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Appl Math Optim 12:191-202 (1984)

Applied Mathematics
and Optimization
54 S Voo Now Yok 1o

A Strong Maximum Principle for Some Quasilinear Elliptic
Equation:

J. L. Vizquez®

Abstract. Tn its simplest form the Strong Maximum Principle says that a
nonnegative superharmonic continuous function in a domain © C R”, n > 1, is
in fact positive everywhere. Here we prove that the same conclusion is true
for the weak solutions of — &u + B(u) = / with B a nondecreasing function
) and [0 ae in @ if and only if the integral

J(B(s)s) 172 ds diverges at s=0+. We extend the result to more general
qations,in articalr o - &, -+ (4) = f where 8,0 = (| Dul” D)

< p < 0. Our main result characterizes the nonexistence of a dead core in
some reacion diffasion systems.

1. Introduction

According 1 the well-known Ssong Madmun Princple (SMP) [12] a nonnegs-
tve mperharmonic coninvaus function deined i 8 domain 0 CR', 131, i
fact 2 and this result extends fa
large class of linear elliptic equations, cf. also [11].

In this paper we investigate the validity of the SMP for certain classes of
nonlinear elliptic equations. We begin our investigation with the semilinear
cquation

—du(x)+Bu(x)) = f(x),  x€Q, ()]

where § is as above a domain in R", § is a nondecreasing real function with
B©)=0and f>0ae in Q. We show that for a suitable class of solutions of (1)
the SMP is true if and only if either B(S)=0 for some §>0 or B(S)> 0 for

i de Matemiscss, Uivrsidad Autonoms, Madrid-34, Spain. This work was pardly
done while the author wasvisiting the Uriversity of Minnesota as 4 Fulbright Schoar
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o Q bounded open subset of RV
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—div(M(x)Vu)+a(x)ulu"t=Ff,v>0
o f=Qa: —div(M(x)Vu)+a(x)u”=Q a(x),y >0

—div(M(x)Vu)=a(x)[Q — u"] > T1{a(x)}[Q — v"] > 0=
=

u satisfies Strong Maximum Principle,

even if 0 <y < 1.
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We discuss the existence properties and of distributional
solutions for the boundary value problems (the first
with a convection term, the second with a drift term)

—div(M(x)Vu) = —=div(u E(x)) + f(x) in £,
u=0 on 01},

—div(M(x)Vv) = E(x) Vi) 4+ g(x) in Q,
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We note that

o at least formally, if M(x) is symmetric, the two
above linear problems are in duality.
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Coercivity

{—div(l\/l(x)Vu) = —div(uE(x)) + f(x) in Q,
u=0 on 09,

—div(M(x)Vv¢) = E(x) Vi 4+ g(x) in Q,
=20 on 01},
We note that
o the differential operators may be not coercive,

unless one assumes that either the norm of |E| in
LY(Q) is small, or that div(||E]],) = 0: ...



L. Boccardo: Some developments on Dirichlet problems
with discontinuous coefficients; Boll. Unione Mat. Ital, 2
(2009) 285-297.

(invited paper in memory of 30-death Stampacchia)

L. Boccardo: Dirichlet problems with singular
convection terms and applications; J. Differential

Equations, 258 (2015) 2290-2314.

L. Boccardo: Stampacchia-Calderon-Zygmund theory
for linear elliptic equations with discontinuous
coefficients and singular drift; ESAIM, Control,
Optimization and Calculus of Variations, 25 (2019), Art.
47, 13 pp.
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u weak /distributional solution of the boundary value
problem

{ —div(M(x)Vu)) = —div(v E(x)) + f(x) : Q,
u=20 : 0.

ue Wp2(Q): | M(x)VuVyv :/Qu E(x)Vv +/Qf(x)v,



u weak /distributional solution of the boundary value
problem

{ —div(M(x)Vu)) = —div(v E(x)) + f(x) : Q,
u=20 : 0.

means

ue Wy?(Q) :/Q/\/I(X)VUVV Z/QUE(X)VV +/f(x)v,

Q

Vv e Wy?(Q)/smooth
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Coercivity

The proofs of all the results are very easy
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u=0 on 0},
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Y =20 on 09,

Q bounded subset of RV,

ellipticity: 0 < o, a¢]? < M(x)¢¢, [M(x)| < B,
fel™),1<m<oo,

E e (LNQ)V

paper invitation U.M.l. in memory of 30-Stampacchia
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of weak/distributional solutions. Summability properties of solutions

{—div(M(x)Vu) — —divwE(X) + f(x) inQ,

u=0 on 0},
—div(M(x)V¢) = E(x) Vi 4+ g(x) in Q, 3
Y =20 on 09,

o Q bounded subset of R",

e ellipticity: 0 < a, a¢]? < M(x)EE, |M(x)| < B,
o fel™),1<m< oo,

o |E c (NN
and we prove for both the b.v.p. the same
Stampacchia-Calderon-Zygmund results of the case
E=0}

2

paper invitation U.M.l. in memory of 30-Stampacchia
3 ESAIM-COCV 2019
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{ —div(M(x)Vu)) = —div(u E(x)) + f(x) : Q,
u=20 : 00

0 A <m<¥= ue Wy (Q)nL"" (Q)

Q 1<m<,3—£’2:> ue W™ (Q);
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{ —div(M(x)Vu)) = —div(u E(x)) + f(x) : Q,
u=20 : 00

Q0 F5<m<i=ue W,2(Q) N L™ (Q);

Q 1<m<,3—£’2:> ue W™ (Q);

O@m=1= ue W, Q), g< % .

u:/QMVuV¢:/QuEV¢+/Qf¢, Vo e D.

Theorem (70-Brezis)

E=0 m>1%, itis false that u € W™ (Q)
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Exzistence of weak/distributional solutions. Summability properties of solutions

{ —div(M(x)Vu)) = —div(u E(x)) + f(x) : Q,
u=20 : 00

Q /\?_,:2 <m<lM¥= ye WlZ(Q) NL™ (Q);

91<m<N—+2:> UEW()lm(Q);

O@m=1= ue W, Q), g< % .
u:/MVuV¢:/uEV¢+/f¢, V¢ eD.
Q Q Q

Theorem (70-Brezis)

E=0 m>2~ itis false that u € W™ (Q)

E=0

= 6Meyers <m< —, u€e?

! N+2
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tence of weak, stributional solutions. Summability properties of solutions

—div(M(x)V¢) = E(x) Vi + g(x) in £, .
Y =20 on 01,

* ESAIM-COCV 2019
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Exzistence of weak/distributional solutions. Summability properties of solutions

Un

—div(M(x)Vu,) = —div| ————
iv(M(x)Vu,) iv 1+%|Un|

E(x)) + f(x)



ent Ariza: El amor en los tiempos d
edicated to Marie-Francgoise

butional solutions. Summability properties of solutions

L. Boccardo, S. Buccheri, G.R. Cirmi: Two linear noncoercive
Dirichlet problems in duality; Milan J. Math. 86 (2018),
97-104.

L. Boccardo, S. Buccheri, R.G. Cirmi: Calderon-Zygmund
theory for infinite energy solutions of nonlinear elliptic
equations with singular drift; NODEA, to appear.

L. Boccardo, S. Buccheri: A nonlinear homotopy between two
linear Dirichlet problems; Rev. Mat. Complutense, to appear.

L. Boccardo: Two semilinear Dirichlet problems “almost” in
duality; Boll. Unione Mat. Ital. 12 (2019), 349-356.

L. Boccardo, L. Orsina, A. Porretta: Some noncoercive
parabolic equations with lower order terms in divergence form.
Dedicated to Philippe Bénilan. J. Evol. Equ. 3 (2003),
407-418.
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If E & (LN(Q2))V, even for nothing, as in
E|<l  AeR|,0eQ,
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5JDE 2015: +Orsina, Nonlin.Anal. 2019
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If E & (LN(Q2))V, even for nothing, as in
E|<l  AeR|,0eQ,

x|

the framework changes completely:
ueW,?(Q) or u €W, ?(Q) depends on the size of A . °

5JDE 2015: +Orsina, Nonlin.Anal. 2019
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o
If E & (LN(Q2))V, even for nothing, as in
E| <&, AeR,0eQ,
the framework changes completely:
ueW,?(Q) or u €W, ?(Q) depends on the size of A . °
1) if Al < 22210 and 22 < m < ¥, then
ue Wy(Q) N L™ (Q);
2) if |Al < W, and 1 <m< ,&’:’2, then
ue W™ (Q);
3) i |A] < a(N —2), and m =1, then Vu € (M1 (Q))V
and u € W, 9(Q), for every g < 72=;
1) if (N -2) < |A| < a(N —1), then u e W,%(Q), for
every q <

|A|+a

5JDE 2015; +Orsina, Nonlin.Anal. 2019
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E e (L2(Q)"

definition of solution:;

existence of solution.

¢ JDE 2015
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., u, € Wol’z(Q) :
—div(M(x)Vu,) + A u, = —div

un
1+%\unl

E(x)) + f(x)
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A, u, e W,%(Q) :
—div(M(x)Vu,) + W u, = —div(

un
1+%|u,,]

E(x)) + f(x)

Simpler proofs



—div(M ( YWu,) —i—.u,, = —d1v<1+—1

Simpler proofs
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Impact of a zero order term

—div(M(x)Vi) + ¢ = E(x) Vi +g(x) inQ,
=0 on 0f),

° 8, f bounded = u € W}?(Q), bounded;

” DIE 2019
8 only 12



Marie-Frangoise Daza, Laurent Ariza: El amor en los tiempos del coronavirus
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Impact of a zero order term

—div(M(x)Vy) +1¢ = E(x) Vi + g(x) in Q,
=0 on 0f),

° 8, f bounded = u € W}?(Q), bounded;

o application to the existence in some Hamilton-J.
eq. with lower order term having gq-dependence
w.r.t. gradient, g < 2.

7

” DIE 2019
8 only 12
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First Mazximum Principle, dedicated to Marie-Francoise

Impact of a zero order term

{ —div(A(x)Vu) 4+ u = —div(u M(x)V¥) + f(x), o1
—div(M(x)V) = u?.

9JDE 2015
0 Comm.PDE + L. Orsina
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Convection [L.B. 2020]

—div(M(x)Vu)) :_—céiv(u E(x))+f(x) : Q,

Q
@)

E, fe?



Marie-Frangoise Daza, Laurent Ariza: El amor en los tiempos del coronavirus

le, dedicated to Marie-Frangoise

{ —div(M(x)Vu)) = —div(u E(x)) + f(x) : Q,
u=0 : 002

E, fe?

Theorem

E e (LNQ)V, f e L™(Q) with m > 7% and f(x) >0 (of
course not zero a.e.). Then the solution u € W, *(Q) is
positive and it is zero at most on a set of zero

Lebesgue measure ?

2 weak max. pr.




Mar
Fir

(@
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Jonvection [L.B. 2020]

{ —div(M(x)Vu)) = —div(u E(x)) + f(x) : Q,
u=0 : 002

E.fe?
Theorem

E e (LN(Q)V, f € L™(Q) with m > % and f(x) >0 (of
course not zero a.e.). Then the solution u € W, *(Q) is
positive and it is zero at most on a set of zero

Lebesgue measure °.

2 weak max. pr.

| A

Remark
In the proof we only need E € (L*(2))": blue and red
assumptions.
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Drift [L.B. 2020]

{ —div(M(x)Vv)) = —div(y E(x)) + g(x) : Q,
=0 : 002

Theorem

E e (LN(Q)V, g € L™(Q) with m > F25 and g(x) > 0 (of
course not zero a.e.). Then the solution u € W,*(Q) is
positive and it is zero at most on a set of zero
Lebesgue measure °.

2 weak max. pr.

Remark

In the proof we only need E < (L*(Q2))": blue and red
assumptions.

| \

N
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Local and Global Aspects of
Quasilinear Degenerate
Elliptic Equations

ERiipt

, Advanced Nonlinear Sudies

2 i, Laob Vifron
NONLINEAR SECOND ORDER
ELLIPTIC EQUATIONS
INVOLVING MEASURES
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Recall this large and important class of integral
functionals

1
J(V)—E/QA(X,V)|VV|2—|—%/QV2—/S;fV/\>0.
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Recall this large and important class of integral
functionals

1
J(V)—E/QA(X,V)|VV|2—|—%/QV2—/S;fV/\>0.

The Euler-Lagrange equation for J is (at least formally)
the quasilinear elliptic problem

—div(A(x, u)Vu) + A (x, u)[VulP + Au=1f inQ,
u=20 on 02.



Marie-Frangoise Daza, Laurent Ariza: |l amor en los tiempos del coronavirus

Second Mazximum princip dedicated to Laurent [L.B. - Luigi Orsina, Advanced Nonlinear Sudie

Quasilinear Dirichlet problems having l.o.t. with growth
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Quasilinear Dirichlet problems having l.o.t. with growth

Consider the Dirichlet problem

ue WyA(Q) : —div([a(x)+|u|9)Vu)+X u+b(x) u|lulP~HVul? = f(x)
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Quasilinear Dirichlet problems having l.o.t. with growth

Consider the Dirichlet problem

ue WyA(Q) : —div([a(x)+|u|9)Vu)+X u+b(x) u|lulP~HVul? = f(x)

o Existence [+several friends],
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Quasilinear Dirichlet problems having l.o.t. with growth

Consider the Dirichlet problem

ue WyA(Q) : —div([a(x)+|u|9)Vu)+X u+b(x) u|lulP~HVul? = f(x)

o Existence [+several friends],
o Existence with



Nonlinear Sudie

3.
linear Dirichlet ing l.o.t. with growth

Consider the Dirichlet problem

ue WyA(Q) : —div([a(x)+|u|9)Vu)+X u+b(x) u|lulP~HVul? = f(x)

o Existence [+several friends],
o Existence with regularizing effect [B-Gallouet],
o (L.B. dedicated to 60-Laurent).
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Quasilinear Dirichlet problems having l.o.t. with growth

Consider the Dirichlet problem

ue WyA(Q) : —div([a(x)+|u|9)Vu)+X u+b(x) u|lulP~HVul? = f(x)

o Existence [+several friends],
o Existence with regularizing effect [B-Gallouet],
o (L.B. dedicated to 60-Laurent).

Theorem (Weak Maximum Principle /
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Quasilinear Dirichlet problems having l.o.t. with growth

Consider the Dirichlet problem

ue WyA(Q) : —div([a(x)+|u|9)Vu)+X u+b(x) u|lulP~HVul? = f(x)

o Existence [+several friends],
o Existence with regularizing effect [B-Gallouet],
o (L.B. dedicated to 60-Laurent).

Theorem (Weak Maximum Principle / easy
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Quasilinear Dirichlet problems having l.o.t. with growth

Consider the Dirichlet problem

ue WyA(Q) : —div([a(x)+|u|9)Vu)+X u+b(x) u|lulP~HVul? = f(x)

o Existence [+several friends],
o Existence with regularizing effect [B-Gallouet],
o (L.B. dedicated to 60-Laurent).

Theorem (Weak Mazimum Principle / easy )

If f > 0, then the weak solution v is such that v >0
almost everywhere in Q.
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Quasilinear Dirichlet problems having l.o.t. with growth

Consider the Dirichlet problem

ue WyA(Q) : —div([a(x)+|u|9)Vu)+X u+b(x) u|lulP~HVul? = f(x)
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near Dirichlet problems having l.o.t. with growth

Consider the Dirichlet problem

ue WyA(Q) : —div([a(x)+|u|9)Vu)+X u+b(x) u|lulP~HVul? = f(x)

even with f(x) very singular
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Quasilinear Dirichlet problems having l.o.t. with growth

Consider the Dirichlet problem

ue WyA(Q) : —div([a(x)+|u|9)Vu)+X u+b(x) u|lulP~HVul? = f(x)

even with f(x) very singular

Theorem (Strong Mazimum Principle)

If f > 0 (and not almost everywhere equal to zero),
then for every set w CC Q2 there exists m, > 0 such that
u(x) > m,, almost everywhere in w.
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