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Two maximum principle for two friends

In an elliptic boundary value problem like

(0.1)

{
A(u) = f(x), in Ω,
u = 0, on ∂Ω,

where Ω is a bounded open set in RN , A is a second order elliptic operator in divergence
form and f(x) ≥ 0 (of course not zero a.e.), the Weak Maximum Principle states that
u(x) ≥ 0, and it is zero at most in a zero measure set; whereas the Strong Maximum
Principle states that the set where u(x) = 0 is even “smaller than a zero measure set”
(e.g. empty).

The presence of a lower order term can destroy the Maximum Principle property (see
[6] and the introduction of [5]).

Nevertheless, we will prove a Maximum Principle for two boundary value problems
having a lower order term.

1. A weak maximum principle for Marie-Françoise

A weak maximum principle is proved for the Dirichlet problems

u ∈ W 1,2
0 (Ω) : −div(M(x)∇u) + u = −div(uE(x)) + f(x)

ψ ∈ W 1,2
0 (Ω) : −div(M(x)∇ψ) + ψ = E(x) · ∇ψ + g(x)

under the assumptions (on E, f g) of the existence theorems.

2. A strong maximum principle for Laurent

A strong maximum principle for some quasilinear elliptic equations with lower order
terms having natural (i.e. quadratic) growth with respect to the gradient is proved. One
of the main motivations for the interest in quasilinear elliptic equations with lower order
terms having quadratic growth with respect to the gradient comes from the Calculus of
Variations.

An important case is{
−div([a(x) + |u|r]∇u) +

r

2
u|u|r−2|∇u|2 = f in Ω,

u = 0 on ∂Ω.

where 0 < α ≤ a(x) ≤ β, and r > 1; the right hand side f(x) can be very singular
(regularizing effect since [4]).
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