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Choquard equation

Choquard equation introduced by Lieb in 1977:
~Au+u=(x|""*[u)u in R?

The corresponding energy is

oLt e L

@ existence of a positive ground—state
@ radial monotone decreasing + exponential decay

@ unique ground-state!

Schrédinger-Newton, attractive/focusing Hartree...
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NLS with nonlocal interactions

Attractive nonlocal interactions (Choquard type)

—Au+ V(x)u= (Clx| Vs |uP)u+... in RV

Schrédinger nonlocal intercation

Repulsive nonlocal interactions (Schrédinger—Poisson type)

—Au+ V(x)u=— (Ca\x|7(N7“) «[uP)u+|ul92ut .. i RV
—_——

Schrédinger nonlocal intercation short-range

o |u(x)|? - particles density in a multi-particle system

o C,|x|~(N=9) 5 §5 as o — 0 — short-range local interaction

Equivalent system representation
—Au+ V(x)u==+out... in RV,
(=A)*2p = |uf? in RV,
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Generalised Choquard equation

Jean Van Schaftingen and VM, 2013-15...
—Au+ V(x)u= (lo* |u|P)|ulP2u in RN

o Iy(x) := Culx|" (V=) ~ (=A)~/2 - Riesz potential
ep>1 ae(0,N)and N >2
Local prototype (@ = 0): —Au+ V(x)u = |u|*’~2u in RV

Liouville type theorems and decay of solutions

existence and properties of ground states

°
°

o general nonlinearities F(u) instead of |u|P

e semiclassical concentration at minima of V/(x)
°

least—action nodal solutions (with Marco Ghimenti)
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Theorem (VM and Van Schaftingen '13)

If Nt < p < B then Choquard equation
—Av+v =l *|v[P)|v]P?v in RN

admits a radial decreasing positive ground state v € H(RN).
Further, v € C?>(RN) and as |x| — oo,

ifp>2:v(x)~ C|x|7%e_|x|
PR Y PO e
e ifp=2:v(x)~ C|x|_¥e LoV s

N—«a
@ ifp<2:v(x)~ Cl|x|2r.

9

N+a N+ay :
N No5) is optimal

uniqueness is mostly open beyond Lieb’s setting p =2, a =2

existence interval (
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Setting of the problem (Zeng Liu and VM, 2020)

We study positive solutions of Choquard type equation

(P.) —Au—l—s-:u—i—|u|°’_2u—(la>kup)|u|p_2u:0 in RN
o Io(x) = Cu|x|"(N=®) ~ (=A)~*/2 - Riesz potential
e e (0,N)and N >3

ep>1,qg>2
@ £ > 0 - small (or large) parameter

Typical model: self-gravitating Bose-Einstein condensate [Chavanis]
—Au+eu+|uPu—(h*u*)u=0 in R3

Defocusing Gross-Pitaevskii equation with nonlocal attarction
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Local equivalent (as a = 0)

(L) —Au+eu+|u% - |u*u=0 in RV

Theorem (Berestycki-Lions '83; Serrin—Tang '00)

Assume that
02<2p<N ,2<g<2pande >0, or
@ 2<2p<qgande € (0,e4).

Then (L.) admits unique positive radial monotone decreasing
solution u, € H' N LI(RN). Further, u. € C?>(RN) and has
exponential decay.

Muratov, VM (2014) — asymptotic profiles of u. as e — 0
Albalawi, Mercuri, VM (2019) — extensions to p-Laplacian
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Theorem

Assume that:

o Mo < p< 2 and g > 2, or

2Np

N+a
— N+«

° p> 315 and g >

Then for any € > 0
(P:) —Au+eu+|ul92u— (o * uP)|ulP2u=0 in RN

admits a radial decreasing positive ground state u. € H' N LI(RN).
Further, u. € C>(RV) and

o if p>2:u(x)~ Clx|~ 5t e Ve

IR O i
o ifp=2: u(x) =~ Ca|x|7%e Lo e ds

N—«a
@ ifp<2:u(x)~Clx| 2.

)
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_ 2Np
q= N+a

e >0

24
2 K ;
1 N+a N+o 2*
N N-2
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Essential tools

The total energy has the form

1 1 1
) =5 [ 196l 5 [lul o+ [l =5 o luP)up

Critical points of E. satisfy Pohozaev identity
2 N N
J1vut+ 57 [+ /r 9= [ u)ule = 0

Nonlocal term controlled via Hardy-Littlewood-Sobolev inequality

/(/ ulP)ul? < Cua /rurﬁf‘é
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To prove the existence of a ground state we minimize E. on the
Pohozaev manifold (PM):

S.=inf {E.(uv) : v e H' n LT (R"), P.(u) = 0}.
The energy E. is bounded below on PM, and PM is a natural
constraint for E, i.e. if u. is a minimizer for S. then VE.(u:) = 0.
@ existence for any ¢ > 0
@ existence (p, g)-region is sharp

@ uniqueness of u. is open
o u. € L°(RN) is hard and relies on the contraction inequality

Lemma (Exercise 4.15 in the Augusto Ponce’s book)

Let g>2,5>1,0<feL5(RN)and0<ue L} (RV) satisfies

—Au+ It <F in P'(RV).

Then u9=! € L5(RN) and lullig—1)s < IIflls-
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To understand asymptotic of u. as ¢ — 0 consider the formal “zero
mass’ limit equation

(Po) — Au+|u|9%u — Iy * |uP)|ulP2u=0 in RV

Theorem

Assume that:

o Mo« p< Mt and2 < q< 22, or

2Np
N+a*

Then (Py) admits a radial decreasing positive ground state
up € D* N LI(RN) N C2(RN). Moreover,

o if Nt < p < NS then u e LY(RV)
° ifp> N+°‘ then u > |x|~(N=2)

op>N+°‘ and g >
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Consider the family of equations for ¢ > 0:

(P:) —Au+cu+|ul92u — (o * uP)|ulP2u=0 in RN

Theorem (Formal limit)

If (P:) and (Po) both have a ground-state then u. — ug ase — 0
in DY N L9(RN) and C2(RN).

Prove S. — Sy by testing Sp with v, and S; with (a cutoff of) ug

@ not a small perturbation result: (P.) is well posed in H!(RNV)
and (Pg) in D}(RN)
o up & L?(RN) at least when N = 3,4
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2*

_ 2Np
q= N+a

_ 92pta
24+«

Critical Choquard

Selfrescaling

Critical HLS

g — 0

1 N+o N+o
N
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For s,t € R the rescaling
v(x) = e’u(ex),
transforms (P:) into the family of equivalent equations

(%) —e "2 Av 4 e Sy e (a7 Ns)y a2y

—e~@pDstet() e |vP)v[P2y =0 in RV,

If g = 22p+°‘ we can take s = —4(2:_0‘1) and t = —1/2 to balance of

all four terms in (%) to get
(P1) —Av+v—(lo*|vP)|v[P2v +|v]72v =0 inR".

This means any solution of (P:) is a rescaling of a solution of (P1).

Theorem (Self-rescaling regimes)

2+«

I Nre < p < NE2 and g = 2222 then u.(x) = £¥o-1 1y (y/Ex)
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|. First rescaling. The choice =572t = g1=5 = ¢~ (2p—1)stat |ea(s

to s = —4(2;0‘1), t = —1 and the equation
q(2+a)—2(2p+a)
—Av4vte 0 v 20 — (I x |v]P)|v[P2v =0 in RV

q(2+a)—2(2p+a)
Ase —0and g > 22= we have ¢ 4¢-1) — 0 and the

Choquard equation as the formal limit:

2p+o¢

€ —Av+v—(lIyx|v[P)|vIP2v =0 inRN.
(¢) (fa* v

Theorem (Choquard limit)

Let e < p < NEC and g > 22’”0‘ Then as e — 0,

_ 24«

Ve(x) :=¢ 4D ue(ﬁ) — v(x) in H' N L9(R") and C*(RN),

where v is a ground state of (€).

.
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Il. Second rescaling. The choice e1=5 = ¢=(a-1)s = c—(2p—1)s+at

—_ 1 4+_ _2p=q ;
leads to s = 7ot a(q=2) and rescaled equation

2(2pta)—q(2+a)

e o@2  (=AWHv+|v]T2v—(lyx|v]P)|v[P2v =0 in RV,

2(2pt+a)—q(2+a)
As e — 0 and 2<q<22p+o‘ we have ¢ o(e-2) — 0 and the

Thomas—Fermi equation as a formal limit

(TF) w+ |w|92w — (I * [w|P)|w|P2w =0 in RV,

The corresponding energy is

1
ETF(w /| 2y /|w|q—2p/(/a*rw|f’)|w|'°

is well-defined on L2 N LI(RN), provided that g > 12 > 2
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HLS + Holder lead to the interpolation inequality

() /(/ cuP)ulP < Cuallull2,

N+o

ullz

Theorem

Let p > N+a and g > 2NP Then (x) admits an optimizer which

corresponds to a nonnegatlve radial nonincreasing ground state
w € L1 N LI(RN) of (TF).

Further, w € L(RN), locally Hélder inside the support and:
(a) if p < 2 then Supp(w) = RN and w(x) ~ C|x|” 2=
(b) if p > 2 then Supp(w) = Bg and
w = AxBg + ¢
where ¢ : BR — R, $(0) > 0 and lim,_,r ¢(|x]) =0
if p>2then A\ >0
ifp=2then A\=0

v
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2(2p+a)—q(2+a)

ST A v (VPP [Ty =0 in Y

Figure: v. = w = Axp, + ¢ in the case p > 2

Theorem (Thomas—Fermi limit)

Let p > N+°“ and ,ﬂp <q<22p+0‘ anda > 1. Ase — 0,

2p—q

ve(x) := e Ty, (e @@ 2 x) — w(x) in L2 N LYR") and Cpoc(Br)
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1. Third rescaling. The choice 7572t = ¢175 = ¢=(9-1)s Jeads to

_ _1 i
S=—7= 2, t=—5 and rescaled equation

2(2p+a)—q(a+2)
—Av4v+|v]i% —¢ e (I % [v[P)|[v[P~2v =0 in RV,

2(2pt+a)—q(a+2)

2p+“ we have ¢ 202 —0ase—0

Ase —0and 2 < g <257
and the local limit equatlon

—Av+v+|v[T2r=0 inRN

This has no nonzero finite energy solutions!
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Theorem (Critical Choquard limit (o« = 0: Muratov, VM - 2014))

Let p= and q > 2Np = % There exists a rescaling

(0, oo) (0, 00) such that as € — 0, the rescaled family

N+a

N-2

ve(x) := A% ue(Aex)

converges to ground state U(x) (=c(@+]|x? ) 2N =3,4.. )
of the critical Choquard equation

AU = (I [U|V2)| U2 2y, U e D(RV)
in D' N L9(RN) and C?(RN). Moreover,

= if N =3,

8

1y -2

(5In€> 72 N =4,
2

@2)(W=2) if N > 5.
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Theorem (Critical HLS limit)

Let N+a <p< N+a and g = 21’; There exists a rescaling

(0 o0) — (0, oo) such that as € — 0, the rescaled family
N+a

Ve(x) := Ae? ue(Aex)

~ N+ao
converges to the ground state V(x) = c(1 + \x\z)fﬁ of the
critical HLS equation

V|29V = (I, = |V|P)|VIP72V, Ve 2nL9RN)

1

in LI(RN). Moreover, if N > 4 then \. ~ ¢~ 2, while if N = 3 then

1
Ae ~e2, pe (3+a 2(3;ra))7
~3(In L}=3 ~Ll1y1 3+a
e n}) 2 < A Sez(nl)s,  p=2G09)
p=(3+a) (3] Be=2p)
e p < A Se GG | pG( (3+a) 3+a)
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_ 2Np
q= N+a

_ 92pta
24+«

Critical Choquard

Selfrescaling

Critical HLS

g — 0

1 N+o N+o
N
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E/N _
9= Nta
q=2%12

E — OO

2 ..........................

Selfrescaling

2 .
N+g¢ o%* /?

1 N+a Nto
N N—
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Muorast netal

to Laurent and Marie-Francoise
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