold

(i) Vu(x) is an eigenvector of the matrix a(x) associated with the eigenvalue iy (),
(i) Vv(z) is an eigenvector of the matrix A(z) associated with the eigenvalue Ay,ax (),
(iii) if p > 2 then Apax(x) = Apin(2),

(iv) u(zx) is a constant multiple of v(x).

Acknowledgement

This is a joint work with prof. Simona Fisnarova. The research was supported by
the Czech Grant Agency, grant GAP201/10/1032.

References

[1] W. Allegretto, Y. X. Huang, A Picone’s identity for the p-Laplacian and applica-
tions, Nonlin. Anal. TMA 32 No. 7 (1998), 819-830.

[2] O. Dogly, P. Rehdk, Half-linear Differential Equations, North-Holland Mathe-
matics Studies 202., Amsterdam: Elsevier Science (2005), 517 p.

[3] S.Fisnarovd, R. Maiik, Generalized Picone and Riccati inequalities for half-linear
differential operators with arbitrary elliptic matrices, Electron. J. Diff. Equ., Vol.
2010(2010), No. 111, 1-13.

[4] J.Jaros, T. Kusano, N. Yoshida, A Picone—type identity and Sturmian comparison
and oscillation theorems for a class of half-linear partial differential equations of
second order, Nonlin. Anal. TMA 40 (2000), 381-395.

[5] J. Jaros, T. Kusano, N. Yoshida, Picone-type inequalities for half-linear elliptic
equations and their applications, Adv. Math. Sci. Appl. 12, No. 2 (2002), 709-
724.

[6] M. Picone, Sui valori eccezionali di un parametro da cui dipende un’equazione
differenziale lineare ordinaria del second’ordine, Ann. Scuola Norm. Sup. Pisa 11
(1909), 1-141.



