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We will present a continuous dependence result for integral equations in a Banach
space X of the form

~+/ d[A(s)] z(s), t € [a,b], 1

where —co<a<b<oo, z€ X and A:[a,b] — L(X) has a bounded variation on
[a,b]. The contribution is based on the joint research [2] with M. Tvrdy.

Throughout these notes X is a Banach space and L(X) is the Banach space of
bounded linear operators on X. By ||- || x we denote the norm in a Banach space X
and || f||co= sup IIf )| x for f:]a,b]—X. Further, BV ([a,b], X) denotes the set

t€la,b
of functions Valued in X of bounded variation on [a,b] and G([a,b], X) denotes
the set of regulated functions. Recall that BV ([a,b], X) C G([a,b], X) (cf. [6]).
The following estimate will be helpful later.

Lemmal. If F' € G([a,b], L(X)) and H € BV ([a,b], L(X)) then

S IATFOATHO oo + S 1A~ FOAH®)nx) < 21|Flloo varbH .
t€la,b) te(a,b]
The integrals are the abstract Kurzweil-Stieltjes integrals defined as in [6].

The result we are about to present extends that presented for the case of a finite
dimensional X by Opial in [3]. The following assumption implies the existence
of solution to (1) (cf. [6]) and hence it is crucial for our purposes:

[I—A~A®)] " € L(X) forall t€ (a,b]. @)

Theorem. Let A, Ay, € BV ([a,b], L(X)) satisfy (2) and Z, T, € X for k € N. Fur-
thermore, assume that

lim |4 — Al (1 +varbAy) =0 and  lim |7 —3||x,=0. (3)
Then (1) has a unique solution x on [a,b]. Moreover, for each k € N, the equation
t
o) =T+ [ dAus)an), 1 fab) @

has a unique solution xy, on [a,b] and lim ||z;—z|s = 0.
n—oo

SKETCH OF THE PROOF. Denote by x and xzj the solutions on [a,b] of (1) and
(4), respectively. For t € [a,b] and k € N, integrating by parts (cf. [7] and [2]) and
using the substitution formula (cf. [1, Proposition I1.1.9]), we get

2 (t) — z(t) = Tp — T+ / d[A](zp—2z) + [Ap(t)—A(D)] 2x(t) — [Ar(a)—A(a)] Tk
— / t(Ak—A)d[Ak]a:k—Z [AT(Ap—=A) (1) ATz (1)) [A () A~z (7).

a<t<t a<t<t



Recalling that A%z (s) = A* A (s) 71 (s), by Lemma 1 we have

Y AT (A=) (AT z(r)] = Y [AT(Ax—A)(T)A 2y (7))

a<t<t a<t<t
<2||Ap—Al|sovarh Ap |2k | oo-

Having this in mind and using [5, Proposition 10] we obtain
t
lex(t) = 2(O)llx < |2 = Tl x + arllzrllo +/ dlvarg Al ||z (s) — =(s)]x ,

where ay = || Ar—A] 0o (2+3 VarZAk). Hence, the generalized Gronwall inequal-

ity (cf. [41) yields |4 (1) = #(t)|lx < (IF4—lx +ax |24lloc ) exp(varkA). Since ¢
was arbitrary, it follows that
= @loc < (13l x + el ) exp(var) ).

Note that «;, tends to zero if k — oco. Moreover,
koo < k=l + 7]l < (IF—Tlx +axllanlloe ) exp(varhA) + [l

which together with (3) imply that the sequence ||z ||~ is bounded and this com-
pletes the proof. O
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