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ABSTRACT.

The underlying idea of this research is that the prod-
uct preserving bundle functors on the category M f of all
smooth manifolds are in bijection with the bundle functors
determined by an arbitrary Weil algebra A. We describe
this fact by using an original concept of A-velocity. This
enables us to characterize also the product preserving bun-
dle functors on the category F M of all fibered manifolds as
well as the fiber product preserving bundle functors on the
category FM,, of fibered manifolds with m-dimensional
bases and local diffecomorphisms as base maps. Several
geometric applications are deduced. Then we present a
general introduction to the theory of semiholonomic and
nonholonomic jets with the basic applications. Special at-
tention is paid to the concept of semiholonomic contact el-
ement. We define the absolute contact differentiation and
outline its application to the geometry of submanifolds of
Cartan spaces.
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Preface

Using the viewpoint of algebraic geometry, A. Weil introduced an infinitely
near point on a smooth manifold M as an algebra homomorphism of the
algebra C°°(M,R) of smooth functions on M into a local algebra A, [W].
Nowadays A is called Weil algebra and the space T4 M of the corresponding
infinitely near points on M is said to be a Weil bundle. About 1985, it was
deduced independently by G. Kainz and P.W. Michor, [KaMi], D.J. Eck,
[Eck], and O.0O. Luciano, [Lul, that the product preserving bundle functors
on the category of all smooth manifolds M f are just the Weil functors.

This result clarified that the Weil bundles should be a good instrument for
differential geometry. Hence the so-called covariant approach to Weil bun-
dles was developed, see [KMS] or my survey article “Weil bundles as gener-
alized jet spaces” in Handbook of Global Analysis, edited by D. Krupka and
D. Saunders, Elsevier 2008, [Ko0§|, or [Kol6]. Under this approach, the
elements of TAM are constructed in the form of A-velocities, so that T4M
generalizes the bundle T} M of (k,r)-velocities introduced by C. Ehresmann
in the framework of his jet theory, [EL]. (The original Weil’s approach using
the algebra homomorphisms C*°(M,R) — A is of contravariant character.)
So the iteration 7T} of two classical velocities functors is the simpliest
new example of a Weil functor. In 1999, W.M. Mikulski and the author de-
scribed the fiber product preserving bundle functors on the category F.M,,
of fibered manifolds with m-dimensional bases and fibered manifold mor-
phisms with local diffeomorphisms as base maps in terms of Weil algebras,
[KoMi99]. This clarified that even these functors can be viewed as a rea-
sonable generalization of certain kinds of jet bundles.

In Chapters 1-3 of the present book we treat systematically the covariant
approach to Weil bundles and we deduce several interesting geometric re-
sults in this way. We aim to differential geometry and its applications in
analysis and mathematical physics. Hence we start with a rather detailed
presentation of the algebraic properties of Weil algebras and their homo-
morphisms in Chapter 1. In accordance with our “jet-like” approach, we
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introduce a specific name “Weil (k,r)-algebra” for every Weil algebra of
width k£ and order (= depth by Weil) r.

In Chapter 2, we first construct a product preserving bundle functor
T4 on Mf for every Weil algebra A by using an original concept of
A-velocity. Conversely, if F' is a product preserving bundle functor on
Mf, then FR is a Weil algebra and F' coincides with the Weil func-
tor TFR. To keep the applied character of our book, we postpone the
proof of this assertion to the Appendix. Further, the natural transforma-
tions T4 M — TA2M are in bijection with the algebra homomorphisms
Ay — As in a way, that is very suitable from the computational point of
view. Special attention is paid to the flow natural exchange isomorphism
%J‘e[: TATM — TTAM. In particular, %J‘e[ transforms the functorial pro-
longation TAX : TAM — TATM of every vector field X: M — TM into
its flow prolongation TAX: TAM — TTAM. Finally, we introduce the
concept of contact A-element on M as the set (Aut A)(Z), where Z is a
regular A-velocity on M. This will be used in some geometric applications
in Chapters 8 and 9.

In Chapter 3 we discuss certain interesting problems from the geometry
of TA-prolongations. First we show that the Weil algebra A induces a
system L(a)s, a € A, of natural tensor fields of type (1,1) on every bundle
TAM. Then we discuss T-prolongations of Lie groups and their actions.
Special attentions is paid to a tensor field P of type (1,k) on M. If P is
antisymmetric, it is called a tangent valued k-form on M. If @ is another
tangent valued [-form on M, then one can introduce the Frolicher-Nijenhuis
bracket [P, @], which is a tangent valued (k+1)-form on M. It was clarified
by L. Mangiarotti and M. Modugno, [MM84], that these forms can be
applied in a deep way to the theory of general connections on arbitrary
fibered manifolds. In Section 3.13 we show that there exists an infinitesimal-
like algorithm for evaluating T“-prolongations of the tangent valued forms,
that is close to the synthetic differential geometry, [Kock], [MoRe], but all
constructions are performed on finite dimensional manifolds.

In accordance with the “practical” intentions of the present book, the gen-
eral ideas of local categories over manifolds and of bundle functors are
mentioned only shortly in Sections 4.1 and 4.2. In the first part of Chap-
ter 4 we deduce that the product preserving bundle functors on the category
F M of fibered manifolds are of the form T*, i.e. they are in bijection with
the Weil algebra homomorphisms p: A — B. The natural transforma-
tions T# — T%, where v is another algebra homomorphism v: C — D,
are in bijection with the pairs of algebra homomorphisms ¢: A — C and
: B — D satisfying v o ¢ = 1 o u. This can be described also in terms
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of fiber (k,l;r,s)-velocities, see Section 4.6. Further, if we consider two
fibered manifolds p: ¥ - M and p: Y — M and two F M-morphisms f,
g: Y — Y with the base maps fr9: M — M, we say that they determine

the same (g, s,7)-jet ji™" f=ji* "gatyeY, s> q <, if
Jgf =3dg9. Jy(f 1 Ye) =0y(9 | Ya), Jof=Jzg, z=py).

This concept is of fundamental importance for our general point of view to
jet-like bundles.

The basic constructions in Chapter 5 are related with the product in-
jection i: Mf,, x Mf — FM,,, where Mf,, is the category of all m-
dimensional manifolds and their local diffeomorphisms. So every bundle
functor F' on FM,, induces a functor F oi: Mf, x Mf — FM,,. The
bundle functors on M f,, x M f of our type are in bijection with a Weil
algebra A and an action H of the r-th jet group G7, in dimension m on
TA: F(M x N) is the associated bundle P"M[TAN, Hy], where P"M is
the r-th order frame bundle of M. Further, F' defines an equivariant nat-
ural transformation ty: J'Y — FY, that is determined by an equivariant
algebra homomorphism ¢: D] — A. In Section 5.6 we deduce that the
fiber product preserving bundle functors on FM,, are in bijection with
the triples (A, H,t). If the base order of F' is r, we construct a map
w{;: J"TM Xpprpr FTY — TFEFY such that for a projectable vector field 7
on Y over a vector field £ on M, the flow prolongation F7 satisfies

Fn =1y o (5"¢ xiam Fn)

where F'n is the functorial prolongation of the base preserving morphism
n:Y —TY over M.

Chapter 6 studies the general case of the (A, H, t)-prolongation, i.e of fiber
product preserving bundle functor on FM,,. Some specific features are
reflected in the concept of weak principal bundle introduced in Section 6.3.
The composition formula for two product preserving bundle functors on
FM,,, that is deduced in Section 6.6, is much more sophisticated than
in the pure Weilian case of 74 and T®. The (A, H,t)-prolongation of
general connections, see Section 6.8, is a very important construction for
various applications. It is remarkable that the Weil algebra technique is
useful for deducing some general geometric properties of the standard jet
spaces. We discuss two problems. In Section 6.9, we deduce that all smooth
homomorphic images of germs of smooth maps are the r-jets for arbitrary r.
In Section 6.10 we discuss the same problem for jets of foliation respecting
maps.
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Chapter 7 is devoted to the theory of nonholonomic and semiholonomic
r-jets. Though the semiholonomic jets have much more applications, we
start with some general facts about the nonholonomic case. The main the-
oretical reason is that Ehresmann introduced the composition of arbitrary
nonholonomic r-jets, [Eh]. This enables us to define the general concept
of a nonholonomic r-jet category, that is an organizing idea for the general
theory. The classical approach to semiholonomic jets, presented in Section
7.4, is essentially based on the work of P. Libermann. Using an original con-
cept of the difference tensor of semiholonomic 2-jets, we present her most
famous results about principal connections on the first order frame bundle
and first order G-structures in Section 7.5-7.8. Her results on higher order
connections and G-structures can be only mentioned in the bibliography.
The last Section 7.9 is devoted to an interesting application of the Weil
algebra technique to the complete classification of all semiholonomic 3-jet
categories.

Our general intention in Chapter 8 is to present some applications of our
general approach to the concept of contact element. In Sections 8.1 and 8.2
we clarify some properties of the construction of iterated contact elements.
In Section 8.3 we formulate the general concept of absolute contact differ-
entiation, that is based on the idea of semiholonomic contact element. It
is remarkable that the general coordinate formula for the first jet prolon-
gation of a section of an arbitrary associated bundle from [KMS] can be
applied in a very conceptual way to the coordinate formula for the absolute
differentiation. In Section 8.6 we outline the coordinate approach to the
iterated absolute contact differentiation in the general situation.

The most interesting application of the absolute contact differentiation is
in the theory of submanifolds of Cartan spaces. A flat Cartan space is lo-
cally a Klein space. In Section 9.3 we develop a systematic approach to the
Cartan method of moving frames for submanifolds of Klein spaces from the
viewpoint of contact elements. In Section 9.4 we extend this procedure to
the submanifolds of Cartan spaces. Our results clarify a universal character
of the geometric objects in question: they are defined as the equivariant
maps on the spaces of contact elements. Section 9.5 clarifies that the tor-
sion of spaces with Cartan connection can be constructed by means of the
difference tensor of semiholonomic 2-jets. Then we define the difference
tensor of a semiholonomic contact 2-element, that corresponds to the re-
duced torsion of submanifolds of Cartan spaces. As a concrete example of
the main ideas of Chapter 9 we discuss a 2-submanifold of 3-space with
projective connection in Section 9.8.

The last Chapter 10 is the Appendix devoted to the proof of the fundamen-



CONTENTS 5

tal theorem about product preserving bundle functors on M f. This asser-
tion was presented without proof in Chapter 2 as Theorem 2.4. We remark
that deep results about finite order theorems were deduced by R.S. Palais
with C.L. Terng, [PaTe], and C.L. Terng, [T¢].

Unless otherwise specified, we use the terminology and notation from the
book [KMS]. All manifolds are assumed to be Hausdorff and separable.
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Chapter 1

Welil algebras

1.1 Algebras

An algebra is a vector space V together with a bilinear map f: VxV — V,
which is called the algebra multiplication. We write f(z,y) = xy. The
bilinearity of f implies

or =0, x0=o0, x €V, o= the zero vector of V.

Let (V,f) be another algebra. An algebra homomorphism u: (V, f) —
(V, f) is a linear map u: V — V preserving the multiplications. In what
follows all algebras are assumed to be both commutative and associative,
unless otherwise specified.

For two linear subspaces W, Z C V, we define
WZ ={wiz1 + - +wpzp,w; € W,z € Z}, (1.1)

where n is any integer, i.e. the elements of W Z are the finite sums of the
products of an element of W and an element of Z. An ideal I C V is a
linear subspace such that

za€el forall z€l, acV.

For every subset S C V, we denote by (S) the ideal generated by S, i.e. the
smallest ideal in V' containing S. The factor vector space V/I is an algebra
with respect to the multiplication

(a+I)(b+1)=ab+ 1.

On the other hand, the kernel of every algebra homomorphism is an ideal.
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An element a € V is said to be nilpotent, if a* = o for some integer k. The
set N of all nilpotent elements of V' is an ideal. Indeed, n] = o0 and nj = o
implies (ny + n2)"** = 0. Further, n” = o implies (an)” = a"n" = o for
every a € A.

A unit of V is an element e # o satisfying ex = x for all z € V. If the unit
exists, it is unique. An algebra with unit is said to be unital. The unit
defines an injection R < V| ¢ — ce. In this situation, we write R C V
and we identify e with 1 € R and the zero vector o with 0 € R. The
homomorphisms of unital algebras V' — V are assumed to transform the
unit of V into the unit of V.

1.2 Weil algebras

The following concept was called local algebra in the original paper by
A. Weil, [W].

Definition. A Weil algebra A is a finite dimensional, commutative, asso-
ciative and unital algebra of the form

A=Rx N, (1.2)
where N is the ideal of all nilpotent elements of A.

In particular, R is a trivial Weil algebra with N = 0. Let A = R x N
be another Weil algebra and p: A — A be a homomorphism. Then the
restriction and corestriction of  to R C A and R C A is the identity and
p transforms N into N. The zero homomorphism O: A — A maps N into
0 € A. We write Hom (4, A) for the set of all algebra homomorphisms of
A into A. The category of Weil algebras and their homomorphisms will be
denoted by Wes.

1.3 The invertible elements

An ideal I C A is called maximal, if I # A and there exists no ideal J G A
such that [ ; J. First we deduce that N is the unique maximal ideal.
Indeed, let I be an ideal satisfying N ;Cé I C A. Then g+ n € I for some
0#£p€Randn € N. Hence p€ I and I = A.

Proposition. All invertible elements of A are of the form o4+n, 0 # g € R,
n e N.
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Proof. If o + n were not invertible, the set B = {a(¢ + n),a € A} would
be an ideal different from A. Hence B C N, so that o +n € N. Then
0+#p= ((Q +n)— n) € N, which is a contradiction. O

1.4 The order of A
We define N” by the iteration N! = N, N" = N(N"~1).
Proposition. There exists an integer r such that N™ = 0.
Proof. We have a non increasing sequence of vector spaces
NDON?*>...O NSO N5t o
Since N is finite dimensional, there exists an integer r such that
N" =N = N(N7). (1.3)

Let aq,...,ax be a linear basis of N". By (1.3),
k
az-:Zzijaj, ZiJGN,i:1,...,k. (1.4)
j=1
This can be rewritten as a system of linear equations

(6ij - zij)aj =0.

k
=1

J

The determinant det(d;; — z;;) is of the form 1+ 2/, 2/ € N, so that it is
invertible. By the Cramer rule, a; = 0 for all . Hence N" = 0. O

The smallest r with the property N1 = 0 is called the order ord A of A.
(We remark that A. Weil used the term “depth”.)

1.5 The width of A

The dimension wA of the vector space N/N? is called the width of A. A
Weil algebra of width &k and order r will be said to be a Weil (k, r)-algebra.
Every algebra homomorphism pu: A — B = R x ) induces a linear map

i N/N? - Q/Q%, ji(a+ N?)=p(a)+Q*, a€N. (1.5)
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It is useful to deduce that (1.5)) is of functorial character.
Consider three Weil algebras R x N, R x ), R x P and two Weil algebra
homomorphism, given on the nilpotent parts f: N — @ and g: Q — P.
We know f(N) C Q and g(Q) C P. For (n+ N?) € N/N?, we define

fln+N?) = (f(n)+ Q%) € Q/Q”. (1.6)
Further, §: Q/Q% — P/P? is given by

g(h+Q*) = (g(h) + P?) € P/P?,
h € P. Hence §o f: N/N? — P/P? satisfies

(o Nn+ N =5(f(n) + Q%) =g (f(n+N?),

so that ~is a functor from the category Wei into the category of vector
spaces.

1.6 The algebra D,

Let R[xq,...,zk] be the algebra of all polynomials in k& undetermined. The
simpliest example of a Weil algebra is

D}, = Rlzs, ..., @l /(1,1 (L.7)

As a vector space, D is the set of all polynomials of degree at most r
in k undetermined with the standard addition and multiplication by real
scalars. The product of P, ) € D is the “truncated” one: we multiply P
and @ as polynomials and we neglect the terms of degree higher than r.
Clearly, ord(D}) = r and w(D}) = k.

We shall write IV}, for the nilpotent part of Dy. The elements of N are the
polynomials without absolute terms.

In particular, D1 is the classical algebra D of dual (or Study) numbers. Its
elements can be written as a + be, a, b € R, with e satisfying e? = 0.

1.7 A as a factor algebra

The following assertion gives a rather concrete description of Weil algebras.

Proposition. Every Weil algebra A of order < r and of width k is a factor
algebra of Dy .
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Proof. Choose az,...,a, € N such that
a1+ N?,... ap + N? (1.8)

is a basis of the vector space N/N2. Define 7: Dj — A, w(P) =
P(ay,...,a). First we deduce that 7 is a homomorphism, i.e.
(PQ)(ai,...,a;) = Pl(ay,...,ax)Q(ay,...,ar). Indeed, PQ on the left
hand side is the product in D}, while P(aq,...,ax) Q(a1,...,ax) on the
right hand side is the standard product of polynomials in ai,...,a, in
which the condition N"*! = 0 suppresses the terms of degree > r.

It remains to show that 7 is surjective. Since (1.8) is a basis, for every
a € N we have

a+N2:Cl(al+N2)+"'+Ck(ak+N2)’ cl,...,cr €ER,

i.e.a—ciay —---—cpar = n1 € N2. One verifies directly that the elements
aja; + N 3 generate linearly N2/N3, so that there exist cij € R such that

k
ny = E Cijaia; + na, TIQENS.
,j=1

In the (I — 1)-st step of such procedure, we obtain

k
1+1
ni_1 = Z Ciy iy Qiq - - - @, +ng, n; € N + .

ity =1
But N™t! =0, so that after r steps we have
k k
a:ZCiai+-~-+ Z Ciq.iip Gy + v - Q.
i=1 it yeip=1

The ¢’s determine a polynomial P € N} satisfying a = P(a1,...,a;). O

1.8 Reparametrizations

We shall use heavily the following interpretation of D}, in terms of jets.
By (1.7), the elements of D} are r-jets of functions on R* at 0, i.e.
D = Jg (R*R). The addition in D}, the multiplication by reals and the
multiplication in D}, are expressed by the formulae

Joy + 300 = do(v +6), cioy =doley),  (Joy)(ded) = Jo(79),
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v,6: RF 5 R, c € R.
We denote the composition of jets by the same symbol o as the composition
of maps.
Every r-jet X € JJ(R!,R¥)g induces an algebra homomorphism D, — Dy
by

Y —=YoX, YeDj=JRR). (1.9)

Geometrically, (1.9) is a reparametrization of the elements of Dj.
Proposition. We have Hom (D7, D7) = JJ (Rl RF),.

Proof. Let p: D — D] be an algebra homomorphism. Then u(z;) = P; €
Ny forevery i =1,...,k. Hence P = (P,..., P) is a k-tuple of polynomi-
als of degree at most r without the absolute term in [ undetermined. This
defines an r-jet P € JJ(R!,R¥)g. By the definition of the jet composition,
p(Y)=YoP forall Y € Dj. O

1.9 Weil (k,r)-algebras

Definition. A Weil algebra of width k& and order r is called a Weil (k,r)-
algebra.

Proposition. Let A be a Weil (k,r)-algebra and 7, o: D}, — A be two sur-
jective algebra homomorphisms. Then there exists an algebra isomorphism
o: Dy — D satisfying m = poo.

Proof. Let x; be the basis of D}.. Write a; = m(x;) and choose some P; € Dy,
satisfying o(F;) = a;. Consider the homomorphism ¢ : I, — D} transform-
ing x; into P;. Then o(o(x;)) = m(x;), so that m = p o 0. Consider

7,0: Ni/(Nj)? = N/N?, G2 Ni/(Np)? — N/ (Np)?.

Since both 7 and p are surjective algebra morphisms, 7 and p are surjective
linear maps. By Proposition 1.5, 7 = pog. But o is determined by a
reparametrization Y — Y o X, Y € D}, X € J§(R*,R¥)g. Hence X is an
invertible r-jet, so that ¢ is an isomorphism. O

1.10 Algebra homomorphisms

Let A and B be two Weil algebras with & = wA, | = wB, r =
max(ord A,ord B) and p1: A — B be an algebra homomorphism. Consider
two surjective homomorphisms 7: Dj — A and o: D] — B. According to
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Section 1.5, one deduces there is an algebra homomorphism o: D} — DJ
such that the following diagram commutes

D} —> D! (1.10)

ﬂi lg

A-—".p

An element X € JJ(R!, R¥)y such that (1.10) with 0 = X commutes will
be called p-admissible.
By Proposition 1.7, A can be expressed as a factor algebra

A=Dj/I. (1.11)

Let Py(z1,...,x) be some generators of ideal I, h = 1,...,s. To determine
all algebra homomorphisms A — B, we first consider an arbitrary k-tuple
b; of elements in the nilpotent part of B to be the images of 7(z;). Then
the rule b; = /J(?T(JIZ)) generates an algebra homomorphism u: A — B, if
and only if Py (b1, ...,br) = 0 for all h. An example can be found in Section
1.14 below.

1.11 Automorphisms

The group Aut A of all algebra automorphisms of A is a closed subgroup
in the group GL(A) of all linear automorphisms of A, so a Lie group.
By Section 1.8, the group Aut (D}) coincides with the jet group G} =
inv J§ (R¥, R¥)g of all invertible r-jets of R¥ into R¥ with source and target
0.

A derivation of A is a linear map f: A — A satisfying f(a1a2) = f(a1)as+
a1 f(ag) for all a1,a2 € A. According to the general theory, the Lie algebra
AutA of Aut A coincides with the Lie algebra Der A of all derivations of A.

1.12 Sums

For two Weil algebras A =R x N4, B = R x Npg, the vector space
A®B=Rx Ny x Np (1.12)

is also a Weil algebra with respect to the multiplication

(c1,a1,b1)(c2,a2,b2) = (c102,c1a9 + c2a1 + arag, c1ba + caby + biba) ,
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¢ €ER, a; € Ng, b € N, i =1,2. One can say that A ® B is the sum of
A and B.
If A is expressed by (1.11) and B analogously by

R[ylw"ayl]/‘]’ (113)
then (I,J,ziyp), @« = 1,...,k, p = 1,...,1 is an ideal in
Rlz1,..., Tk Y1, -,y and we have

A® B =Rzy,...,ul/I, ], ziyp) -
In particular, this implies

w(A® B) =wA+wB, ord(A® B) =max(ord A,ord B).

1.13 Tensor products

In general, the tensor product Vi ® V4 of two algebras (Vi, f1) and (Va, f2)
is also an algebra, whose multiplication f is the tensor product of f; and
fa2. Thus, for the decomposable tensors v; ® va, U1 ® Us, we have

f(v1 ® 02,01 ®2) = f1(v1,01) ® fa(ve,D2).

In the case of two Weil algebras A =R x N4, B=R x Ng, A® B is also a
Weil algebra with the nilpotent part N4y x Ng x No® Np. If A is expressed
by (1.11) and B by (1.13), then (I, J) is an ideal in R[x1, ..., 2k, y1, ..., Y]
and we have

A®B:R[m1,...,yl]/<[,J). (1.14)

In particular, this implies,
w(A® B) =wA+wB, ord(A® B) =ord A+ ord B.
For instance, D ® D is of the form

Rz, y]/(a?,y°) . (1.15)

1.14 Example
We determine all algebra homomorphisms p: D@D — D ® D. Write

wx) =crx + coy + csxy,  p(y) = cax + csy + cexy -
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The conditions (u(z))Q =0 and (,u(y))2 = 0 imply cic2 = 0 and cqc5 = 0.
By Section 1.10, all algebra homomorphisms D @ D — D ® D form the
following 4 four-parameter families

c1=0=cy, c9=0=c4, c1=0=c¢c5, c20=0=c¢5

with arbitrary c3 and cg.

1.15 Weil algebras described in terms of germs

Sometimes it is suitable to express a Weil algebra as a factor algebra of the
algebra £ (k) of germs of smooth functions on R* at 0. Let m(k) C £(k) be
the ideal of all germs with value 0. Formula (1.7) can be rewritten as

D} = £(k)/m(k) . (1.16)
Write
p: E(k) — Dy,

for the factor projection.
Let A be a Weil (k,r)-algebra and 7: D}, = A be a surjective algebra
homomorphism. If we define

Ty = {a € E(k).(p(a)) € A},

then we have
A=E(k)/Zx. (1.17)

This implies that the Weil algebras can be considered as factor algebras of
E(k) by the ideals of finite codimension different from E(k).
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Chapter 2

Welil bundles

2.1 A-velocities

Our covariant approach to Weil bundles is based on the concept of
A-velocity. This generalizes the classical concept of (k,r)-velocity by
C. Ehresmann. We recall that the classical construction of (k, r)-velocities
is a bundle functor 7} on M f defined by

TrM = J(RF M), TLf(Goy) =45(foy), 7RV =M, (2.1)

for every manifold M and every smooth map f: M — N.

Consider a Weil (k,r)-algebra A together with an algebra homomorphism
m: Dp — A from Section 1.9. By that section, 7 is determined up to an
isomorphism Dj, — D}, so that the following definition is independent of .
Let M be a manifold.

Definition. Two maps v, 6: R¥ — M determine the same A-velocity
jA~ = j46, if for every smooth function p: M — R

m(jo(wo7) =m(js(pod)). (2.2)

Proposition. Let 7i(ty,...,tx) or §(t1,...,t;) be the coordinate expres-
sion of v or 8. Then jAy = j45 if and only if j2 = 46 for all
i=1,... dim M.

Proof. By locality, we may assume M = R™ and consider ¢': R™ — R,
©'(x1,...,2m) = x;. Then (2.2) implies j49* = j46°. The converse asser-
tion can be deduced by the inverse procedure. O

Let TAM be the set of all A-velocities on M.
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2.2 Weil functors
Proposition 2.1 implies
TAR=n(D})=A and TAR™ =A™,

So TAM — M is a fibered manifold that is called a Weil bundle. For a
smooth map f: M — N, we define

TAf: TAM — TAN by TAf(i%) =j4(f o). (2.3)

To demonstrate the correctness of , it suffices to discuss the case M =
R™ and N = R"™. Then f = (f1,..., fn), fi: R™ — R, so that T4 f(j4y) =
(TA£1(GM), ..., TA£.(j)), which is independent of the choice of j4y =
4§46 by Proposition 2.1.

For another smooth map f: N — @, we have

T4(go )(i%y) = T9(T*£(i"9)) -

Hence we obtain a bundle functor T4 on M f called Weil functor. Clearly,
TPk =T, iy so that T' D'is the tangent functor 7. Our construction yields a
surjective map my: Ty M — TAM such that the following diagram com-
mutes for every f: M — N

T f
TTM - TTN (2.4)

| 7

A
TAM L AN

A section M — TAM is said to be an A-field on M.

2.3 The contravariant approach

Definition 2.1 is a modification of what is called the covariant approach
to Weil functors in [KMS]. By Section 1.15, A can be viewed as a factor
algebra A = £(k)/Z, where 7 is the ideal determined by I in (k). Then
two maps 7, 0: RF — M satisfy j4v = j46, if and only if poy —pod € T
for every germ ¢ of smooth function on M at z = ~(0) = 6(0).

The original ideas by A. Weil, [W], were inspired by the algebraic geometry.
So his approach is of contravariant character. All smooth functions on M
form an algebra C°°(M,R) with respect to the pointwise multiplication.
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WEeil defined a so-called infinitely near point of type A on M as an algebra
homomorphism

C(M,R) — A.

We show that the set of all algebra homomorphisms Hom (C*°(M,R), A)
is canonically isomorphic to T4M.
For every f € C*°(M,R) and every j4y € TAM, we define

G (f) = i (fov) € A. (2.5)

This is an algebra homomorphism. Indeed, (j47)(fi+f2) = j4(frov+ faoy)
and (j4)(f1f2) = 72((fr o ¥)(f2 0 )). Since our operations behave well
with respect to localization, it suffices to consider the case M = R™,
so that TAR™ = A™. Then Proposition 2.1 implies that estab-
lishes a bijection between TAR™ and Hom (C®(R™,R), A). Further, ev-
ery smooth map f: M; — My induces a canonical algebra homomor-
phism (C*°Ms,R) — (C*°M;,R), which maps every Hom (C*°M;, A) into
Hom (C>*Mji, A).

2.4 Product preserving bundle functors

Consider the product My A My x Moy LEN My of two manifolds together
with the product projections. A bundle functor F' on M f is said to be
product preserving, if F'(M; x My) = FM; x FM,. More precisely, this
means that

FM; <22 P(My x M) 225 FM,

is also a product. Every Weil functor preserves products. Indeed, if
jA’}/l € TAMl and jA’}/Q € TAMQ, Y RF — My, vo: RF — My, then
(v1,72): R¥ — My x My and 54 (v1,72) = (5471, 7472).

The converse assertion is a fundamental theoretical result. Let F' be a
product preserving bundle functor on M f. Write pt for one point set and
iy: pt — M for the map i,(pt) = x, v € M. Since F preserves products,
we have F(pt) = pt. A natural injection vf,: M — FM is defined by

vy (@) = Fia(pt). (2.6)

Applying F to the addition a: R x R — R and the multiplication m: R x
R — R of reals, we obtain

Fa: FR x FR — FR, Fm: FR x FR — FR.



20 WEIL BUNDLES

One verifies easily that FR with the addition Fa and the multiplication by
real scalars ca = Fm(vr(c),a), c € R, a € FR is a vector space. The proof
of the following assertion can be found in the Appendix.

Theorem. FR is a Weil algebra with respect to the multiplication F'm and
F coincides with the Weil functor TTR.

A simple example of a bundle functor on M f that does not preserve
products is the second tensor power of the tangent functor 7. Indeed,

dim é)T(M x N) > dim éTM + dim é)TN provided dimM > 0 and
dim N > 0.

Another interesting example of such functor is the r-th order tangent vector
bundle 7). Clearly, J" (M,R)g is a vector bundle over M and we define

TUM = J"(M,R)j

as the dual vector bundle. For every map f: M — N, the jet composition
X = Xo(jpf),z€ M, X € (IT"N)4(y) defines a linear map

Az f): (TN pay = (17" M) -

The dual maps
(M) (TTM); — (TT* N

determine a bundle functor 7 on Mf with values in the category of
vector bundles. For r > 1, these functors do not preserve products by the
dimension argument.

In what follows, we shall simplify the notation to

v M — TAM (2.7)

for the map (2.6) with F = T4,

2.5 The coordinate expression of T4 f

The Taylor expansion of order r with remainder of the components of a
map f: R™ — R, 4P = fP(z?) is

frat) =3 ;!Dafp(xi)z%' > ;!Dg rEH, (28
la|<r Bl=r+1

where £ € R™, a and 3 are multiindexes of range m, 2& = (21)21 ... (z™)%m
and analogously z°. Write o' = 2 + n' for the i-th component in A™,
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n' € N, and bP for the p-th component in A™. Since 2% | 0 = 0, we have
T4%" = n'. Applying T4 to (2.8) with fixed 2’ and using the fact that 74
preserves products, we obtain

. 1 ,
W=t + > —Daf? (") (2.9)
jaf<r
where n® = (nhH)*...(n™)*" with the multiplication in A and

(n')Pr...(n™)Pm =0 for By +...Bm = r + 1 because of A is of the or-
der r.

In particular, if f: R™ — R is a real valued function, then with no
superscript p expresses the A-valued function T4 f: TAR™ — A. We shall
need the explicit formula in the simpliest case A = ID. Write x’l for the
additional coordinates on TR™. Then the coordinate form of T'f: TR —
D is

F(a) +e( 89{.95’3) : (2.10)

Example. Consider the iterated tangent functor T'T". The elements of its
Weil algebra D@D = R[¢t, 7] /(t?, 72) are of the form z + ut + vt +wtr. The
corresponding coordinates on TTR™ = (D ® D)™ are 2*, u’, v*, w'. From
the classical point of view, 2° are the “original” coordinates on R™, the role
of the “first order” coordinates u’ and v’ is more or less symmetric and w’
appear clearly to be the “second order” coordinates.

Further, consider the map y? = fP(z") and write y? + uPt + vP1 + wPtr for
the p-th component of (D ® D)". Since t? = 0 = 72, (2.9)) implies
P+ uPt + 0P7 + 0Pt fp+afp( L+ o'+ w'tT) + oy
U P 4+ wltr = —(u v'T + w'tT -
Y ox* Ox*0xI
Passing to the individual components, we obtain the standard coordinate
expression of TT'f.

uvltT .

2.6 Natural transformations

Let t: T4 — TP be a natural transformation of functors T4 and TB. If
we apply t to the addition and the multiplication of reals, we obtain two
commutative diagrams of the form

AxA——> A (2.11)
t]}gl tr tr

BxB——B
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This implies easily that tg: A — B is an algebra homomorphism.

The converse assertion is also true. Every algebra homomorphism p: A —
B induces a natural transformation (denoted by the same symbol) p: T' A
TP as follows. Every X € J§(R',R¥)y = Hom (Dj,D?) defines a natural
transformation Xy, : Ty M — T/ M by the reparametrization ¥ — Y o X,
Y € T/ M. For a general p, we may consider the situation from Section
1.10 with 0 = X. Taking into account that my; and ojs are surjective, we
deduce by Section 1.10 that there is a unique map py: TAM — TBM
making the following diagram commutative

M 2 T M (2.12)
TN l i@]\/f
TAM 2 7B M

Moreover, for every f: M — N the following diagram commutes

T f
T M TIN (2.13)

™™
TN

A
TAM L pan

Xn ;uMi iﬂ]\l XN
B

By L BN

e N
TT
M L T

er

1—7‘

The inner square yields that py; form a natural transformation T4 — TB.
Diagram (2.12]) implies that there exists a polynomial map fi: Rl — RF
such that pys: TAM — TBM is of the form

pu (i) =% (veo ), RN M. (2.14)
Thus, we have proved

Proposition. The natural transformations T4 — TB are in bijection with
the algebra homomorphisms y: A — B. If wA =k and wB = [, then there
exists a polynomial map fi: R' — R* such that s is of the form ([2.14)).

In other words, even in the case of an arbitrary algebra homomorphism
i: A — B, the natural transformation pys is determined by a kind of
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reparametrization. The admissibility of u in the sense of Section 1.10 de-
pends on j47 only.

For example, the natural transformations TT" — 1T, that correspond to
the algebra homomorphisms D ® D — D ® D from Section 1.14, can be
immediately expressed in this way. Each of them can be easily interpreted
as a geometric construction on the iterated tangent bundle, [Ko84].

2.7 Multilinear maps

For every vector space V, the vector space structure on T4V is defined by
it =it +0). ety =j%ey),  ceR (2.15)

with pointwise addition and scalar multiplication on the right-hand sides.
Consider the map ®: V x A — TAV

X (v,jAgo(tl, .. .,tk)) = jA(QO(tl, .. .,tk)v) , veV, g: RF 5 R.
(2.16)
In coordinates, we have V = R™, T4V = A™ and (2.16) is of the form
((vl,...vn),a) = (via,...,vpa), v, €ER, a€ A i=1,...,n.

This implies T4V = V ® A. In particular, if A=D, then VD=V xV
and TV = V x V is the classical expression of the tangent bundle of a
vector space.

Consider another vector space W and a linear map f: V — W. Then

T4 f(w®a) = T (7" (pv)) = i (¢f(v) = f(v) @a.
One verifies directly that T4 f: TAV — TAW is also a linear map. Hence
TAf = f®ida.
Proposition. Let f: Vi x --- x V; — W be a multilinear map. Then
TAF:ViAx---xV,@A— W ® A is also multilinear and

TAf(r1 @ay,...,u@a)=f(vi,...,0) @ay...q (2.17)
where the product ay ...a; is in A.
Proof. The multilinearity of f implies
TAf (54 (p101), -, 34 (o)) = 74 (o1 @) f(v1,. .. w)
with the pointwise product ¢q(t1,...,tk) ... ¢i(t1,...,tx) in R. d

Corollary. If (V, f) is an algebra, then TAV =V ® A is also an algebra
with the multiplication determined by

TAf (01 @ a1,v2 ® ag) = f(v1,v2) ® ayay.



24 WEIL BUNDLES

2.8 Natural transformations on vector spaces

For every vector space V and every algebra homomorphism p: A — B,
py:TAV =V A—-VeB=TEV

is defined by the reparametrization (2.14), so that py is a linear map.
Applying py to (2.16)), we obtain py (v ® a) = v ® p(a). Hence we have

py =idy @u: Vo A—-VeB. (2.18)

2.9 The iteration

By Section the Weil functors coincide with the product preserving
bundle functors on Mf. Since the iteration TAT? of two Weil functors
preserves products as well, this must be a Weil functor, too.

Proposition. We have TATE = TB®A,

Proof. The Weil algebra of TATE is (TATP)(R) = TAHTPR) = T4B =
B® A. O

We know that every algebra homomorphism induces a natural transfor-
mation. In particular, the exchange isomorphism of the tensor product
ex: B® A— A® B induces an exchange natural equivalence

expns: TATBM — TBTAM .

Geometrically, exys can be constructed as follows. Let t € R* and 7 € RL.
So every Z € TA(TPM) is of the form

Z =t jP(r =68t 71)))
where 6: R x Rl — M. Then
exy(Z) = jB(r = jA(t = (L, 7).
If we write 71’]1?42 TAM — M for the bundle projection, then we have
TAﬂﬁzﬂ?AMoexM, TBﬂﬁoexM:W?BM. (2.19)

In the special case A = Dj,, B = D}, which is important for applications, the
natural exchange isomorphism ex,;: T T°M — T7T; M can be expressed
in the jet form

exp (gt~ Jo(m = 6(t, 7)) = g5 (T = jg(t— 6(t, 7)) - (2.20)
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In the case k =1 = r = s = 1, we evaluated all algebra homomorphisms
D®D — D®D in Section 1.14. Clearly, the exchange isomorphism ez,
that determines the well known canonical involution TTM — TT M, cor-
responds to the values co =c4 =1, ¢c1 =c3 =c5 =¢c = 0.

2.10 The flow natural exchange

In the case of arbitrary A and TP = T, we obtain a canonical exchange
isomorphism

sy TATM — TTAM .
This map is said to be flow natural because of the following important
property.
In general, let I’ be a bundle functor on the category M f,, of m-dimensional
manifolds and local diffeomorphisms. The flow prolongation of a vector field
X: M — TM is avector field FX: FM — T(FM) defined as follows. The
flow FIX is locally a one-parameter family of diffeomorphisms FI¥ : M —
M, t € R. We construct F(FI;X): FM — FM for every t and we set

FX = ;\OF(szf): FM — TFM .

In [KMS], it is deduced that the flow prolongation preserves the bracket of
vector fields, i.e.
F([X1, X)) = [FX1, FXo) (2.21)

for every two vector fields X1, Xo on M.

In the case of a Weil functor T4, beside TAX: TAM = TTAM we can
construct the functorial prolongation T4X : TAM — TATM of the map
X.

Proposition. We have TAX = %]‘?4 oTAX.

Proof. Let £ = p(z,t) be the flow of X, z € M, t € R. Hence X(x) =
%‘Ogo(x,t). For u = j4y(7) € TAM, consider o(y(7),t): RF x R — M.
Then

1 (,0) = S TR ) ) = (TAX)(w).

Of course, % is identified with the first order jet with respect to t. If we

o

exchange the order of j4 and % we obtain

0’

P (S ()1) = (X 09) = (14X (w)
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So the concrete evalutation of TAX for a vector field X =
Xzt ... ,a:m)a%i is also based on Section 2.5. For example, if T4 = T is
the tangent functor, then (2.10) implies directly

d N <8X i j) d

X = X'— : .
T oz’ oxJ 1 ox!|

(2.22)

2.11 Fiber products

If F and G are two product preserving bundle functors on M f, then the
bundle functor F & G on M f defined by (F @& G)(M) = FM xy GM and
(F®G)(f) = Ff xyGf also preserves products.

Proposition. We have T4 @ TB = TA9B,

Proof. TR or TBR is the product fibered manifold R x N4y — R or R x
Np — R, respectively. Hence (T4 @ TP)(R) = R x Ny x Ng — R.
One verifies easily that the induced multiplication is that one from Section
1.12. O

2.12 Underlying functors

An interesting feature of the theory of Weil bundles is that every r-th
order Weil functor T4 induces the underlying k-th order functors for all
k <r=ordA.

Clearly, Nfﬁ'l is an ideal in A. Write m;,: A — xél/l\fflJrl for the factor
projection.

Definition. The factor algebra Ay = A/N £+1 is called the underlying Weil
algebra of order k. The Weil functor T is said to be the underlying k-th
order functor of T4.

So (mp)ar: TAM — T4%M is a surjective natural transformation. The
following lemma is a direct consequence of u(N4) C Np.

Lemma. For every algebra homomorphism p: A — B, we have /L(Nf‘) C
NE.

Hence p factorizes through an underlying algebra homomorphism pux: A —
Bi. From the geometric point of view, every natural transformation
t: T4 — T8 is projectable over a natural transformation t: T — TBx
for every k < r.

For example, the underlying first order functor of the iterated tangent func-
tor TT isT o T.
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2.13 The affine structures

In the case of k = r — 1, there is a remarkable affine structure on T4M —
TAr—1 M. Consider a smooth map ¢: M — Q. Since N7 is a vector space,
for every Z € T,M ® N" = Lin(T;M,N") and every S € T M we have
Z(S) € N", x € M. We recall that every X € T*M can be interpreted as
an algebra homomorphism

Xf=fx)+Xf, XfeN, feC®M. (2.23)
Then, for every Z € T,M © N",
(X+2)f:=fla)+ Xf+Z(T:f), feC®M (2.24)
is also an algebra homomorphism. Indeed, for another g € C® M, we have
(f@)+ X[+ Z(T; 1) (9(x) + Xg+ Z(T}9)) (2.25)
= (f(2) + X[)(9(x) + Xg) + Z(f(2)T; 9+ 9()T; ) = (X + Z)(f9) ,

as the other three terms vanish by virtue of NN” = 0.
Clearly, X and X + Z satisty (m,—1)m(X) = (mr—1)m (X + Z). Conversely,
let X, Y € TAM satisfy (m,_1)a(X) = (m—1)p(Y). Then

Yf=f(z)+Xf+Df with DfeN". (2.26)
Since X and Y are algebra homomorphisms, we have

D(fg) = (f(x)+ X f+Df)(9(x)+ Xg+Dg) — X (fg) = f(x)Dg+g(z)Df

by virtue of NN™ = 0. So D is an N"-valued derivation in C*°M at x. In
the classical way, see the proof in 1.5 of [KMS|, we deduce D € T, M @ N".

Hence
(Tr—1)ar: TAM — TA=1 M (2.27)

is an affine bundle, whose associated vector bundle is the pullback of TM ®
N" over TAr=1 M.
Consider a smooth map ¢: M — Q.

Proposition. T4¢: TAM — TAQ is an affine bundle morphism over
TAT*1¢: TA—1 M — TAT*Q, whose associated vector bundle morphism
is the pullback of Ty ® idnr.

Proof. Let D be as in (2.26). For every f € C*°Q, we write (p,D)(f) =
D(f o). Since D is an N"-valued derivation at = € M, ¢, D is an N"-
-valued derivation at p(z) € Q. O
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Example. In the special case of T}, we obtain the classical result that
TrM — Ty, 1M is an affine bundle, whose associated vector bundle is the
pullback of TM ® S"R** over Tl:_lM , [KMS]. More generally, consider
the iterated velocities functor 7T} of order r + s, whose Weil algebra is
D} ®Dj. One finds directly that the underlying bundle of the order r +s—1
is

1 -1
7Ty M Xps—tqr=1pg 7T, M
and the vector bundle in question is

TM @ (STR*) @ (S°R™).

2.14 Regular A-velocities

Consider the vector space V4 = N4/N3%. One finds directly that the un-
derlying Weil algebra of the first order is A7 = R x V4 with the zero
multiplication in V4. This implies TAT'M = TM @ V.

Definition. An A-velocity X € TAM is called regular, if the linear map
Vi — T, M determined by m1(X) € T, M ® Vy is injective.

In the classical case of X € (TyM),, m(X) € TEM is identified with a
k-tuple of vectors in T, M and X is regular, if and only if these vectors are
linearly independent. In general, Definition 2.1 implies that an A-velocity
j4~ is regular, if and only if  is an immersion at 0 € R¥,

2.15 Contact A-elements

We recall that a contact (k,r)-element on a manifold M, as introduced by
C. Ehresmann, is the set Z o G}, where Z is a regular (k,r)-velocity on
M and G%, C J§(R*,RF), is the submanifold of all invertible r-jets, [KMS].
The space of all such elements is a fiber bundle KM over M.

This idea can be directly extended to A-velocities.

Definition. A contact A-element on a manifold M is the set (Aut A)(Z),
where Z is a regular A-velocity on M.

All contact A-elements on M form a fiber bundle KAM — M.
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2.16 Natural lifting of vector fields to K4M

All results of this section are valid for an arbitrary Weil algebra. However,
we have to point out that there are further geometric problems, in which
certain special kinds of Weil algebras appear. We mention solely a paper by
M. Kures and W. Mikulski, [KuMi], on the natural operators transforming
vector fields from a manifold M into vector fields on the bundle K4M of
contact A-elements. In [KuMi|, the best results are deduced for homoge-
neous Weil algebras. We recall that an ideal I C Rx1, ..., z] is said to be
homogeneous, if P € I implies that all homogeneous components of poly-
nomial P are also in I. A Weil algebra is called homogeneous, if it can be
expressed in the form Rz, ..., zx]/I with a homogeneous ideal I. Clearly,
all algebras ;. and their tensor products are homogeneous. Examples of
nonhomogeneous Weil algebras are constructed in [KuMi].
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Chapter 3

On the geometry of
TA-prolongations

3.1 Natural tensor fields of type (1,1)

Every a € A defines a natural tensor field L(a)ys of type (1,1) on TAM
for every manifold M as follows. The multiplication of the tangent vectors
of M by reals is a map opr: R x TM — TM. Applying T4, we obtain
TA5y: A X TATM — TATM. Then we construct

TAour: = () Lo TAon o (ida x5eyy): Ax TTAM — TTAM (3.1

and define L(a)y = TAon(a, —): TTAM — TTAM.
Since the multiplication in A is induced by the multiplication of reals, we
have

L(al)M e} L(CLQ)M = L(alag)M . (32)

(In coordinates, is a direct consequence of formula below.)
Clearly, L(1)p; = idppay,. The naturality of L(a) means TTA f o L(a)y =
L(a)y o TTAf for every map f: M — N.

To find the coordinate expression of L(a), we take M = R™. Then
TTAR™ = A™ x A™ and our definition implies directly

L(a)gm (b1, ..., bm,c1y. .o yem) = (b1, by, act, ... acy), a, by, ¢; € A.

(3.3)
In the case of the tangent functor, ie. A = D = {a + be}, the map
L(e)pyr: TTM — VTM is frequently used in analytical mechanics.
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3.2 Natural vector fields

Every element D of the Lie algebra 2qutA = Der A is of the form
p-=4 ’ R — Aut A
= — : ut A.
dt O’Va ’Y

The natural transformations vy (t): TAM — TAM determine a vertical
vector field Dy; on TAM

Du(y) = gt(o’r(t)M(y) , yeTM. (3.4)

For example, in the case A = D we obtain the classical Liouville vector field
on T'M and its constant multiplies.

Remark. We find worth mentioning one of the oldest geometric results
deduced by the technique of Weil algebras. The problem was to determine
all natural operators transforming every vector field X on a manifold M
into a vector field on T4M. In [Ko8§], see also [KMS], it is proved that
every such operator is of the form

X+ L(a)y o TAX 4 Dy

for all a € A and D € Der A, TAX being the flow prolongation of X.
This result was new even in the case of the classical (k,r)-velocities, i.e.
T4 =Ty

3.3 T4-prolongation of functions and vector fields

Every function f: M — R induces a vector valued function T4 f: TAM —
A.  Every vector field Y on TAM determines the Lie derivative
Y(TAf): TAM — A of such vector valued function. Given a € A, we
define aTAf: TAM — A by multiplying in A.

Lemma. If two vector fields Y and Y on TAM satisfy Y (TAf) = Y(TAf)

forall f: M — R, thenY =Y.

Proof. By locality, it suffices to discuss the case M = R™, so that TAM =

A", Consider f;: R® — R, fi(z!,...2") = 2!. Then TAf;: A" — A,

TAfi(a',...,a") = d'. Write Y = Z:IYZG(Z“ Y = Z:l?zail Hence
1= 1=

Y(TAf;) = Y(TA;) implies Y = Y for every i. 0
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Further, for every vector field X on M and every f: M — R,
TAXf) =TAX(TAf). (3.5)

By locality, it suffices to dicuss the case M = R™. Let X*(z!,...,2™) or
f(z', ... 2™) be the coordinate expression of X or f, respectively. Hence

Xf=> X! gxfi and the left hand side of (3.5) is
i=1

m
TAX TA<—,> . 3.6
ST (5 (3.
By Section 2.10, the coordinate expression of 74X is TAX*. Further,
a(zi (TAf) = TA(aazi). Hence the right hand side of (3.5) also coincides
with (3.6).
Next, for every X € C®°TM, every f: M — R and every a € A, it holds

TAX(aTf) = aTNXf) and (L(a)TAX)TAf =aT(Xf). (3.7)

In fact, we have X (¢tf) = t(Xf) for all ¢t € R. By (3.5), we obtain
TAX(aTAf) = aTA(Xf). Further, we have (tX)f = t(Xf) for all
t € R. Using (3.5) and the definition of L(a), we obtain (L(a)TAX)TAf =
aTA(Xf).

Finally, for every vector fields X1, Xo on M and every ay, as € A, we have

[L(a1)TAX1, L{a2) T X2] = L{ara2) T ([X1, X2]) - (3.8)

Indeed, by ([2.21)) the flow prolongation T4 preserves the bracket of vector
fields. For every vector fields Y7, Y5 on TAM and every F: TAM — A, we
have [Y1,Y2]F = Y1(YaF) — Yo(Y1F) by definition. Using (3.5) and (3.7),
we obtain
[L(a1)TAX1, L(a2) TAX2)(TAf) = L(a) TA X1 (a2 T4 (X f))
—L(a2) T X (a1 T4 (X1 f)) = ara2 (TH X1 Xof) — TH(X2X1f))
= a1aaTAX1, Xo] TAf = L(araz) TA([X1, Xa]) (TAf) .

Then our assertion follows from the above Lemma.

3.4 Semidirect products of Lie groups

An important phenomenon is that the prolongation T4G of every Lie group
G has a canonical structure of semidirect product. So we start with a short
survey of the general theory of semidirect products of Lie groups, [Bol.
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Let H and K be Lie groups and ¢: H — Aut K be a group homomorphism
of H into the group Aut K of all automorphisms of K. Then we define a
group structure H x, K on H x K by

(hi, k1) (2, k) = (hiha, @(hy ) (k1)k2) (3.9)
hi, he € H, k1, ko € K. Indeed, the associativity of (3.9) follows from
(h1ha, o(hy ) (k1)ka) (hs, k3) = (hihahs, @(hg ') (@(hy ) (k1)ks) ks)

= (hahahs, o((hahs) ") (k1)p(hg ') (k2)ks) (3.10)

and the inverse element to (h, k) is (h=1, (h)(k~1)).

We say that is a semidirect product of H and K. For short, we
sometimes write H x K only.

Further, if G, H and K are Lie groups, p: G — H is a group epimorphism,
K C G is the kernel of p and i: K — G is the group injection, then every
group homomorphism ¢q: H — G splitting p

{e}—>K—i>G$H—>{e} (3.11)

defines a decomposition
G=HxK, g~ (p9),a(p(9)),
where ¢(p(g)) € K by the exactness of (3.11)). Then the rule
p(h)(k) = q(h)(i(k)) (3.12)

defines a group semidirect product structure H x4, K on G.

3.5 T4-prolongation of Lie groups
Consider the Weil bundle TAG of a Lie group G. Then
rh: TAG — G (3.13)

is a group epimorphism with Ker wé = TAG, where e is the unit of G, and
the map
A, A
va: G—=T°G (3.14)

from ([2.6)) is a group homomorphism splitting (3.13)).
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Since the natural exchange %é: TTAG — TATG is constructed by means
of flows, it maps TG into T4g = g ® A. Hence

Lie (T4G) =Tg=g® A. (3.15)
We have action Ad of G on g ® A linearly generated by
Ad(g)(z ®a) =Ad(g)(z) ®a, z€ggeGacA, (3.16)

which corresponds to the splitting in (3.11)).
By Section 3.4, TAG has the structure of semidirect product

TAG =G x (g A). (3.17)

In particular, the bracket in Tg is the T“-prolongation of the bracket in
g. By Section 2.7, we obtain

[Ul Xay,v2 ® CLQ]g@A = [Ul,vz]g ®aias. (3.18)

Remark. Formula is powerful even in the case of the classical (k,r)-
velocities, where Lie (T} G) = g ® D}. For example, in the case of the
tangent functor 17" we obtain the well known expression of the bracket of
Lie(TG) =g x g

[(Ul, 1_)1), (UQ,Q_}Q)] = ([1)1,’[)2], [1)1,’(_)2] + [1_)1,1}2]) . (319)

Moreover, since the exponential map exps: g — G is defined by means of
flow, the exponential map of TAG satisfies

exprag = T (expg): T4g — TG (3.20)

3.6 T“-prolongation of actions

Let I: G x M — M be a left action of G on a manifold M. One verifies
directly that T41: TAG x TAM = TAM is a left action of TAG on T4M.
For every algebra homomorphism p: A — B, the natural transformations
pa: TAG — TBG and pyr: TAM — TBM form a morphism of actions.
The same is true for the right actions of G on M.

The infinitesimal action A: g x M — T'M of [ is defined by

A= Inf(l) =Tlo (iG X OM) s (3.21)
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where ig: g — TG is the canonical injection and Opr: M — T M is the zero
section. We write A(v) = A(v, —): M — TM for the fundamental vector
field on M determined by v € g.

One finds easily that the infinitesimal action of T4\, which will be denoted
by TAN: TAg x TAM — TTAM, is of the form T4\ = s o TAN.
Consider now the case M = V is a vector space. Then TV =V xV and the
first component of A: g x V' — V x V is the product projection gx V — V.
The second component will be denoted by

AigxV =V,

Since T4V = V ® A is also a vector space, we have TATV = V@ AxV ® A.
For the infinitesimal action T4\: T4g x TAV — TTAV, we obtain

TAN: TAg x TAV = TV . (3.22)
Then our previous results yield
Corollary. We have
TAXN =TX: TAg x T4V = T4V .
In particular, let [ be a linear action of G on V, so that X is the classical

representation of Lie algebra g on V. Hence X is a linear map. By Section
2.7, TAN is of the form

TN v ® a1,z ®az) = A\(v,2) ® ajaz, (3.23)

v E€g, z €V, the product ajas being in A.

3.7 Vector bundles

For a vector bundle p: E — M, T3p: TAE — TAM is also a vector
bundle. Indeed, if X;, Xo € TAE satisfy T4p(X1) = Tp(X2), we may
write X1 = j4¢1, Xo = j4ps with po o1 = po s, so that ©1(u) and o (u)
are in the same fiber of E — M for all v € R¥. Then we define X; + X»
by j*(p1(u) + pa(u)). Similarly, ¢(j*p(u)) = j*(cp(u)), ¢ € R.

Further, if p: E — M is another vector bundle and f: E — F is a lin-
ear morphism over f: M — M, then we deduce in the same way that
TAf: TAE — TAE is a linear morphism over TAf: TAM — TAM.
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3.8 Principal and associated bundles

Let P(M,G) be a principal bundle with structure group G and projection
p: P — M. Write gp: P x G — P for the right action of G on P. Then
TAp: TAP — TAM is a principle bundle with structure group T4G and
opap =TA0p: TAP x TAG — TAP.
Consider a fiber bundle £ = PIS,l]| associated to P with respect to an
action [: G x § — S of G on the standard fiber S and write ¢: £ —
M for the bundle projection. Analogously to Section 3.7 we verify that
T4q: TAE — TAM is an associated bundle TAE = TAP[T4S, T41).
For every fibered manifold Y — M, the vertical Weil bundle VAY is the
union

vAY = | T(Y.), VAY cTY (3.24)

xeM

of the Weil bundles of the individual fibers of Y. Clearly, VAP is a prin-
cipal bundle VAP(M,TAG) and VAE is an associated bundle VAE =
VAP[TAS, TA.

The prolongation of the morphisms of principal and associated bundles will
be discussed in Section 6.5.

3.9 Some further structures

The first paper dealing systematically with T4-prolongations of various
geometric structures is by A. Morimoto, [Mor]. In particular, he studied
TA-prolongation of almost complex structures and the prolongation of a
classical linear connection on M into a classical linear connection on T4 M.
Even the paper [GMP] by J. Gancarzewicz, W. Mikulski and Z. Pogoda is
devoted, beside the general theory, to T-prolongation of further geometric
structures. Main attention is paid to Riemannian and pseudo-Riemannian
metrics, symplectic and almost symplectic structures, almost tangent struc-
tures and Kéhlerian structures.

3.10 Tensor fields of type (1, k)

A tensor field C of type (1, k) on a manifold M can be considered as a map

C:TMXM XMTM—>TM.
——

k-times
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Applying functor T4, we obtain
TAC: TATM Xpayy -+ Xpay TATM — TATM .
Using the classical exchange %ﬁ, we construct
TAC = sy o TAC o ((sey) ™ x -+ x () ™). (3.25)

This is a tensor field of type (1,%k) on T4M, which is called the complete
lift of C' to TAM. In the special case k = 0, C' is a vector field on M and
TAC is its flow prolongation, see Section 3.3.

Proposition. For every ay,...,a; € A,

'TAC’(L(al)TAXl, v ,L(ak)TAXk) = L(a1 cee ak)TA (C(Xl, cee ,Xk)) .

(3.26)
P?"OOf. We have C(thl,---,tk:Xk) = tl...tkC(Xl,...,Xk) for all
t1,...,t, € R. Applying T4 to this relation and using the definition of
L(a), we obtain ([3.26]). O

3.11 Frolicher-Nijenhuis bracket

An antisymmetric tensor field P of type (1,k) on M is said to be a tan-
gent valued k-form on M. The Frolicher-Nijenhuis bracket is an important
geometric operation on the tangent valued forms, see e.g. [KMS|. If @ is
another tangent valued [-form on M, then the Frolicher-Nijenhuis bracket
[P, Q] is a tangent valued (k + I)-form on M defined by the formula

[P, QI(X1, ..., Xpy1) = (3.27)
1
7 2 [P Koy X0, QX o 13 Xo )]
-1
+k'(l 1)'25—Q([P(X0'17 ’XUk)7XU(k+1):|7XU(k+2)"')
(=)H _
T > eP([Q(Xoy, - X)) Xoin) ) Xopyn - )
(=)k! _
ST > 6Q(P([Xoy, Xou) Xogr - )y Xopeya ---)

o

(_1)(k—1 l

)
+(k - DIl —-1)2 Z5P(Q([X01,X02],X03, T )’Xf’(l+2) s )
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where X1, ... Xy are vector fields on M, the brackets on the right-hand
side are the classical Lie bracket of vector fields, the summations are with
respect to all permutations o of k + [ letters and & denotes the sign of the
permutation o. The tangent valued O-forms are the vector fields and
reduces to the classical Lie bracket in the case k =1 = 0.
The identity of T'M is a special tangent valued 1-form on M and one verifies
easily

[idpar, P] =0 (3.28)

for every tangent valued form P. By [KMS],
[P.Ql = ~(-D)"[Q, P] (3.29)
and the graded Jacobi identity holds
[P1, [Po, Ps]] = [[P1, Po), P3| + (=1)"1%2 [Py, [Py, P3]) (3.30)

for tangent valued k;-forms P;, i = 1,2, 3.
Consider P and @ as above and express [P, @] in the form (3.27). Applying
T4 to this expression and using Section 3.3, we obtain

Proposition. We have
[L(a) TP, L(a2) TAQ] = L(ara2) T([P,Q)) - (3.31)

In particular, for a; = as = 1 we obtain that the T-prolongation of tangent
valued forms commutes with the Frélicher-Nijenhuis bracket.

The Frolicher-Nijenhuis bracket plays an important role in the theory of
connections on arbitrary fibered manifolds, see Section 3.14 below.

3.12 Vector valued forms

Let V be a vector space. A V-valued k-form w on M can be interpreted as

a map
w: TM Xpp- Xy TM = V. (3.32)

Applying T4 and using %ﬁ, we obtain

TAw: TTAM Xqay - Xpay TTAM — TAV (3.33)
which is a V @ A-valued k-form on TAM. Taking into account Section 3.3,
we find easily that this operation commutes with the exterior differentia-

tion, i.e.

TA(dw) = d(Tw). (3.34)
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3.13 An infinitesimal-like algorithm

We describe the coordinate form of T4w. Let M = R™, V =R"” and

y=fF @2y dat A A da (3.35)

be the coordinate expression of w. We have TTAR™ = A™ x A™ and we
write a} = da' for the corresponding algebra coordinates. The coordinate

formula for T4 fi i), 18 described in Section 2.5. Then Section 2.10 implies

that TAw is of the form

(T4fP ., )da™ A--- Ada (3.36)

1.0
with all products in A.
For example, consider the tangent functor 7" and n = 1, k = 2, so that
w= fii,(xl, .. ™) dz" Adz?.
Using Section 2.10, we obtain

O fiyiy
Tw= (fim te

= fi1i2dxi1 A dz'?

a;g) (da®t + eda™) A (dz'2 + edz?) (3.37)

+ 6((86.]2;;2 1'11) d:pﬁ /\d;z;i2 + filig (dl’“ /\dl‘lf + dl’lll /\dZL‘iZ)) ‘

Remark. It should be pointed out that this “infinitesimal-like” algorithm
is similar to some ideas from the synthetic differential geometry, see [Kock]
or [MoRe].

Further, since a tangent valued k-form P looks, in coordinates, like a vector
valued k-form, the procedure of finding the coordinate expression of 74P

is quite analogous to (3.36).

3.14 TA-prolongation of general connections

Consider an arbitrary fibered manifold p: Y — M and construct the bundle
TY =Y xpTM.

Definition. A general connection on p: Y — M is a section I': Y Xy
TM — TY linear in TM.
The coordinate form of I is

dy? = FP(z,y) da’ (3.38)
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with arbitrary F?(z,y). In particular, if Y is a principal G-bundle Y (M, G)
and I' is G-invariant, then I' is the classical principal connection on
Y (M, G).

The projection T,Y — V,Y in the direction of I'(y) defines the connection
form wr: TY — VY C TY. The absolute differentiation with respect to I"
is a map

Vr: JY - VY @ T*M (3.39)

defined by Vr(jls) = jls — T'(z, s(x)), z € M, where Jsl(x)Y is considered
as an affine space associated to V)Y @ Ty M.

The curvature of I is a map CT': Y xy A2TM — VY that can be charac-
terized as the obstruction for lifting the bracket

(CT)(y, X1, X2) = [[(X1), T(X2)] (y) — T([X1, X2]) (v) , (3.40)

where y € Y and X7, Xo are two vector fields on M. By direct evaluation
we find that the coordinate form of (3.40)) is

OFF OFF .\ O . 4
) % ¢ 2 J
( 527+ gD ) gy © ' Ao (3.41)

Hence (3.40)) can be interpreted as a tangent valued 2-form on Y.

Consider a Weil functor T4 and the flow natural exchange %ﬁ: TATM —
TTAM. Then we can define

TAD: (TAY Xpap TTAM) — TTAY |

(3.42)
TAT(0,€) = 5} (TT (0, 23 (€))), € TAY, € € TTAM .
This is linear in TT4M as well, so we obtain a general connection 74T on
TAM called the T#-prolongation of T'. Hence the coordinate expression of
TAT is A

TAdy? = T4(FP (2, y)) T dz" . (3.43)
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Chapter 4

Product preserving bundle
functors on F M

4.1 Local categories over manifolds

We do not find necessary to discuss here the concepts of local category C
over manifolds and of bundle functor on C in full generality, [EhL], [Eil], and
we refer the reader to Section 18 of the book [KMS| for more details. We
recall that C is a category endowed with a faithful functor m: C — Mf.
The assumption that the functor m is faithful means that every induced
map my p: C(A,B) — C®(mA, mB) is injective. The manifold mS is
called the underlying manifold of an C-object S and S is said to be C-
object over mS.

In this book, we shall need mainly the following cases:

M f — all smooth manifolds and all smooth maps,
M fr, C Mf — m-dimensional manifolds and local diffeomorphisms,
FM — all fibered manifolds and their morphisms,

FM,, C FM —fibered manifolds with m-dimensional bases and local
diffeomorphisms as base maps,

FMupn C FM,, — fibered manifolds with m-dimensional bases and
n-dimensional fibers and local fiber isomorphisms.

Definition. A category C over manifolds is called local, if every S € Ob(C
and every open subset U C mS determine a C-object L(S,U) of S
over U, called the localization of S over U, such that L(S,mS) = S,
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L(L(S,U),V) = L(S,V) for every S € ObC and every open subsets
V C U C mS and the conditions of the aggregation of objects and of
morphisms are satisfied.

All the above mentioned categories are local in this sense.

4.2 Bundle functors

We denote by B: FM — M f the functor of constructing bases.

Definition. Given a local category C over manifolds, a bundle functor on
C is a functor F: C — FM satisfying B o ' = m and the localization
condition:

for every C-object S and every inclusion of an open subset iyy: U <— mS,
F(L(S,U)) is the restriction pgl(U) of the value of pg: F'S — mS over U
and Fi is the inclusion pg'(U) < FS.

4.3 The functor T*

Let u: A — B be an algebra homomorphism. By Sections and
p induces two bundle functors T4, TB on Mf and a natural transfor-
mation p: T4 — TB. For every fibered manifold p: Y — M, we have
TBp: TBY — TBM. Using the map uy: TAM — TEM, we construct
the induced bundle

TRY = 1 (TBY) 225 1AM (4.1)
which may be also written as
THY = TAM X5, TPY . (4.2)
Proposition. T" is a bundle functor on FM that preserves products.

Proof. By 4.1), TFY = M}‘WTBY and THY = M}QWTBY. Hence
THY x TFY = (TAM xqp5y TPY) x (TAM xp5y TPY) = (TAM x
TAM) xq5yeregy (TBY x TBY) = THY x Y). O
Itis us_eful to express T* in the case of two product ﬁber_ed mimifolds MxN,
M x N and a product morphism fxg: M x N - M x N, f: M — M,
g: N — N. Then

TH(M x N) =T4M x TBN,

TH(M x N) =T4M x TBN , (4.3)

TH(f x g) =T f xT"g.
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4.4 The converse assertion

Proposition. For every product preserving bundle functor F on FM,
there exists a unique algebra homomorphism p: A — B such that F' = TH.

Proof. Let pt denote one element manifold and pty;: M — pt the unique
map. There are two canonical injections i1, io: Mf — FM defined by
M = (idM: M — M), ilf = (f,f), oM = (ptM: M — pt), igf =
(f,idpt) and a natural transformation ¢: iy — o, tpr = (idas, ptar): i1 M —
ioM. Applying F', we obtain two bundle functors F oiq, F'oiy on Mf and
a natural transformation F ot: F o4y — F oi9. Clearly, both F o4; and
F o9 preserve products. By Sections and there exists an algebra
homomorphism p: A — B such that Foi; = T4, Foiy = T5 and Fot = p.
Consider a commutative diagram

(p:Y = M) (1Y—7ptM>)(pty: Y — pt) (4.4)

i(p,idM) \Lizp

(idpr: M — M)~ (ptar: M — pt)
One verifies easily that is a pullback in F M. We have assumed that
F preserves products and has the localization property. But every fibered
manifold is locally a product and the induced bundle of a product is a
product, so that F' preserves inducing of bundles. If we apply F' to ,
we obtain a pullback diagram

FY ——TBY (4.5)
Lo
TAM M- TB M
This proves our claim. O

4.5 The natural transformations

Consider two algebra homomorphisms pu: A — B and v: C' — D and a
natural transformation ¢: T — T". By Propositions 38.13 and 38.17 in
IKMS], every ¢y : THY — T"Y is projectable

™Y 2Ty (4.6)

A

TAN M TCpp
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where 1 is a natural transformation ¢: T4 — TC. The related diagram of

algebra homomorphisms
¥

A——=C
| )
D

B-7.

(4.7)

comimutes.

Conversely, two algebra homomorphisms ¢¥: A — C and ¢: B — D such
that commutes determine a natural transformation T# — T" by .
Further, consider the iteration T%(T*Y"). By Section this corresponds
to the tensor product p®@v: A C — B® D.

We remark that the results of Sections 4.3-4.5 were first deduced by
W. Mikulski, [Mi]. Our presentation is mostly based on [DoKo01].

4.6 Fiber (k,[;r, s)-velocities

For a fibered manifold p: Y — M and a manifold @, we define an (r, s)-jet
of v:Y =>QatyeY, s>r, tobe the pair

gty = (e s (v 1 Yo) - (4.8)

We denote by J™*(Y, Q) the space of all such (r, s)-jets.
Write R¥! for the fibered manifold R¥*! — R*. The bundle

T Q = Jyo(RM, Q)
will be called the bundle of (k,[;r, s)-v_elocities on (). Every smooth map
f:Q— Q defines T, f: T;7Q — T,/ Q by
Ty Floo) = doo(f o).

Clearly, T, is a product preserving bundle functor on M f. According to
Section [2.6] its Weil algebra is

DZ? = TglsR
Let £(k 4 1) be the algebra of all germs of smooth functions on R¥* at
0, m(k + 1) be its maximal ideal, which is generated by the germs of all

variables x1,..., x4, and m(k) C m(k + ) be the ideal generated by the
germs of 21, ..., zx. By the definition of T}, the ideal generating ;"] is

(m(k + )" m(k)ym(k +1)"). (4.9)
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Some geometric operations from Chapter [3| can be directly extended to
(k,1;r, s)-velocities. If »c: G x G — G is a Lie group, then T;/G — G is a
Lie group with multiplication

T 5 (37 000) = diy (320 (7, 0)) -

A similar formula extends the actions, both left and right, of G on a mani-
fold M into an induced action of T,:;’lsG on T, ,:lsM . In particular, a principal
bundle P(M,G) is extended into a principal bundle 7,7 P(T,7 M, T/} G).
In the same way, the associated bundle P[S, ] induces an associated bundle
Ted PITer S, Tyl

4.7 (q,s,r)-jets of fibered morphisms

For the morphisms of fibered manifolds, we introduce a useful modification
of the concept of r-jet Of smooth maps. Consider two fibered manifolds
p:Y ->Mandp:Y — M.

Definition. We say that two FM-morphisms f, g: Y — Y with the base
'q?s r

maps f, g: M — M determine the same (g,s,r)-jet ji*"f = ji*"g at
yeyY, s>q<r,if

ggf =739, Jy(f|Ye)=0y(91Ya), Jnf=Jzg, x=p(y). (4.10)
We write J57(Y,Y) for the bundle of all (g, s, r)-jets of Y into Y.

The composition of F M-morphisms defines the composition of (g, s, r)-jets.
The base maps induce a canonical projection J%*"(Y,Y) — J"(M, M),
where J"(M, M) denotes the classical bundle of r-jets of M into M.
Consider the product fibered manifold R*! = (R¥xR! — R*¥). We introduce
the bundle of fiber (k,1)-velocities of order (g, s,r) on a fiber manifold Y
by

TEY = Jig" (RMLY) . (4.11)

For every FM-morphism f:Y — Y, TE f: TI'Y — TEY is de-
fined by the jet composition. Clearly, ;""" is a product preserving bundle
functor on FM.

q,s,T

By the definition of T}}", the corresponding Weil algebra D"} is generated
by the ideal

(m(k+0)*" m(k)ym(k+ )% m(k)"™),  s>qg<r, (4.12)
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and Tg”ls " is defined by the canonical homomorphism ]D)Z’j’r — ]D)Zf

Let m = dimM and m + n = dimY. Then P*"Y =

inv J55 (R™"Y) is a principal bundle over Y with structure group
on = v Jgg " (R™™ R™™)g o, which is called the (g, s,7)-th order frame

bundle of Y. The associated bundle P[S,[] induces an associated bundle

POSTY [THSTS, Th% 1] in a similar way to Section
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Chapter 5

Fiber product preserving
bundle functors

5.1 The fundamental jet functors

There are 3 bundle functors, whose construction is based on the concept of
r-jet only.

For every two manifolds M and N, J"(M, N) is the bundle of all r-jets of
M into N. Let f: M — M be a local diffecomorphism and g: N — N be
a map. Then the induced map J"(f,g): J"(M,N) — J"(M,N) is defined
by

T (f,9)(X) = (jy9) o X o (72.£) 7", (5.1)

where x or y is the source or the target of X € J"(M,N). Hence J" is a
bundle functor defined on the product category M f,, x M f, m = dim M.

For every fibered manifold p: Y — M, J"Y is the bundle of r-jets of local
sections of Y. If p: Y — M is another fibered manifold and f: Y —
Y is an FM-morphism such that the base map f: M — M is a local
diffeomorphism, then the map J"(f, f): J"(M,Y) — J7(M,Y) transforms
J"Y into J"Y. The restricted and corestricted map J"f: JY — J'Y is
called the r-th jet prolongation of f. Hence J" is a functor on the category
FM,,. In concrete problems, it is always clear which functor J” is under
consideration and we have no intention to change this convention. But in
a theoretical research we have to distinguish. So in the theoretical part of
this book we shall write J; in the case of FM,,.

The r-th vertical jet prolongation J]Y, which is used e.g. in some theories
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of higher order absolute differentiation, is defined by

LY = | J5(M,Y,). (5.2)
zeM

The restriction and corestriction of J"(f, f) defines J'f: JIY — JI'Y.
Hence J/ is a bundle functor on FM,,. In this context, we also say that
JJY is the r-th horizontal jet prolongation of Y.

The construction of product fibered manifolds is a functor

it Mfyn X Mf = FMp,, (M xN)=(MxN — M) (5.3)

and i(fxg) is fx g with the base map f. We have J; (M xN) = J"(M,N) =
Jy (M x N) and both functors Jj o and Jj o coincide with J".

5.2 Nonholonomic jets

The r-th nonholonomic prolongation J +Y of a fibered manifold Y is defined
by the iteration
LY = T (7Y — M), (5.4)

jﬁY = J,}LY. For every f: Y — Y in FM,,, the iteration determines
Tf=JNT ) Y — JIY. (5.5)

Hence j}; is a bundle functor on FM,,. The canonical inclusion J;Y <
J7Y is defined by the iteration

Jzs = Ja(u > 5y s) (5.6)
for every local section s of Y, u € M.
The restriction Jj o ¢ yields a functor J" on Mf,, x M f. The space

J'(M,N)=J;(M x N — M)

is the bundle of nonholonomic r-jets of manifold M into manifold N defined
by Ehresmann, [EL], p. 361. The elements of J"(M,N) C J"(M,N) are
also said to be the holonomic r-jets.

Let @@ be a third manifold. Ehresmann introduced the composition of
nonholonomic 7-jets by the following induction, [Eh], p. 361. For r = 1, we
have the composition of 1-jets. Write 3: J™1(M, N) — N for the canonical
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projection. Let X = jls(u) € j;’(M, N)y,ue M,and Z = j;g € jg’;(N, Q),
u = B(s(x)). Then

Zo X = jL(o(B(s(w))) o s(u)) € J(M, Q) (5.7)

with the composition of nonholonomic (r — 1)-jets on the right hand side.
If X and Z are holonomic r-jets, then coincides with the classical
composition.

The r-th vertical nonholonomic prolongation of Y is defined by

Ry = | Eony.).
zeM

Even this is a bundle functor on FM,,. Similarly to the holonomic case,
we have j}";oi: jT:j;oz'.

We remark that there are several geometrically important special classes
of nonholonomic r-jets, the most remarkable ones are the semiholonomic
r-jets. This subject will be discussed in more detail in Chapter 7.

5.3 Bundle functors in the product case

We start with some properties of bundle functors on M f x M f that are
needed for the main subject of this chapter. First we introduce some nota-
tion.

Let F' be a bundle functor on M f x M f. We write F,, (M, N) or F(M,N),
or F,(M, N), for the submanifold of all elements of F'(M, N) over x € M or
y € N or (z,y) € M x N, respectively. For g: M — M and f: N — N, we
write Fi(g, f): Fe(M,N) = Fyy) (M, N) for the restricted and corestricted
map.

Definition. We say that F' preserves products in the second factor, if
F(M,N; x No) = F(M,Ny) xp F(M,Ny). We say that F' has order r
in the first factor, if for every g, g: M — M and f: N — N, jlg = j’g
implies

Fx(g,f):Fx(gvf): Fx(M’N)HFg(OJ)(MaN)

Remark. Clearly, if I has order r in the standard sense, i.e. j; (g, f) =

Jz (g, f) implies Fi(g, f)y = Fi(g, f)y, then F has order r in the first
factor.
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5.4 The case of Mf,, x Mf

Let F' be a bundle functor on Mf,, x Mf that preserves products in
the second factor. We define an associated bundle functor G on M f by
GF(N) = Fy(R™,N) and GF(f) = Fyo(idgm, f): GFN — GFN, f: N —
N. Clearly, GT' preserves products, so that G = T4 for a Weil algebra A.
Assume further that F' has order r in the first factor. For X € G}, X = jjv
and every manifold N, we set

HY(X) = Fy(v,idy): GFN — GFN .
Since the following diagram commutes

(R, N =D, ) (5.8)
(%idzv)l i(%idzv)

®™, N =D rm 1)

each H7(X) is a natural equivalence T4 — T4. By Theorem 2.4, H" (X)
corresponds to an element of Aut A. Clearly, H'": G, — Aut A is a group
homomorphism.

Conversely, consider a Weil algebra A and a group homomorphism
H: G, — Aut A. For every manifold N, we have the induced left ac-
tion Hy of G, on TAN, so that we can construct the associated bun-
dle P"M[TAN,Hy] =: (A, H)(M, N) for every m-dimensional manifold
M. We underline that the elements of P"M[TAN, Hy] are the equiva-
lence classes {u,Z}, u e P"M, Z €T AN, with respect to the equivalence
relation

{u, 2} ~{uog, Hn(g"")(2)}, g€G,,. (5.9)

For every local diffeomorphism g: M — M, we have the induced morphism
PTg: P"M — P"M of principal bundles and every map f: N — N induces
a G, -equivariant map TAf: TAN — TAN. So we can construct the mor-
phism of associated bundles (A, H)(g, f) := P g[T*f]: P"M[T*N, Hy] —
P"M[TAN, Hy]. Clearly, (A, H) is a functor. Thus, we have proved

Proposition. The above construction establishes a bijection between the
bundle functors on M fp, x Mf that preserve products in the second factor
and have order r in the first factor and the pairs (A, H) of a Weil algebra
and a group homomorphism H: G}, — Aut A.
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In particular, if M = R™, then P"R™ = R™ x G, and the associated
bundle (A, H)(R™, N) is identified with R™ x TAN. Given f: N — N, we
have

(A, H)(idgm, f) = idgm XTAf: R™ x TAN - R™ x TAN.  (5.10)

If F = (A, H) is another bundle functor on Mf,, x Mf of order r in
the first factor, then the natural transformations 7: F' — F are in bijection
with the equivariant algebra homomorphisms p: A — A, i.e. u(H(X)(a)) =
H(X)(u(a)) for all a € A and X € GT,. We have

mun = (idprag, pn): PPM[TAN, Hy] — P'M[TAN, Hy].  (5.11)
In the case M = R™, mpm n = idpm Xpun: R™ x TAN — R™ x TAN.

Example. We describe the functor J7 in this way. The space T,QN =
JG(R™,N) is called the bundle of nonholonomic (m,r)-velocities on N.
Using the translations on R™, one identifies T,ZN with the iteration
T (...(Ty,N)...). Since the Weil algebra of T, is D}, Section 2.9 im-
plies that the Weil algebra D7, of J" is DL, ®---® D! . The action of
r-times
Gy, = inv J§(R™,R™)q on ]ﬁrm is given by the composition of nonholonomic
jets.

In general, consider a bundle functor F' on F M. The definition of the order
of F' can be based on the concept of (g, s, r)-jet, see Section 4.7.

Definition. We say that F' is of order (q,s,7), s > q < r, if for every
FM-morphism f:Y — Y, the restriction Ff | F,Y depends on j*" f
only, ¥ € Y. The integer r is called the base order of F.

5.5 One equivariant algebra homomorphism

Let F' be a fiber product preserving bundle (in short: f.p.p.b.) functor on
FMp, ie. F(Y1 xpYe) = FY7 X FYs for every two fibered manifolds Y3
and Y5 over the same base M, dim M = m. We need the following result
from analysis.

Lemma. Fvery fiber product preserving bundle functor F' on FM,, has
finite order.
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Proof. Since the associated functor G preserves products, it has finite
order r; by Theorem 2.4. We construct a natural bundle B : M f,, - FM
by setting

BY(M)=F(M xR), BI(f)=F(f xidg).

By [KMS]|, Chapter V, B has finite order ro. We are going to deduce
that the order of F' is max(ri,r2). By locality of F', we may consider
an FM,-morphism f: R™ x R¥ — R™ x R” over f: R™ — R™. Write
fi: R™ x RF — R™ x R for the i-th fiber component of f, i =1,2,...,n.
Then f is the fiber product of fi,..., fn, over f. Since F preserves fiber
products, it suffices to prove that F is of the order max(ry,79) on fi: R™ x
R! — R™xR. We have f; = (f, @), where : R™ xR*¥ — R is a map. Write
d: R™ x RF — R™ x R™ x R* for the FM,,-morphism (z,y) — (z,z,v).
Then we have
fl = (i X ldR) o (idRm ch) od.

Applying F at 0 € R™, we obtain
Fofi = B (f) o GF(p) o Fod.

But Fyd is independent of f1, so that Fyfi depends on jg* f and the r-jets
of ¢ only. O

In several problems it is reasonable to consider the base order r of F'. This
is based on the following lemma.

Lemma (a). If F is a f.p.p.b. functor on FM,, of the base order r, then
the induced functor F oi on M f,, x Mf preserves products in the second
factor and is of the order r in the first factor.

Proof. Clearly, F o i preserves products in the second factor. Further,
consider the product maps g1 X f, go X f: M x N - M x N, f: N — N.
We have jrg1 = jhg2 by asssumption. Hence ji (g1, f) = (jrg1, 4y f) =

(292, Jyf) = Jry(92, f), ie. (g1, f) and (go, f) have contact of order r at
(x,y) € M x N. O

Thus, F oi = (A, H), so that F(M x N) is the associated bundle
F(M x N)=P"M[T“N, Hy]. (5.12)
The left action g of G7, on TAN is

o(j" o) (M) = o), i R"=R™, :R™ 5 N. (5.13)



5.6. THE MAIN RESULT 55

Further, F' determines a natural transformation ty : JiY — FY. Every
element X € JJ'Y is of the form j;s. We interpret the local section s of ¥
as a local F M, ,-morphism s of the trivial fibered manifold idy;: M — M
into Y — M and we set

ty(X) = (F3)(x) € FY .
In the product case Y = R™ x N, we have J; (R™ x N) =R"™ x T]) N and
F(R™ x N) =R™ x TAN. Write
ty: TN — TAN
for the restricted and corestricted map over 0 € R™. This is a natural trans-

formation, so that it corresponds to an algebra homomorphism ¢: D], — A.
By naturality of ¢, t is a G},-equivariant algebra homomorphism

t(Xog)=H(g '(t(X)), XeD, geCy,.
Consider a fibered manifold p: Y — M and the injection of Y into M x Y
'Y > MXxY, y— (p(y),y)
Applying F', we obtain an injection
FI: FY < F(M xY) = P"M[TAY, Hy]. (5.14)
Clearly, P"M C 1], M. Using , we obtain easily
Lemma (b). For every u € P"M and Z € TAY, we have {u,Z} € FY

if and only if

ta(u) =T (Z)eT*M. O (5.15)

Hence every f.p.p.b. functor F' on FM,, determines a triple (A, H,t).

5.6 The main result

Conversely, consider a triple (A, H,t), where H: G}, — Aut A is a group
homomorphism and ¢: D], — A is an equivariant algebra homomorphism,
AutD!I = G7,. Such a triple defines a f.p.p.b. functor F = (A, H,t) on
F My, by

FY = {{u,Z},u € P"M,Z € T*Y, tar(u) = T4p(Z)} . (5.16)
For an FMp-morphism f:Y — Y over f: M — M, (A,H)(f,f) =

PTf[TAf] maps FY into FY and Ff is its restriction and corestriction.

This implies
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Theorem. The f.p.p.b. functors of base order r on FM.,, are in bijection
with the triples (A, H,t), where A is a Weil algebra, H: G, — Aut A is a
group homomorphism and t: D, — A is an equivariant algebra homomor-
phism. The natural transformations are in bijection with the equivariant
algebra homomorphisms p1: A — A satisfying t = pot.

The second assertion follows from the fact that t = pot implies that the nat-
ural transformation (A, H) — (A, H) maps (A, H,t)(Y) into (A, H,t)(Y).
If we use the inclusions JIY C P"M[T%Y] and FY C P"M[TAY], then
the map ty: JJY — FY is of the form

ty ({u, X}) = {u, ty (X)}. (5.17)

The basic examples. The simpliest examples of f.p.p.b. functors on
FMy, are J;, J] and VA So every iteration of these functors is also a
f.p.p.b. functor on FM,,.

By Section 1.8, Aut D], = G7,,. Write C' for the corresponding action of G,
on Dy,. One finds easily J; = (D,,C,idpr ) and J; = (D,,C,O), where
O: D, — DI, is the zero homomorphism. Functor V4 has base order 0.
In this case, G7, = {e} is the one-element group, D%, = R and H maps e
into idg. We may always consider for ¢ the zero homomorphism D], — D7 .
This defines the so-called vertical version of (A, H).

Remark. The description of the composition of two f.p.p.b. functors on
FM,, requires the theory of F-prolongations of principal fiber bundles.
This will be explained in Section 6.6 below.

Further, the basic subject of this chapter are the f.p.p.b. functors on the
category F M,,. The main reason is that these functors have a great num-
ber of applications. It is worth mentioning that the problem of character-
izing the f.p.p.b. functors on the category F M of all morphisms of fibered
manifolds appeared not sooner as in 2006. Its solution can be found in
IKoMi06].

5.7 Example

As an example, we construct a simple exchange map related with applica-
tions. Consider F' = (A, H,t) of base order r and the vertical Weil functor
VB. The base order of both VEF and FV B is r. In the first or the second
case, the action of G}, on A® Bor B® Ais H®idp or idp ®H and the
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algebra homomorphism D], - A®B or D], -+ B®Aist®idp oridp ®t, re-
spectively. Hence the exchange algebra homomorphism ex: AQB - BRA
is equivariant and satisfies ex o (t ® idg) = idp ®¢t. Thus, ex determines a
canonical natural equivalence

=" VB(FY) — F(VBY). (5.18)

The special case I’ = J; and VB =V is heavily used e.g. in the variational
calculus on fibered manifolds.

Remark. On the other hand we have a quite different situation in the
case of two horizontal jet prolongation functors J; and J;. In [DoKo01] it
is deduced that the only natural transformation Jj o J; — JJ o Jj is the
identity.

5.8 The flow natural map

In the case of a f.p.p.b. functor F = (A, H,t) on FM,,, we have the
following analogy of the flow natural map from Section 2.10. Consider first
a vector field € on M. Its flow prolongation P"¢ is a right invariant vector
field on the r-th order frame bundle P"M of M, whose value at every
u € P M depends on j7¢ only. This defines a map

Vi PTM X JJTM — TP M. (5.19)

For a fibered manifold p: Y — M, we will consider TY as a fibered mani-
fold TY — M. Then Tp: TY — T M is a base preserving morphism, that
induces FTp: FTY — FTM. Taking into account the natural transfor-
mation tra: J'TM — FTM, we construct the fiber product

J'TM xpry FTY . (5.20)

By (5.16)), we have FTY C P"M[TATY]. Consider an element (X, {u, Z})
from (5.20), X € JITM, uw € PIM, Z € TATY. Write v}, (u, X) =
(%)Ov(t), v: R — P"M. By (5.18), »4}(Z) € TTAY can be expressed as
(%)Og(t), where £: R — TAY satisfies tp/(7y(t)) = TAp(£(t)) for all t. So
{7(t),£&(t)} is a curve on FY and we define

9E (X, . 2)) = 10,60} (5.21)

By right-invariancy, this is independent of the choice of u. Hence we obtain
a map
W& JTM Xpry FTY — TFY . (5.22)
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By , FTY is a vector bundle over F'T'M X, F'Y and one finds easily
that ¥{ is linear in both J"TM and FTY.

A projectable vector field n on Y over £ on M can be interpreted as a
base-preserving morphism n: Y — TY. Then we construct the functo-
rial prolongation F'n: FY — FTY as well as the r-th jet prolongation
Jr&: M — J"T'M. The values of j"§ Xiq,, F'n are in .

Proposition. The flow prolongation Fn of n satisfies
Fn =¥ o (§7€ xia,, Fn) . (5.23)

Proof. In general, for a principal bundle P(M, G) and an associated bundle
PIS], a right-invariant vector field £ on P and a left-invariant vector field
o on S induce a vector field {£,0} on P[S], see Section 3.8. In our case,
the flow construction implies that the vector field

{Pe, T4}, P'¢&:P"M—TP'M, T%:TY - TTYY (5.24)

on P"M[TAY] is restrictible to the submanifold FY and this restric-
tion coincides with F7. According to , the functorial prolongation
Fn: FY — FTY of n: Y — TY is of the form idprp[T4n]. Since
identifies j77¢ with P"¢, we have

57€ Xiay, Fn: FY — J'TM X pra FTY .

Then ((5.23) follows directly from (5.24)). O

It is useful to introduce also a modified map

V8 JTTM X gy FTY — J'TM x1y TFY |

~ 5.25
BE(X, {u, 2)) = (X, 08 (X, {u, 2})) . (5.25)

By construction, J{f is a diffeomorphism.
In the case F' = J", we have FT'M = J"T'M, so that

Y& JTY - TJY .

This map was constructed in another way by L. Mangiarotti and M. Mod-
ugno, [MMS3].

We present a local expression of wf; . We take Y = M x ), where we may
assume @ is a vector space. The group homomorphism H: G), — Aut A
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induces a Lie algebra homomorphism b: g;, — Der A. We have J"TR™ =
TR™ x g7.. Since tyrm maps g, into (N4)™, it is

J'TR™ XFTRmFT(RmXQ):TRng:nXQ@)AXQ@A.

On the other hand, TF(R™ x Q) =TR™ x Q ® A x Q ® A. For z € TR™,
uegr,v®ac@®Aand we @ ® A, one finds

Vb (2, 1,0 ® a,w) = (z,v®a,w+v@bh(u)(a)), see [Ko03]. (5.26)

Even in the case F' = J", this formula is convenient for evaluating J"n.

5.9 The case of vertical Weil bundles

We describe the special case of the vertical B-prolongation VZ(VAY — M)
of the vertical A-prolongation of a fibered manifold p: Y — M. From the
manifold case, we know the exchange map

72 TP(TAY) — TA(TPY).
Lemma. %5"4 maps VEB(TAY — TAM) into TA(VEY).

Proof. By locality, it suffices to consider a product bundle Y = (M x Q) —
M. We have

TAY =TAM x TAQ, VB(TAY — TAM) =T4M x TPT4Q,
VBY = M xTBQ, TA(VPY)=T4M x TATEQ.

In this situation, %5"4 is reduced to the exchange diffeomorphism

gt TPTAQ — TATPQ. O
The restricted and corestricted map, that will be denoted by
st VEVAY — M) - VAVEY - M), (5.27)

represents the exchange diffeomorphism applied fiberwise. For B = D, we
write

spy VIVAY — M) - VAVY = M). (5.28)

Let 1 be a vertical vector field on Y and V47 be its flow prolongation.
Analogously to (2.10), we obtain

VAp = %{}y oVAy. (5.29)
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Chapter 6

On the geometry of
(A, H,t)-prolongations

6.1 Prolongation of vector bundles

Consider a vector bundle p: £ — M. The vector addition in F and the
multiplication of vectors by real numbers are two maps

a: Exy EFE—FE, m:RxE—E. (6.1)

For a Weil functor T4, we clarified in Section 3.7 that T4p: TAY — TAM
is also a vector bundle. Further, if p: E — M is another vector bundle
and f: E — E is a linear morphism with base map fiM — M, then
TAf: TAFE is a linear morphism over T4 f: TAM — TAM.

In the case of F' = (A, H,t), we can apply F directly to the first formula in

(6.1)). This yields

Fa: FE x ) FE — FE (6.2)

with the fiber product over M. Further we have to take into account that
F can be applied to fibered manifolds only. Hence we rewrite the second

formula from as
m: (M xR)xy E— FE.
Then (5.12) implies
Fm: P"M[A] xy FE — FE (6.3)

with the linear action of G], on A = R x N determined by H. But R is
invariant with respect to H(g) for all g € G}, so that M x R C P"M|[A].
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Restricting (6.3]) to this subset, we obtain the multiplication by real scalars
on F'E. A direct discussion of all these constructions implies

Proposition. FFE — M is also a vector bundle.
Analogously to the case of T4, we deduce

Corollary. For every linear morphism f: E — E over a local diffeomor-
phism f: M — M, Ff: FE — FE is a linear morphism over S

6.2 Group bundles

It is well known that the r-th jet prolongation J"P of a principal bundle
P(M, G) does not have a natural principal bundle structure over M, [KMS].
Consider the general case F' = (A, H,t). If we want to apply F, we have to
interpret the right action ¢: P x G — P as a fibered manifold morphism

0: Pxy (M xG)—P. (6.4)
By (5.9), F(M x G) = P'M[TAG] and the F-prolongation of (6.4) yields
Fo: FP xy PP M[T*G] — FP, (6.5)

where, in general, P"M [TAG] is globally not a product of M with a Lie
group.

In this situation, it is useful to introduce the general concept of a group
bundle. A fibered manifold p: K — M is called a group bundle, if each
fiber K., x € M is a Lie group and K is locally trivial in the following
sense: there is a Lie group C' and a neighbourhood U of every x € M such
that p~1(U) ~ U x C.

Hence the group composition forms a base preserving morphism v: K Xz
K — K. The product M x C' is called the product group bundle. Clearly,
for every group bundle K — M, FK — M is also a group bundle. Indeed,
by (6.5), F(M x C) = PrM[T4C] and

Fv =idpry[T4]. (6.6)

Let Aut C be the group of all automorphisms of the group C. Consider
a principal bundle Q(M,G) and a group homomorphism ¢: G — AutC.
This defines a left action (g,c) — (g7 ')(c) of G on C, so that we can
construct the associated bundle Q[C]. This is a group bundle, if we define

{u, hl}{u, hg} = {u, hlhg}, u € Q, hl,hg € H. (67)
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6.3 Weak principal bundles

The following concept is very important for the theory of (A, H,t)-
prolongations.

Definition. A fibered manifold Q — M is called a weak principal bundle
with structure group bundle K — M, if we are given a base preserving
morphism g: @ Xy K — @ such that each group K, acts simply transitively
on the right on Q.

Clearly, every principal bundle Q(M, G) is a weak principal bundle, whose
structure group bundle is the product M x G.

An important fact is that the (A, H, t)-prolongations of weak principal bun-
dles, F' = (A, H,t), are weak principal bundles again.

Proposition. If o: Q X3y K — Q is a weak principal bundle with structure
group bundle K — M, then Fo: FQ Xy FK — FQ is a weak principal
bundle with structure group bundle FK — M.

Proof. Locally, we may assume Q = R™ x S, K = R™ x GG and consider a
right action ¢ of G on S such that

o((z,5),(z,9)) = (z,0(s,9)), z€R" s€S,geG.  (6.8)
By Chapter 5, Fo: F'Q X FK — F(Q is of the form
Fg((x, 1), (x,gl)) = (:c,TAU(sl,gl)) . s1€T4S, g1 € TAG. (6.9)

O]

6.4 Principal prolongations of principal bundles

Consider a principal bundle P(M,G) and write ¢: G x G — G for the
group composition and g: P x G — P for the right action of G on P. By
Chapter 3, G, acts on T} G by isomorphisms. Hence we can construct the
semidirect group product W), G = G, x 1} G,

(91, X1)(92, X2) = (91 0 92, Tppp(X1 0 g2, X2)) - (6.10)

Then W"P := (P"M xp; J"P) — M is a principal bundle with structure
group W, G and its right action on WP is

(w, V)9, Z) = (uog,T;0(Z,V)). (6.11)
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ue P"M,geG),VeJP, ZecT) G Wesay that W P(M,W] G) is
the r-th principal prolongation of the principal bundle P(M, G).
An action £: G x S — S induces an action W ¢: W G x 17 S =TS

Wit((9,X), 2) = (T50(X, 2)) o 97", (6.12)

geGr, Xel G, ZeT]S. Then J'E has a canonical structure of the
associated bundle
J'E=W"P[T} S, W 1/. (6.13)

Consider the r-th principal prolongation W"(P*M) of the s-th order frame
bundle P°M of a manifold M. Every local diffeomorphism ¢: R™ — M
induces a principal fiber bundle morphism P®p: P*R™ — P°M and we
can construct j(o’es)(Psgp) € W"(P*M), where es denotes the unit of G%,.

One sees directly that this element depends on the (r + s)-jet j5"*¢ only.
Hence the map jj "¢ — j(o 88)(P5cp) defines an injection
ing: PPTSM — W (P°M). (6.14)

Since the group multiplication in both GTF* and W/ G2, is defined by the
composition of jets, the restriction ig: GI.F* — W/ G5 of igm to the fibers
over 0 € R™ is a group homomorphism. Thus, the (r + s)-order frames
on a manifold M form a natural reduction ip;: P™"M — W"(P*M) of
the r-th principal prolongation of the s-th order frame bundle of M to the
subgroup io(G"F5) C WrGS..

6.5 (A, H,t)-prolongations of principal and associ-
ated bundles

In the general case of F' = (A, H,t), consider first a weak principal bundle
0g: @ xy K — @ with structure group bundle K — M. By Section 6.3,

Fog: FQ x ) FK — FQ

is a weak principal bundle with structure group bundle FK — M.

Even the construction of WP from Section 6.4 can be extended to the
case of F = (A, H,t). By Section 6.4, the action Hg of G, on TAG is
by group homomorphisms. Hence we can construct the semidirect group
product WﬁG = G7, x TAG with the composition

(91, X1)(g2, X2) = (91 0 g2, T o(Ha (95 1) (X1), X2)) - (6.15)



6.6. THE COMPOSITION OF TWO FUNCTORS 65

For a left action £: G x S — S, we define

Wipl: WHG x TAS — TS, Wit((9,X), Z) = Hs(g)(T*(X, Z)),
(6.16)
geqGr,, X e TAG, Z € TAS. This is an action, too. Clearly,

F(M x G) = P"M[T*G, Hg]
is a group bundle of type T4G. We have
Fop: FP xy P"M[TAG,Hg] — FP.

We introduce WEP = P"M x); FP and we define a right action of Wf}G
on WFP by

(uaZ)(g7X): (uogaFQP(Za{uog7X}))a (6'17)

u € PIM, Z € F,P, g € G, X € TAG, so that {uo g, X} €
P"M[TAG, Hg]. Then one verifies directly

Proposition. WFP(M, Wf}G) s a principal bundle. For an associated
bundle E = P[S, (], FE is an associated bundle W P[TAS, W]

We say that W P is the principal F-prolongation of principal bundle P.
In the case F = J", we have W/"P = W"P.

6.6 The composition of two functors

First we deduce two results about Weil algebras. We know T4B = A®B. A
direct description of the algebra multiplication is as follows. If m: RxR —
R is the multiplication of reals, then the algebra multiplication in B is

TBm: TPR x TPR — TPR (6.18)
and the algebra multiplication in T4B is the T-prolongation of (6.18)).

Lemma. For every algebra homomorphism h: B — B, T*h: TAB — T*B
is also an algebra homomorphism. For every algebra homomorphism
h: A — A, the natural transformation hg: TAB — TAB is an algebra
homomorphism.

Proof. The multiplication in B or B is of the form and h satisfies
TBmo (h x h) = hoTBm. Applying T4 to this equation, we prove the
first assertion of the lemma. To deduce the second one, we apply hp to the
algebra multiplication in B. O
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Consider another functor F = (B, K,u). Our main aim is to express the
iterated functor F o E in the form (C, L,v). Clearly, C = T4B = A® B.
The base order of F o F is r + s, so that L is to be a group homomorphism
G — Aut(A®B) and v is to be an algebra homomorphism D! % — A®B.
In order to determine L, we use the product expressions

E(M,N) = P*M[TBN, Ky] (6.19)
and
(FoE)M,N)=PM[TA®BN, Ly].
By Proposition 6.5, we have
F(E(M,N)) = WP M[TATEN, WiKy] .

According to the geometric construction of (6.17), we have to add the
principal bundle morphism W"P — W P determined by ¢

W'P*M — WEPsM
and the inclusion P"*$M — W"PSM. At the group level, the action
WhHKy: WHGS, x TATEN — TATEN

is to be composed with the group homomorphism

tas : WhGS, — WHGS,
and the injection 4, : GI.F5 — W) G5, .
The algebra homomorphism v can be reconstructed from the natural trans-
formation v: J"7* — F o E. Consider the classical injection

L TR = T (FY), L 0) = ji5%0)

where o is a section of Y.
By the definition of v, we have

Uy (jy ") = (F o E)(0)(x). (6.20)

Applying J" to the natural transformation vy: J°Y — EY, we obtain
J"(vy): J"J°Y — J"EY. Then the right-hand side of (6.20) can be rewrit-
ten as

tey (J' (ay)) (1" (5 50)) -
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Hence N
63/ = (tEy) o J”(ﬂy) o [{}S . (621)

At the algebra level, we have a canonical injection

e Dot ® = T0Dyy s 0 f = do (3, (F o Try)) sy €R™.

m

Further, we construct the algebra homorphism 77 w: 77 D7 — T" B and
the natural transformation tg: T, B — T B. Then (6.20) implies

v=tgoTpuouy. (6.22)
Thus, we have proved

Proposition. We have FoE = (A® B, L,v), where L = Wi K otgs oup
andv =tgoThuou .

In particular, this proposition gives an exchange formula of FoE with FoF'.
Even though this formula is much more sophisticated to the case of TBoT4
and T4 oTPB from Section 2.9, it yields several remarkable geometric results
on the existence or non-existence of the natural exchanges of F' o F with
E o F, [DoKo01].

Remark. Consider two bundle functors F and E on FM,,. According
to Doupovec, [Do05], E is said to be subordinated to F, if there exists a
surjective natural transformation ' — E. The theory of these functors is
somewhat more sofisticated to the Weilian case of Section 2.12. The basic
properties of such functors are deduced in [Do05].

6.7 Contact elements on fibered manifolds

We recall that a contact A-element on a manifold M is the set (Aut A)(X),
where X € reg T4 M, see Section 2.15.

Consider a fibered manifold p: Y — M. For an algebra homomorphism
1 A — B, we define

reg THY = reg TAM x 75, reg TPY . (6.23)
A morphism v: u — p is a pair of algebra homomorphisms
vi:A—- A and 1vy: B— B (6.24)

such that the following diagram commutes
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At

B
A-t-B
The group of all isomorphisms p — p will be denoted by Aut p.

(6.25)

Definition. The bundle of contact elements of type u on Y is the factor
space K*Y =regT'Y/ Aut p.

We shall write pu: THY — KHY for the factor projection. The following
assertion can be deduced analogously to Section 2.15.

Proposition. There is a unique manifold structure on K*Y such that the
factor projection s: regTHY — KH"Y is a submersion.

Corollary. regT'Y — K"Y s a principal fiber bundle with structure
group Aut .

6.8 (A, H,t)-prolongation of general connections

First we recall the fundamental procedure of prolongating a general con-
nection I' on p: Y — M with respect to a bundle functor F' on FM,,,
IKMS], p. 363. To clarify the basic ideas, we present a slight modification
of that consideration.

Let F be a functor on FM,, and F denote its flow operator.

Lemma. If the order of F is T and n is a projectable vector field on'Y , then
the value (Fn)(u) at every u € (FY'), depends on j;n only. The induced
map

FT: FY %y J'TY — T(FY) (6.26)
is smooth and linear with respect to J'TY = J"(TY — M).

Proof. Smoothness is direct consequence of our assumptions. Linearity
follows immediately from the linearity of the flow operator F. O

Consider an auxiliary r-th order linear connection A on T'M, i.e a linear
splitting
AN:TM — JTM. (6.27)

The flow prolongation of the lifted vector field I'’X depends on the r-jet of
vector field X : M — T M. This defines a map

FT: FY %3 J'TM — TFY . (6.28)
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If we add A: TM — J"TM, we obtain a map
F(I,A): FY xpy TM — TFY . (6.29)

This is a general connection F(I', A) on F'Y — M called the F-prolongation
of I' with respect to A.

Remark. The connection F(I', A) can be also constructed by using the
flow natural map from Section 5.8.

Further we remark that some interesting applications concerning functorial
prolongations of Lie algebroids and Lie groupoids can be found in [Ko05]
and [Ko07].

6.9 An abstract characterization of the classical
r-jets

Consider the homomorphic images of the germs of smooth maps. The
classical construction of the r-th order jets transforms every pair M, N of
manifolds into a fibered manifold J"(M, N) over M x N and every germ
of a smooth map f: M — N at x € M into its r-jet j"(germ, f) = jif €
J"(M,N). The composition By o By of germs induces the composition of
r-jets (denoted by the same symbols)

j"(B2)oj"(B1) = j"(B2o B1).

Hence the r-jets are finite-dimensional homomorphic images of the germs
of smooth maps. First we point out some general properties of the pairs
(J",37) for all r € N.

Denote by G(M,N) the set of all germs of smooth maps from M into
N. Consider a rule F' transforming every pair of manifolds into a fibered
manifold F'(M, N) over M x N and a system ¢ of maps oy n: G(M,N) —
F(M,N) commuting with the canonical projections G(M,N) — M x N
and F(M,N) — M x N for all M, N. Then we can formulate the following
requirements I-TV.

I. (Surjectivness) Every oy n: G(M,N) — F(M, N) is surjective.

I1. (Composability) If p(B1) = ©(B1) and ¢(B2) = ¢(Bs), then (B o
Bl) = QD(BQ o Bl)

By I and II, we have a well defined composition (denoted by the same
symbol as the composition of germs or maps)

XQ o X1 = CP(BQ O Bl)
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for every X1 = ¢(B1) € F,(M,N), and Xy = ¢(B2) € F,(N,P),. Let
us write @, f for p(germ, f). Every local diffeomorphism f: M — N and
every smooth map g: N — N induce a map F(f,g): F(M,N) — F(M,N)
defined by

F(f,9)(X) = (¢y9) 0o X o0py(f71), X € Fo(M,N),,

where f~! is constructed locally.

ITI. (Regularity) Each map F(f,g) is smooth.

Consider a product Nj &L N1 X Ny LEN Ny of two manifolds. Then
we have the induced maps F(idas,q1): F(M, Ny x No) — F(M,N;) and
F(idM, C_[2): F(M, N1 X NQ) — F(M, NQ). Both F(M, Nl) and F(M, Ng)
are fibered manifolds over M.

IV. (Product property) F (M, Ny x N3) coincides with the fiber product
F(M,Ny) xp F(M,Ns) over M and F(idar,q1) and F(idas,g2) are the
induced projections.

Theorem. For every pair (F,p) satisfying I-IV there exists an integer
r >0 such that (F,¢) = (J",j").

Proof. For every k € N, we define an induced functor Fy on M f by
Fp(M) = Fy(R*, M),  0ecRF,
and

ka = Fo(ide, f) FeM — N

for every smooth map f: M — N. By III, each map F}, f is smooth and IV
implies that each functor F} preserves products.

Hence Fy, is a Weil functor. Let Ax = R x Ng be the corresponding algebra.
By Section 1.15, Ay is a factor algebra £(k)/ Ay, where Ay is an ideal of
finite codimension, and the factor space N}, = Ai/m(k) is the set of all
germs B € Go(R™,R) satisfying

p(B) = ¢(0),

where 0 is the germ of the constant function 0. This yields the following
“substitution property” of N

BeN, and he Go(RF RF)y implies Boh € Nj. (6.30)
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Since N}, is an ideal of finite codimension, there exists an integer 7, such
that
m(k)"™ 1 C N . (6.31)

Assume 7y is minimal. Then beside (/6.31]) we also have

m(k)"™ ¢ Ny .

Now we deduce
Lemma. The functor F}, is the velocities functor T} *.

Proof. We have to prove
m(k)" = N .

We deduce the opposite inclusion to by contradiction. We prove
that if there exists an element @ & m(k)"+! satisfying @ € N, then the
substitution property implies m(k)™ C Nj. Indeed, by we
may assume () is a homogeneous polynomial of degree ;. Let b € RF be a
point such that Q(b) # 0. Consider the map h: R¥ — R¥ h(x) = bz, z =
(z1,...,2%) € R¥. Then Q o h = Q(b)(x1)". By the substitution property,
Q) (z1)™ € Ni and Q(b) # 0 implies (z1)"* € Ni. Consider further
the map h: R* — RF, h(zy,...,23) = (c1zy + -+ + cpx, 0,...,0) with
arbitrary c1,...,c; € R. Then (c1x1 + - -+ + cpag)™ € Ny for all ¢q, ... .
If we evaluate this expression and interpret ci, ..., ci as undetermined, we
obtain that each monomial of degree ry belongs to Ny. Hence m(k)™ C Nj.
Next we use the following property of r-jets, [KMS]. If two germs germ,, f,
germ, g € G5(M,N), satisty j{(f o d) = ji(god) for all 6: R — M with
0(0) = =z, then jIf = jrg. This is directly extended to the following
assertion. If

Jb(foe)=7jb(goe) forall e: R¥ — M with (0) ==z, (6.32)

then jif = jzg.
Next we prove
r, =1 forall k,leN.

Indeed, by the above lemma we know that for every f, g € R¥ — M
the condition ¢of = ¢og means jo* f = j,*¢ with maximal r,. For every
h € Go(R!,RF)g we have @o(f o h) = ¢o(g o h). By the definition of 7
this implies j"(f o h) = j™(g o h). Hence ji'f = jo'g by (6.32). Since ry
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is maximal, we have r; > r;. Replacing k£ and [, we obtain the converse
relation r; > ry,.

Denote by r the common value of all r;. Then it suffices to deduce that
each F'(M, N) is the associated fiber bundle F(M, N) = P"M[T;, N] to the
r-th order frame bundle P"M (M, G},) with respect to the jet action of its
structure group G, on T N, m = dim M. For every v € P, M, v = ¢(V),
we define v: F,(M,N) — T N by v(p(B)) = ¢(BoV). It holds ¢(BoV') =
o(B)owp(V)and (V) = 5"V, p(BoV) =37 (BoV). For W =V o H,
J"H € G!., we obtain w(p(B)) = ¢(BoV)op(H) = j"(BoV)oj"H. Hence
we have the standard situation of the smooth associated bundles. O

6.10 On the jets of foliation respecting maps

A foliated manifold (M, F) is a manifold M endowed with a regular inte-
grable distribution F, [KMS]. The maximal integral manifold L, passing
through = € M is called a leaf of F. Given two foliated manifolds (M, Fi),
(Ms, F2), amap f: My — M is said to be a foliated morphism, if f maps
the leafs of Mj into the leafs of Ms. We denote by Fol the category of all
foliated manifolds and all foliated morphisms.

Given two foliated manifolds (M, F1), (M2, F2), a leafwise r-jet of M into
M; means an r-jet j;y of a local map vy of L into L. All these jets
form a bundle

AN ((My, Fr), (Ma, F2)) , in short  AJ"(My, M3).

If x%, yP are local leaf coordinates on M, and uf, w? are local leaf coordi-
nates on My, then the induced coordinates on \J" (M, M) are

ng 1Bl <r,

where (3 is a multiindex corresponding to M;. If (M3, F3) is another foliated
manifold and jl;( Z)(S € \J"(M,, Ms), we can construct the composition

J180 J1y = 715 07) € AJT(My, M) (6.33)
For the product (Ms x M3, Fy x F3), one verifies directly
)\Jr(Ml,Mg X M3) = )\Jr(Ml,M2> X M, )\JT(Ml,Mg) . (634)

The category F M of fibered manifolds and fibered morphisms can be con-
sidered as a subcategory of Fol. For two fibered manifolds p;: Y7 — Bj



6.10. ON THE JETS OF FOLIATION RESPECTING MAPS 73

and py: Yo — By, we have

M VYa) = ) T (Yiey, You) -

(xl,xz)EBl X By
Every JFol-morphism f: M; — Mj defines a section
ATfe My — AT (My, M), (A f)(2) = j2(f|Lz) -

We say that j%(\"f) is the leafwise (k,7)-jet of f at 2.
We write
JENTT (M, Ms) = J*(A\J" (M, Ma) — M) (6.35)

for the bundle of all these jets. The induced coordinates on ((6.35)) are

Ut |O[’§k5, wg,ﬁv |a|+|6|§k+7"7

o)

where « is the multiindex corresponding to x’. For I < k, jLIA™™F=Lf de-
pends on jr A" f only. This defines a projection

s JRAIT(My, My) — JINTHRUMy, M), 1< k.

Lemma. Let g: My — Ms be another Fol-morphism. Then the value
¥\ (g o f)) depends on jE(N\"f) and j’]f(z)()\rg) only.

Proof. Consider the coordinate expression of f
ot =izt wt = et yP) (6.36)

and the analogous coordinate expression of g. Then our assertion follows

directly from (6.33)). O

This defines the composition of leafwise (k,r)-jets.
Consider a (p 4 1)-tuple o = (19,71, ...,7p) of integers such that

rg>ry > >1p 2> 0.
For f, g € Fol(My, Ms), we define j¢f = jZg, = € My, by
NOf(2) = N0g(2), GNf=jN"g, i=1,....p

and we write J2(M;, Ms) for the set of all these jets. Clearly, J¢(M;, Ms) is
a fibered manifold over My X Ms. Indeed, we start with arbitrary quantities
vl lal < p and wg 50 lapl < p, Japl + 1Byl < p+7rp. Since rpy >
Tp, We can prescribe arbitrarily the remaining wa, s, , lop-1] < p—1,
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lap—1|+ |Bp—1] < p—1+41p—1. In the last step of this recurrence procedure
we have wq, g, |oa] < 1, |a1| + |B1] < 1+ ri. Since 79 > 71, we may
prescribe the remaining wg, |Bo| < 7o arbitrarily. So we obtain the induced
coordinates on J¢(My, My).

By (6.34)), we deduce
JQ(Ml,MQ X Mg) = JQ(Ml,MQ) X M, Jg(Ml,Mg). (637)

We say that two Fol-morphisms f, g: M1 — My determine the same
transversal r-jet 7. f = 7.g at z € My, if

Jz(ho f)=ji(hog)

for every local function A on Ms constant on the leaves. We write
7J"(My, M3) for the bundle of these jets. Clearly,

TJT(M]_,MQ X Mg) = T:]T(M]_,MQ) X My TJT(Ml,Mg) .

Since the classical definition of jI f = jrg for two smooth maps f, g: N1 —
Ny, x € Ny, is equivalent to jZ(ho f) = ji(hog) for every smooth function
h on N3, we have a canonical projection

/\Jr(Ml, Mg) — TJT(Ml, MQ) .
More generally, we have a projection
JENTT(My, M) — 7J5(My, My), jEOf) = 75 f. (6.38)

In particular, (6.38) defines the composition of transversal r-jets. For an
FM-morphism f: Yy — Y3 over f: My — My, 7] f coincides with j;l () f

We point out that there is another characterization of jZA\"f. We have
GEfe My — JF(My, Ms).

Proposition. The leafwise (k,r)-jets jLN"f are in bijection with r-jets
v ok L
Jr(GRf | L2).

Proof. If (6.36) is the coordinate expression of f, then A" f is expressed by
v!(z?), Dgw(zt,yP), |B| < r. Hence jEA" f is determined by

Dov', Dy, gy (Dgw®), | < k1, |aa] +[81] < k.
On the other hand, the coordinate expression of j*f is

Dt la| <k and D, g w®, |oa|+ |61 <k,
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so that j7(j%f | L.) is further determined by Dg(Dq, g,w?), |8 < 1.
By (6.34)), we have a projection J¢(M;, My) — 7JP(My, M3). For every
q > p, we define

JOU( My, M) = JO(My, M) X7 gv(ny mp) T M, Mz)

Write GFol(Mi, M) for the set of all germs of foliation respecting maps of
M into Ms. The rule

Jin v (germ, f) = (j2f, 74f) =: j2if

is a surjective map GFol(My, My) — J29( My, M3). Analogously to (6.37))
we have

Jg’q(Ml,MQ X Mg) = Jg’q(Ml,Mg) X M, JQH(MI’M?))_
O

Now we apply an abstract viewpoint similar to Section 6.9. Consider a rule
F transforming every pair (M, F1), (Ma, F2) of foliated manifolds into a
fibered manifold F'((Mi, F1), (M2, F2)) (in short: F(M;, Ms)) over M x My
and a system of maps s, a,: GFol(My, Ma) — F (M, Ms) commuting
with the projection GFol(My, Ma) — My x My and F(My, Ma) — My X My
for all My, My. Analogously to Section 6.9, we formulate the following
requirements I-TV.

I. Every o, v, 0 GFol(My, Ma) — F(My, Ms) is surjective.

II. If By, By € G, Fol(My, M3),, and Bs, By € G,,Fol(Mz, M3).,, satisfy
@(B1) = ¢(B1) and p(Bz) = ¢(B2), then ¢(By 0 B1) = (B2 o B1).

By I and II, we have a well defined composition (denoted by the same
symbol as the composition of germs and maps)

XQ o X1 = (p(BQ o Bl)

for X7 = gD(Bl) el (Ml,Mg)zz and )& :ﬁ(BQ) € FzQ(MQ,ME})zg. Write
. f for ¢(germ, f). For another pair M1, M, of foliated manifolds, every
local Fol-isomorphism f: M7 — M7 and every Fol-morphism g: My — Mo
induce a map F(f,g): F(My, My) — F(My, M3) by

F(f, g)(X) = (30229) oXo @f(?q)(f_l)a X e le (MlaM2)22 )

where f~! is constructed locally. We require

III. (Regularity) Each map F(f,g) is smooth.
IV. (Product property) F(Ml, M2 X Mg) = F’(]\fl7 Mg) X M F(Ml, Mg)
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Definition. A pair (F,¢) satisfying I-IV will be called a jet-like homo-
morphism on germs of foliation respecting maps.

Clearly, (J21,597) is a jet-like homomorphism, provided the composition
is defined componentwise. The following result is an analogy of Theorem
6.9.

Theorem. FEvery jet-like homomorphism on germs of foliation respecting
maps is of the form (J21,j27).

The proof, that uses heavily the technique of Weil algebras, can be found
in [DoKoMi| or [Kol6].
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Chapter 7

Nonholonomic and
semiholonomic jets

7.1 The skeletons

The classical, or holonomic, r-jets X = jr¢ of smooth maps ¢: M — N
form a fibered manifold J" (M, N) — M x N with respect to the source
and target projections aX = x € M and X = ¢(x) € N. All r-jets
form a category J" over pointed manifolds (M, z): if X € J7 (M, N), and
Z = jyb € Jj(N,Q)z, then Z o X = ji(¢ o) € Jy(M,Q).. We write
Ly, = J§(R™,R")g. Then

= L., (7.1)

m,neN

is a category over integers called the skeleton of J". Clearly, J" can be
reconstructed from L": if dim M = m and dim N = n, then J" (M, N)
coincides with the associated bundle

J'(M,N)=(P"M x P'N)[L;, ] . (7.2)

The bundle J2(M, N) of nonholonomic 2-jets of M into N is the space
of 1-jets X = jlf of the a-sections of J'(M,N), i.e. the maps f: M —
JY(M, N) satisfying of(u) = u, v € M. This is a bundle over M x N
with respect to the source projection a(jlf) = x and the target projection
B(iLf) = B(f(z)) € N, where 8 on the right hand side is the target pro-
jection of JY(M, N). Local coordinates ' on M and 3P on N induce the
additional coordinates y? on J'(M, N). It will be useful to write y? = y}.
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So the coordinate expression of an a-section f(u) is f5(u), f(u). Then z°
and yzth’ h'17 h2 = O, ]., ., Mm,

ofg(x OfF(x
yoo = fo (@), wio = I (@), vy = J(;Ozfz )’ vij = 8u(j)

(7.3)

are the induced coordinates on J2(M,N). The subset J2(M,N) C
J%(M, N) is characterized by

Yio =vo; and yp =y (7.4)

We have two projections o1, 0s: jQ(M, N) — JYM,N), 01(5Lf) = f(z),
02(jaf) = Jjz(B o f). In coordinates, 01(X) = (2',yp9, yfp), 02(X) =
(2", ybo, vb;). We say that X € J2(M,N), is semiholonomic, if p1(X) =
02(X), Le. yhy = yb;,. We write T2(M, N) for the bundle of all semiholo-
nomic 2-jets of M into N. By (7.4), J>(M, N) CNjQ(M7 N).

Even the nonholonomic 2-jets form a category JE over pointed manifolds.
For X = j, f(u) € J}(M,N), and Z = jlg(v) € JZ(N, Q). one defines

Zo X = ji(g(Bf(w) o f(w) € TH(M, Q). (7.5)

with the composition of 1-jets on the right hand side. If X and Z are
holonomic, then (7.5) coincides with the composition of 2-jets. Indeed, if

X = j3(jaw) and Z = j}(jieb), then
Ja (Ga(® 0 @) = Gz (Fbuy? © dup) (7.6)

and the right hand sides of (7.5) and (7.6) are the same.
We say that L2, ,, = J§(R™,R™)g is the skeleton of J? and we have

J(M,N) = (P*M x P?N)[L2,,]. (7.7)

7.2 Nonholonomic r-jet categories

Assume by induction that we have constructed the nonholonomic (r—1)-jet
bundle J" (M, N) — M x N with the source projection a: J"~*(M,N) —
M and the target projection f3: Jr_l(]\{, N) — N and r — 1 canonical
projections o1,...0,_1: J"Y(M,N) — J"2(M,N). Then we define the
bundle of nonholonomic r-jets of M into N to be the space jr(M, N)
of 1-jets of the a-sections f: M — J"1(M,N). This is a bundle over
M x N with respect to the source and target projections a(jlf) = x and
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B(iLf) = B(f(x)) € N, where § on the right hand side means the target

projection of J"~1(M, N).
Assume by induction that (z*, yzl---h'r—l)7 hi,...,hr—1 =0,1,...,m are the

local coordinates on J™~1(M, N) induced by z* on M and y” on N and the
coordinate form of oy is

i D — (i P _
os(@’ yh )= (@, yhl...h5710h8+1_._hT71) , s=1,...r—1.
The coordinate expression of f is fﬁl._' n._, (). This induces the coordinates
(@Y ) b1y e = 0,1, mon J"(M, N) by

ofy (z)
1...hpr_1 .
yglmhrflo = f}lzln-h'rfl ($)’ yzlmhr—lj - oud , J=1...,m.

N N (7.8)
We construct r projections gs: J" (M, N) — J'=Y(M, N) by

0102 f) = f(@), s 0s01(nf) = Galoso f), s=1,...,r=1. (7.9)

Hence the coordinate form of o is
as(xl,yﬁlmhr) = (xayzl...hs()hﬁg.‘.hr)' (7.10)

The composition of X = jlf € jT(M,N)y and Z = j;g € jT(N, Q). is
defined by _
ZoX = ji(9(Bf(w)) o fu)) € J3(M, Q). (7.11)

with the composition of nonholonomic (r — 1)-jets on the right hand side.
It is easy to deduce that (7.11) is associative. So J” is a category over
pointed manifolds. Modifying (7.6), we deduce that for two holonomic jets,
(7.11) coincides with the classical composition.

Lemma. Fvery projection os, s = 1,...,r, preserves the composition of
nonholonomic jets.

Proof. For p; this follows directly from (7.11). Assume by induction that
every os, s = 1,...,7 — 1 preserves the composition of nonholonomic jets.
Then we have

0s(Jrg(Bf () o f(w)) = ji(os1(9(Bf(u) o f(u)))
= ]; (Qs—l (Q(Bf(u)) © Qs—l(f(u))
= ‘78(359) ° US(j;ﬁ . (7.12)

O
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Remark. This description of nonholonomic r-jets was developed by G. Vir-
sik, [Vi].

An element X € jT(M ,N) is called semiholonomic r-jet, if o1 X = -+ =
0,X. The bundle of all semiholonomic r-jets is denoted by J (M, N).
Write (hi,...,hy) = (i1,...,1s) for the subsequence of all nonzero indices
and |hy ... h,| for the set {i1,...,is}. Then the elements of J (M, N) are
characterized by

yﬁlmm = yfl-nlr whenever (hy...hy) =(l1...1).

Hence no zero subscripts are needed in the semiholonomic case. The inclu-

sion J"(M,N) < J"(M,N) is defined by
o= da(i" ), @i M = N. (7.13)
The elements of J" (M, N) are characterized by
Yn,.n, =Y.y, whenever [|hy.. . h[=l1...0],

Hence J"(M,N) C J (M, N).

The compositions of various canonical projections J "(M,N) — J "—1(M, N)
define (}) canonical projections J" (M, N) — J*(M,N). They are in bijec-
tion with the fixations of (r — k) zeros in the sequence hy, ..., h,. Given a
fixation s¢ of r — k elements from 1, ..., r, the coordinate form of the corre-
sponding projection is (z,yp )+ (xi’yft(h1,...,hr))7 where s(hy, ..., h;)
means that we replace the indices at the prescribed places by zeros. Then
we can define an element of J"(M,N) to be k-semiholonomic, if all its
canonical projections into J*(M, N) coincide. We write J"*(M, N) for the
bundle of all k-semiholonomic 7-jets. Clearly, (r — 1)-semiholonomic means
semiholonomic in the classical sense.

Hence, Lemma 7.2 implies that the composition of two k-semiholonomic
r-jets is a k-semiholonomic r-jet. In particular, the composition of two
classical semiholonomic 7-jets is a classical semiholonomic r-jet.

Even J" can be interpreted as a functor on M f,, x M f by

T (f,9)(X) = (jig) o X o (o f)~" (7.14)

with the composition of nonholonomic r-jets. Using induction, one verifies
directly B B B
J"(M, Ny x No) = J" (M, Ny) xpr J" (M, N3). (7.15)

The same holds in the k-semiholonomic case.
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Write
Lhw=J@®™" Ry, L= |J Li. (7.16)

m,neN

Then L is a category over integers, called the skeleton of J7. Analogously
to the holonomic case,

J'(M,N) = (P"M x P'N)[L, .]. (7.17)
For the semiholonomic r-jets we write

mn=Jo(M,N), T'= | I, (7.18)

m,neN
and we have J (M,N) = (P"M x P"N) [f;m]
We say that X e J7(M, N), is regular, if there exists Z € JNL"(N, M),

such that Z o X = j7idps. The general concept of r-jet category can be
introduced as follows.

Definition. A nonholonomic r-jet category C' is a rule transforming every
pair (M, N) of manifolds into a fibered submanifold C(M,N) C J"(M,N)
such that

(i) J"(M,N) C C(M,N) is a fibered submanifold,
(ii) if X € Cx(M,N), and Z € Cy(N,Q)., then Z o X € C,(M,Q).,

(iii) if X € Cy(M, N), is regular in J", then there exists Z € Cy(N, M),
such that Z o X = j7 idyy,

(iV) C(M, N1 X Ng) = C(M, Nl) XM C(M,NQ).
Write L%n = Co(R™,R")g and LY = |J LS ,. This skeleton is a sub-

m,neN
category of Ly, ,, and we have

C(M,N) = (P"M x P"N)[LS, ] (7.19)
If we consider a fibered manifold Y — M, the local fiber coordinates on

Y define a local identification of Y with M x N. Then we can apply the
previous ideas of this section.
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7.3 Nonholonomic [r, s]-jets

In a certain sense these jets represent the fundamental example of nonholo-
nomic jets. Consider the r-th jet prolongation J"Y of a fibered manifold
p: Y — M. The nonholonomic [r, s]-jet prolongation of Y is defined by

JY = JJY — M).

If Y is the product M x N — M, the elements of J"*(M x N —
M) =: J"*(M, N) are called nonholonomic [r, s|-jets of M into N. The
canonical injection J" 7Y < J™5Y is of the form

Ja o ga(ilo). (7.20)

In particular, J"7$(M, N) < J"*(M, N). For s = 0, we have J"*(M, N) =
J"(M,N).

Write 51: J™*Y — J"Y for the target jet projection. The target projection
B:J'Y — Y is extended into a map fo:= JB: J'TY — JY.

Lemma. X € J;°(M,N), is invertible, iff both 51X € J.(M,N), and
B X € J3(M,N), are invertible.

Proof. We have X = jF(u), F': M — J"(M,N). Since 51X = F(x) is
invertible, we can locally construct F~1(u). Since S X = ji f is invertible,
there exists locally the inverse map f of f. Then

Xi=jy(F o f) € Jp*(N. M),

satisfies X o X = E;er\f[ and X 0o X = E;f\f, where E;t\f[ = jrt5idy, and
EN =y idy. O

An element X € J;°(M, N) is called regular, if there exists Z € J,*(N, M)
such that Z o X = E7%7. One verifies directly that

X is regular, iff both 51X and (82X are regular. (7.21)
We define
Ly, = J0'(R™ R and L™= [ LI7,. (7.22)
m,neN

The following assertion describes L™* in terms of L".
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Proposition. We have Ly, = L5, ,, x T3, L1, . with the composition

m*~m,n
ZoX = (Z10X1, Ty (%2 0 X1, X2)) (7.23)
where %In’n’p: L:Z’pr’"m,n — L:n,p is the composition in L, X = (X1, X2) €

Lyw and Z = (Z1,Z2) € Lyp.

Proof. Consider the canonical identification J"(R™,R") = R™ x Ly, , x R"
defined by the translations on R” and R"™. Hence a section F: R"™ —
JT(R™,R™) is identified with a pair of maps f1: R™ — R", fo: R™ — L7

m,n’
so that X = jiF is identifies with (j§f1,j5f2) € L, X T35, Ly, - In this
special case, (7.11) implies (7.23). O

Further, consider X € jT(M, N)and 01X,...,0,X € jT_I(M, N) with o
from (7.10). Analogously to the above lemma, we obtain X is invertible,
iff all 01X, ...,0,X are invertible. Moreover,

X isregular, iff all 01X, ...,0,.X are regular.

7.4 Semiholonomic r-jets

A direct way how to introduce the bundle J' (M, N) of semiholonomic 7-
jets together with the projection 77_,: J (M,N) — Tﬂfl(M7 N) is the
following induction. The elements of .J' (M, N) are of the form jls, where
s: M — jril(M, N) is a section satisfying

s(z) = j;(ﬂ';:; 0s). (7.24)

In the case of a fibered manifold p: Y — M, the elements of J' Y are of
the form jls, where s is a section of 7'y satisfying

s(z) = jy(pj 30), (7.25)

where p 3 : 7Y = 772V is defined in the induction procedure.

In the holonomic case, Proposition 12.11 from [KMS]| asserts that

(a) JT(M,N) — J'~Y(M, N) is an affine bundle, whose associated vector
bundle is the pullback of TN ® S™T*M over J"~'(M, N); this implies di-
rectly an analogous result for the case of a fibered manifold p: ¥ — M
with the induced projection J'Y — J™ 1Y,

(b) J'Y — J 1Y is an affine bundle whose associated vector bundle is the
pullback of VY ® S"T*M over J"~1Y.
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In the semiholonomic case, we have canonical projections

T (M,N) =T (M,N) and pl_:TY 7T V. (7.26)

r

Technically it is better to start with the fibered case.

Theorem. pl_,:J Y — T 7Y s an affine bundle, whose associated vec-

tor bundle is the pullback of VY @ QT*M over Ty,

Proof. (by P. Libermann, [Li69]) We proceed by induction. The case r = 1
is well known. Let v € JY, v1 = pl_,(v), y = ph(v), = p(y). By
the induction hypothesis, the kernel of the projection p::% at v1 is VY ®
r—1

QT*M. For every v' € JYT'Y such that B(v") = B(v) = vy, the jets v
and v/, that can be considered as linear maps T, M — T, UlelY, satisfy

r—1 T
v—2v €Lin(T,M,V,Y @ QT;M),ie,v—2v €V, Y ®QIiM. O

In the manifold case, the above Proposition implies easily

—r—1

Corollary. n7_,: J (M,N) — J (M, N) is an affine bundle, whose as-
sociated vector bundle is the pullback of TN @ @T*M over T_I(M, N).

For local evaluations, it is sometimes useful to consider the product V' x W
of two vector spaces. Then the previous results are specified to

T (V,W) =V x W x (zrjw(gsrv*), (7.27)
i=1

T(MW):VxWx(iW@@ég)v*). (7.28)
=1

7.5 The difference tensor of a semiholonomic 2-jet

Consider a fibered manifold p: Y — M with the fiber coordinates z?, yP.
We know that J'Y — Y is an affine bundle with the associated vector
bundle VY ® T*M. Hence p;: J2Y — J'Y is also an affine bundle with
the associated vector bundle VJ'Y ® T*M. In particular, 7Y = Jv
is an affine bundle with the associated vector bundle VY ® ®2T*M with
coordinates

% _ b bp__ p _ P D
$»?/p—yooa Yi = Yio = Yoi» Yij-
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In the product case ¥ = M x N, consider a system of linear maps
o(u): T,M — TN, nP = yP(u)&'. This yields a local map TM — TN,
whose tangent map at each point of T, M is determined by jlyp. So the

nonholonomic 2-jet Z = jlo(u) € ji,(M, N), can be interpreted as a map
(I'TM)y; — (T'TN), of the form

=y Pet - dyP = ygidxi , dnf = yfjﬁidﬂ + yfdfi . (7.29)

Consider the canonical involution ¢ of the iterated tangent functor,

L (€0, dat, deY) = (dat, €', d€Y) and Z € ji(M, N), of the form (7.29)) with

yb, = y¥. Then the coordinate expression of ¢y 0 Z o 1) is
=y Pet - dyP = yfdx’, dnP = yfifldxj + yfdxl. (7.30)
This map corresponds to another semiholonomic 2-jet

—2
#(Z) € T, (M,N)y, »(yf,y5;) = (47 vhi) - (7.31)

Definition. The map s is called the canonical involution of semiholonomic
2-jets.

Since jQ(M7 N) — JY(M, N) is an affine bundle, Z and »(Z) determine a
tensor

A(Z)=Z — (Z) € TyN @ N*T:M (7.32)

called the difference tensor of semiholonomic 2-jet Z. (J. Pradines uses the
name “dissymétrie”, [Pr].) The coordinate expression of A(Z) is

R (7.33)
Clearly, Z is holonomic, if and only if A(Z) = 0.

Example. We present the first remarkable application of this concept.
Consider a general connection I': Y — J'Y on an arbitrary fibered man-
ifold Y — M. If I is viewed as a morphism over M, we can construct
JIT: JlY — J2Y. Clearly, the values of the composition I'" = J'T'oI" are
in 7°Y. The difference tensor

AoT": Y - VY @ A°T*M (7.34)

coincides with the curvature of I, see (3.43).
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7.6 Principal connections on P'M

Consider a principal bundle P(M, G) and write o: P x G — P for the right
action of the structure group G on P. It was remarked in Section 3.14 that
a general connection I on P is called principal, if it is right-invariant, i.e.,

[(ug) = T'(u)g (7.35)

with the induced action of G on T'P on the right hand side.
We start with a few remarks on the relations of the principal connections
on P'M to the semiholonomic 2-jets. The second semiholonomic frame

bundle P°M of M is defined by
P’M = reg To(R™, M), (7.36)
where X € reg j2(Rm, M) means
73(X) € reg JE(R™, M) = reg T2 M .

. . . —2 . =2
This is a principal bundle with structure group G,, = inv Jy(R", R™)o.
We have a canonical injection G, — G2, so that the inclusion G2, C éfn
S 1 —2
defines an injection G,, = G,,,.
If 2%, 2° are some standard coordinates on P'M, we write x;k for the

J .
additional coordinates on J!PM and l‘;k for the additional coordinates

on P*M. Consider jlo € J'PM, (0) = jbp, 1p: R™ — M. Then (ji¢) o

Y R™ — JYR™, M) satisfies B(jlo ov~1) = jlo. Define pp: J'PIM —

P’M, par((5le) o ~Y) = jA((je) o v~ 1). The coordinate form of iy is
po (2, @, 2 T) = (a2, 2l (7.37)

where :fi is the inverse matrix to :Bf Hence iy identifies J'P'M with

P°M.

The coordinate expression of a principal connection on P1M is

It is well known that its torsion is a tensor field of type (1,2) on M of the
coordinate form

Gk (7.39)
Hence ([7.37)) implies directly a result by S. Kobayashi, [Kob]
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Proposition A. The torsion free principal connections on P'M are in
bijection with the reductions of P2M to GL, C G2,.

Even the following result by P. Libermann, [Li64], follows directly from
(17.37).

Proposition B. The principal connections on P'M are in bijection with
the reductions of P°M to Gl C é,zn.

Remark. In higher order, the relations between connections and semi-
holonomic jets were deeply studied by P. Libermann, [Li62], [Li63], [Li64],
ILi65],[Li67a], [Li97]. See also a survey paper [Ko03| by the author.

7.7 Structure function of a GG-structure

It is interesting that the concept of semiholonomic 2-jet plays a very useful
role in the theory of G-structures. Consider a Lie subgroup G C GL. A
(first order) G-structure P on a manifold M is a reduction of P*M to G.

In Section 7.6, we have constructed an isomorphism gps: J' P M — P°M.
At the group level, we have an exact sequence

05 R"@R™ ®@R™ - G, » GL —0. (7.40)

Definition. The structure function 7(b) of a G-structure P at b € P is the
set A(u(X)) for all X € JP, BX =b.

In coordinates, one verifies easily that our structure function coincides with
the classical one, see [St].

We recall that the space H%2(g) = R™®@A?R™ / Alt(g@R™*) is the Spencer
cohomology class of bidegree (0,2) of g.

Proposition. 7(b) belongs to H%?(g) for every b € P.

Proof. If Z = ((5;,z;,€) € é?n and pu(X) = (xl,u;,u;k), then p(X)o Z =

(¢, ué,u;k + u}zék) and A(u(X)o Z) = ﬁ?ul[jk] + zfjk]. O
For every (aé) €Ll and A= (a;k) € R™ @ R™ @ R™*, we set

ad(a)(A) = alal  amay . (7.41)

mn“j

The space Alt(g ® R™*) being invariant with respect to the action ([7.41)),
we obtain an induced action o of G on the factor spaces H%?(g). We have

Q(g_l)T(b) = 7(bg), geG, beP. (7.42)
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Indeed, by (7.37), if (ul,u;,uék) are the coordinates of p(X), then the
coordinates of X are (u’, uf, u;.lﬂfg). Take an element a} € G and construct
the image X’ of X by the right translation determined by a}. Then the
coordinates of X’ are (u’, u};a;?, uf}zlﬂfka;n) and the second order coordinates
of pu(X') are uf alal. Hence A(u(X')) = Zi;ffful[mn]a;”az, which proves

(7.42). ’

7.8 Prolongability and flatness

Definition. A G-structure P is called prolongable, if the intersection of
p(J'P) and P?M is non-empty over every element of P.

If P is prolongable, the intersection P’ = pu(P1M) N P2M is said to be the
prolongation of P.

Proposition. A G-structure P is prolongable, if and only if its structure
function vanishes.

Proof. By definition, P is prolongable if and only if for every b € P there
exists an X € J'P, BX = b, such that u(X) € P2M. This is equivalent to
A(u(X)) = 0, which is the same as 7(b) = 0 in H%2(g). O

We recall that a G-structure on M is said to be flat, if it is locally isomorphic
to the standard flat G-structure R™ x G C P'R™. Hence we have

Corollary. Every flat G-structure is prolongable.
The converse assertion is not true in general.

Remark. In higher order, the relations between G-structures and semi-
holonomic jets were studied from several points of view by P. Libermann,
ILi67D], [Li69], [Li73], [Li96], [Li07].

7.9 Semiholonomic 3-jet categories

A nonholonomic r-jet category C' is called semiholonomic, if C'(M,N) C
J (M, N) for all M and N. An interesting information on the geometry of
semiholonomic 3-jets is the classification of all semiholonomic 3-jets cate-
gories. It is remarkable that the technique of Weil algebras is heavily used
in what follows. We denote by #7: J (M,N) — J (M,N), s < r, the
canonical projection. Clearly, D) = jg(Rk, R) is a Weil algebra.
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For 7 = 3, in the coordinates determined by (7.29), if a = (a?, a? afjk) €

17 g0
=3 =3 =3 .
Ly and b= (b, b5, bp,,) € Ly, 4, then c =boa = (¢, ¢}, ¢f;y) € Ly, 4 18
of the form
cf =bpal, o= bgqafa? + b;afj , (7.43)
_ P q P q P q P _q P
Chjk = bpgra ajag, + bpga; as + by azag, + bpazap + bpag, .
=3 o =2 . =3
Lemma. The only subalgebra A C D, satisfying m3(A) =D, is D, .

_ — 3
Proof. We prove that the kernel of the induced map N fn —- N Z is @R™*,
Indeed, we deduce directly by ([7.43|) that the coordinate expression of the

product in ﬁ?n of x, y € W?n, z = xy, is

zi =0, zij = xiy; + xui,

Zijk = ZTijYk + TikY; + TiYjk + TjkYi + TjYik + TrYij -

Hence the tensor Z;j; with z;;; = 1 and all other coordinates equal to zero
is obtained by multiplying X;; € N?n and Yy € N° . where the first and

m
second order components of X;; are x;; = 1 and zero otherwise and the

first and second order components of Yj, are y; = 1 and zero otherwise. [

This lemma implies that we can restrict ourselves to the bundles j3’2(M ,N)
of all semiholonomic 3-jets that are holonomic in the second order. In [Vo,
Vosmansk4 deduced that all natural transformations J°~ — 7> over the
identity of J? form a 5-parameter family W. Its coordinate expression is

p_ p p _ P P _ p
a; = a; , Gz = a;; with a;; = aj; s

—p _ _p P p PP

Tiip, = Gy + C1lag; — ag) + ca(agy, — agy)

+C3(a§ki - afjk) + q(aiij - afjk) + q,(aiji - afjk) .

We introduce 73V = JHJ2Y) N T,Y and T°(M,N) = T (M x N —
M). In coordinates, 72’3(M , N) is characterized by

— p _ P
@ij = Ajis Qijr = Qg » (7.44)

so that 72’3(M, N) C 73’2(]\/[, N). By (7.43), 7% is a semiholonomic 3-jet
category. Further, for every ¢ € ¥, (¢ 072’3)(]\4[, N) C 73’2(]\/[, N)is a
fibered submanifold and implies that v o 7% is a semiholonomic
3-jet category.
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If we consider an invariant tensor of degree 3 interpreted as a linear map
3 3
t: ®@R™ = @R™ and assume it vanishes on S3R™*, then the kernel of ¢

determines an invariant subspace of V = (%Rm* / S3R™*, By the Invariant
tensor theorem, [KMS], all invariant tensors of degree 3 form a 6-parameter
family

d1Zijk + doZigj + d3Tjik + daZjp; + dsTri; + deTrj;

and vanishing on S®R™* means
di+do+ds+dy+ds+dg=0.
Hence we can formulate our classification result as follows.

Proposition. All semiholonomic 3-jet categories are jg, j3’2, J3 and ¢ o
7 for ally e U,

Remark. Using the Weil algebra technique, we classified all nonholonomic
3-jet categories in [Kol2|]. The classification procedure is straightforward,
but there are too many concrete cases. We refer the reader to [Kol2|] for
this classification.



91

Chapter 8

On the absolute contact
differentiation

8.1 Nonholonomic and semiholonomic contact el-
ements

In Section 2.15, we recalled the definition, by C. Ehresmann, [EhL], of a
contact (n,r)-element on a manifold M as the set Z o G}, where Z is
a regular (n,r)-velocity on M, n < m. The space of all such elements
is a fiber bundle KM — M. Every n-submanifold N C M defines a
contact (n,r)-element kLN for every X € N. This gives rise to a map
ky: N — K, M that can be viewed as a section of the restriction (K], M)y
of KM over N. We write k: reg 17 M — K] M and denote by the same
symbol the induced map k: reg J"(N,M) — K] M. Hence K] M can be
expressed as the factor space

KM =reg Ty M/G,, n<m=dimM . (8.1)
Definition. The space KM of nonholonomic contact (n,r)-elements on
M is defined by the iteration K'M = K} (K. M), KIM = K! M.
Hence [?;;M — [?Q’IM is a fibered manifold. The injection K| M — [?ZM
is determined by the rule

KN — (), X =k,

where k7! is represented as a submanifold of K[ ~'M C K~ M.
We define T} M = Jj(R"™, M). This is extended into a bundle functor 7},
in the way of Section 5.4. A natural equivalence of functors

e ToM — To(Ty M)



92 ON THE ABSOLUTE CONTACT DIFFERENTIATION

is defined as follows. Every X € i’;M is of the form X = jl¢, where
@: R" — J~L(R", M) is a section of the source projection J"~1(R", M) —
R™. On the other hand, Z € T} (T~ M) means Z = jio with ¢: R —
j”_l(R”,M). Write ¢,: R™ — R" for the translation x — x + u. Then
u (p(u) o j7~11) is a map R™ — J'—L(R™ M) and we set

par(X) = Jo((u) o ju Mt 0) - (8.2)

One verifies easily that p}, maps reg TrM into reg T (reg T/~ M).

On every fibered manifold p: Y — M, a contact element X € K'Y is said
to be transversal, if the underlying linear n-space of X has zero intersection
with the vertical tangent space of Y. We write tr K}Y C KLY for the
subset of all transversal contact (n,1)-elements on Y. This is an open
subset of K7lz~Y and tr K'Y — Y is a fibered manifold. For r > 2, the bundle
tr K] M C K M of nonholonomic transversal contact (n,r)-elements on M
is defined by the iteration

tr KIM = tr K} (tr KI~'M — M).

We recall that éz = reg %(R”,R")o is a group with respect to the com-
position of nonholonomic jets.

Proposition. We have
tr KL M = reg 17 MG, . (8.3)
We write k: reg ﬁTLM — tr [?ZLM for the factor projection.

Proof. Assume by induction tr K""'M = reg T/~'M/G"~!. So we have
defined k: reg T7"'M — tr K'~'M. Consider X € reg T!(reg T/ M),
X = jlo(u), o: R* = T7~'M. Then u — k(p(u)) is the parametriza-
tion of an n-dimensional submanifold of tr f(;;_lM that is transversal to
tr K7~'M — M. Hence we have k(ji(k(o(u)))) € tr K" M. Consider an-
other ¥(v): R — T~ M such that k(jik(¥(v)) = k(jk(p(u))). First of
all, there is a map v = f(u) such that

Jok (¥ (f(w)) = jok(p(w)) -

By the induction hypothesis, there is a map g: R" — CNJ’TZI such that
Y(f(u)) o g(u) = p(u). We have jif € G and jlg € T!G'~! and our
construction is in accordance with the expression GT = GL x T}G7~1. O
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8.2 Some identifications

Definition. The bundle of semiholonomic contact (n, r)-elements K, M C
KT M is the subset of all k1Q such that Q ¢ K., ' M,

-1 =2 . .
X = kér,l(z)(ﬂr—l(Q))a where f,_1: K,, M — K, M is defined in the
induction procedure starting with the bundle projection KM — M.
We easily deduce K, M C tr K,M and K'M C K, M. Analogously to
Proposition 8.1, we obtain

K, M =reg T,,M/G,, (8.4)

where éz = reg 7(’; (R™ R™)g is a subgroup of é’,; The canonical projection
to lower order semiholonomic contact elements will be denoted by the same
symbol 77, s < r, as in the jet case.

The underlying contact (n,1)-element X € (K]R™), is identified with a
linear n-space in T,R™. Write R™™~" for the product bundle R" x R™™"
and 7: R™ — R” for its bundle projection. Denote by 7K]R™ C K;R™
the open subset of all X such that X is transversal to . It is well known
that 7K R™ is identified with the jet prolongation J"R™™~"  [KMS].

In the nonholonomic case X € K]JR™, we have r underlying contact (n, 1)-
elements X{l), e ,XY). Write TIN(};R"L C IN(Z;R"‘ for the open subset of all

X such that all X{l), . ,X{T) are transversal to .

Proposition. TI?,’"LR’” is identified with the r-th nonholonomic prolonga-
tion JTR™™MTT,

Proof. By Proposition 8.1, X € TI?,TLR’” can be expressed as X = Z o é;
with Z € (reg T'R™),. Write Zfl), e ZY) for the underlying 1-velocities
of Z. Then jlr o Zfl), oy jimo ZY) are invertible 1-jets, so that ( :=
(jim)oZ € j{j(R", R™) is invertible. Hence Zo( ™! satisfies (jim)o(Zo¢™!)
J2 () idn, which implies Z o (! € JTRMm

Ol

In the semiholonomic case X € K, R™, we have X{l) == X{r) =: X;.
We write 7K, R™ C K, R™ for the open subset of all X such that X is
transversal to m: R™ — R". In the same way as in the above proposition,
we construct an identification

7K, R™ ~ J RW™~" (8.5)

where J R™™~" denotes the r-th semiholonomic prolongation of R,
In particular, for n = 1 we have K1 M = K] M.
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Remark. Some further properties of the iterated contact elements are de-
duced by using the general concept of contact (n, F')-element for a regular
subcategory F' of the category of nonholonomic r-jets in [Koll]. Special
attention is paid to the incidence relation of contact F-elements of different
dimensions.

8.3 The absolute contact differentiation

Consider a principal bundle P(M,G) with a principal connection I', a left
G-space S and the associated bundle E = P[S]. For every section s of E,
its absolute differential can be viewed as a section
Vrs: M = JH(M, Ey) g -

If T'(u) = jlo for a local section g of P, then (Vrs) is transformed by u~*
into S

Jx(oly) (s(v)) € (M, S), yeM, (8.6)
where u: S — E, denotes the frame map corresponding to u € P.
First we introduce the general concept of absolute contact differential (a
concrete version of which will be discussed in more details in Section 9.2).
Replace M by N and assume n = dim N < dimS. Clearly, all spaces
K!(E,), x € N, form an associated bundle

U Ka(E:) = P[K,5].
TN
Assume further, that each Vrs(x) is a regular 1-jet.

Definition. The absolute contact differential £V of s is defined by
((kVr)s)(z) = k((Vrs)(z)), z€N. (8.7)

Hence kVrs is a section N — P[K1S]. Since we have a section of another
bundle associated to P, we can construct

Vi ((kVi)s)(x) = k(Vr((kVr)s)(z)) . (8.8)
This is formed by regular 1-jets and we define
((kVD)s) (@) = k(Vr((kVr)s)) (@) (8.9)

One verifies easily that this is an element of K2(E,). Hence (kV3)s is a
section N — P[K2S)].
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By iteration, the r-th absolute contact differential of s is defined as
(K9F)s) (@) = k(T ((kVE)s)(@)) (8.10)

By the very definition of semiholonomic contact (n,r)-elements, we deduce

that (8.10) form a section
(kV%s): N — P[K,,S].

Remark. If I" is curvature free, then P can be locally viewed as the product
N x G with the canonical flat connection. Then (8.10) implies that the
values of (kVT)s are holonomic contact elements for every section s: M —
E.

8.4 The first jet prolongation of sections of asso-
ciated bundles

According to [KMS], it is useful to start with the case of the first jet prolon-
gation of a section s: M — E. Let P(M,G) be a principal fiber bundle and
[ be a left action of G on a manifold S. The associated bundle E = P[S] is
defined by the equivalence relation

(u,y) ~ (ug,l(g™)(y)), uePgeGyeS.

Hence every u € P, can be interpreted as a frame map u: S — E,, u(y) =
{u, y}.

It is well known that the canonical R™-valued one-form p: TP'M — R™ is
defined as follows. Every u € P} M is a linear isomorphism @: R™ — T, M
and for every X € T, P'M we set

o(X) =u ' (TB(X)), B:P'M— M. (8.11)

In the case of W' P, we define analogously a canonical (R™ x g)-valued form
6 on W'P. Every u € WP is a linear isomorphism @: R™ x g — TP
and for every X € T,W'P we set

0(X)=u'(TB(X)), B:W'P—P. (8.12)

Let e;, i = 1,...,m be the canonical basis of R™, and e, « = m+1, ..., m+
dim G be a linear basis of g. Consider further the fundamental vector fields
on S determined by e,. Hence the coordinate form of Y, is Y, = nh(y? )a%p.
The following assertion can be found in [KMS], p. 157.
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Proposition. Let a? be the coordinate functions of a section s: M — E
and af be the additional coordinate functions of the first jet prolongation
jts. Then '

da? + nh(a?)0* = al6" (8.13)

where 0° and 0 are the coordinate components of 6.

8.5 The first order absolute differentiation

We are going to deduce a general coordinate formula for the absolute differ-
entiation on an arbitrary associated bundle E = P[S]. Consider a principal
connection I': P — J'P on a principal bundle P(M, G). Clearly, I' defines
a reduction

R(T) = P'M x5 P — P'M x 3 T'(P) < P'M xp; J'P (8.14)

of principal bundle W!P to the structure group G}, x G C W} G with a
direct product of G}, and G.

Let us write 6 for the restriction of the canonical form 6 of WP to R(T).
We have 0 = O X wr, where 8y;: TP'M — R™ is the canonical form of
P'M and wr: TP — g is the well known connection form of T

Consider an associated bundle E = PI[S] as in Section 8.4. Then Vrs
is identified with a section of P[T}}S]. Clearly, we may consider Vrs as
a section of the associated bundle R(I')[T.,S] in the sense of Section 6.5.
Write w® for the coordinate components of w.

Proposition. Let a? be the coordinate functions of a section s: M — E
and a¥ be the additional coordinate functions of Vrs on P'M xy; P. Then

da? + nP(a®)w® = al0’, . (8.15)
Proof. We restrict the formula (8.13)) from W!P to R(T). O

8.6 The first order absolute contact differentia-
tion

Since K!S, n < m, is the manifold of all linear n-spaces in the tangent
spaces to S, this is also a G-space. By Section 8.5, it suffices to determine
the induced action K}I: G x K!S — K!S, that is projectable over [: G x
S — S. This can be performed by the standard technique of linear algebra.
But we do not need an explicit formula for K}I. The geometrically most
interesting case of the submanifolds of Cartan spaces will be discussed in
the next chapter in a separate way.



97

Chapter 9

Submanifolds of Cartan
spaces

9.1 Cartan spaces

We recall that a Klein space is a manifold S with a transitive left action
(9,x) — gz of a Lie group G. Fix a point ¢ € S and write H for its
stability group. Then S coincides with the coset space S = G/H, ¢ = {H}
and G can be viewed as a principal H-bundle over S with bundle projection
g — gc. Every g € G(S, H) is interpreted as a frame g: S — S, g(a) = ga,
a€sS.

A “curved” version of S can be defined in two formally different ways. First
we present the viewpoint from the book by Sharpe, [Sh]. Consider a pair
(G, H) of a Lie group G and a closed subgroup H C G.

Definition (a). Cartan geometry of type (G, H) is a principal bundle
Q(M, H) with 1-form w: TQ) — g (which is said to be Cartan connection)
such that

(i) w(u): T,@Q — g is a linear isomorphism for every u € @,

(ii) (Rp)*w = Ad(h™ ') ow for every h € H,

(ili) w(X*(u)) = X for every X € h and every u € @, where X* is the
fundamental vector field on @ induced by X.

We remark that, in addition to [Sh], further interesting examples of Cartan
spaces can be found in [CaSI|.

In what follows, we assume G acts effectively on the coset space G/H. So
S = G/H is a Klein space. Clearly, T.5 = g/b.

On the other hand, consider P(M,G), S, E = P[S] as in Section 8.3 and fix
a section s: M — E. The following definition in [KoVi] was based directly
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on some ideas by Ehresmann, [Eh].

Definition (b). Consider a Klein space S = G/H. A space with
Cartan connection of type (G, H) over M is a quadruple S = §(M) =
(P(M,G),T,E = P[S],s) such that dim M = dim S and the absolute dif-
ferential Vs is formed by regular 1-jets.

We deduce that both concepts are naturally equivalent. In the case (b), s
defines a reduction to subgroup H

Q = {u € P,u(c) = s(p(u)},

where p: P — M is the bundle projection. Write w for the restriction of
the connection form wr: TP — g to Q. Clearly, w: TQ — g satisfies (ii)
and (iii) from Definition (a).

Lemma. w satisfies (i), iff the 1-jets (Vrs)(x) are reqular for all z € M.

Proof. The vertical tangent bundle V E is an associated bundle P[T'S] and
Tu: TS — TE, is the induced frame map on VE. Consider X = dg—@ €
T.M,~:R— M. Then

(19 (Tr3)(X)) = £ loe0®)  (s6(0)

Since G acts transitively on S, we have

—_— —1

o(y(®) (s(v(t)) =6(t)e, 0:R—G.

Write Z = 4 log(y(t))é(t) € T,,Q. By the definition of the connection form,
we have

(Ta) ' ((Vrs)(X)) =w(Z) +h € T.S.

These vectors are linearly independent for a basis of T, M, iff w(u) is a
linear isomorphism. ]

Using the above lemma one easily verifies that Definitions (a) and (b) are
equivalent. We shall say that (M) is a Cartan space and w will be called
its connection form. Clearly, the connection form of a Klein space S = G/H
is the Maurer-Cartan form w: TG — g.
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9.2 The absolute contact differentiation on sub-
manifolds

Consider an n-submanifold N C M. If we restrict all objects in question
over N, we obtain

(PN,FN,EN,SN) = S(N) - (QNWJN) .

Then we have the situation from Section 8.3. By induction we deduce that
(kVt,)sn depends on kN only . Write S}, = (K}.S). and S, = (K,9)..
Clearly, both S” and S, are H-spaces.

Further, the map

I KGM = Q[S)], TL(N) = (kVE, )sn(@) (9.1)

is called the formal absolute contact (n,r)-differentiation on 8(M). The
map B
N=Tnoky: N— Qn[S}] (9.2)

is said to be the r-th absolute contact differential of N.

If we discuss the Klein space G/H with the canonical flat connection, we
have Q[S}] = K;S. Then, by Remark 8.3, I'], is the identity of K]S
composed with the injection KIS — K, S = Q[S]].

9.3 Submanifolds of Klein spaces

In general, if we have a section s: M — P[S] of an associated bundle, the
map P — S,
u s u(s(p(u))) (9.3)

is said to be the frame form of s. Given some local coordinates y? on S,
the locally defined compositions of with y? are called the coordinate
functions of s.

If N C M is an n-dimensional submanifold of a Klein space S = G/H over
M, we write Gy for the restriction of principal bundle G(S, H) over N.
Then k}; is a section N — Gy[S}], that is sometimes called the funda-
mental 7-th order field of N. It was pointed out by G.F Laptév, [La] (but
in the coordinate form only), that a modification of the Cartan method of
moving frames leads to the coordinate functions of K.

The elements of G are said to be the zero order frames of N. They are
characterized by the property that the images g(c) of ¢ € S under the frame
map ¢ lie in N. So the frame form of k}, is a map Gy — 5,.
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Consider the canonical coordinates z*, y” on R™™~ ", The induced coordi-
nates on the r-th jet prolongation J"R™™~"™ are

i Yigs Yo i - (9.4)

Choose a local coordinate system z°, 4P on S centered at c. This identifies
locally S;, with JyR™™™". We write

(a?, afj, e 7af1...i7»): Gy — S;, (9.5)
for the locally defined coordinate functions of the section k}; of Gn[S},].
The algorithm for finding by a Cartan-like procedure from [La] is
described in [Ko77|. This general approach is based on the use of zero order
frames of N. However, the evaluations in zero order frames are top-heavy
because of the nontrivial topological character of the classical Grassmann
manifolds. Thus, in practice one always uses the first order frames of N.
So, also here we will consider the first order frames.
Assume further that H acts transitively on S}, which is satisfied for all
classical Klein spaces. Choose a point ¢, € S}, write H; for its stability
group and ST, for the fiber of ST — S} over ¢,. Clearly, ST, is an H-space.
A frame g € Gy is said to be the first order frame of N, if g(c,) = Ty.N.
Clearly, the space G of all first order frames on N is a principal bundle
GnNi1(N, Hy). It we restrict ourselves to the first order frames, the frame
form of k7 is a map Gn1 — S;,;. Assume further that the equations of ¢,
are dy? = 0. In other words, in the jet coordinates of k%, we have y? = 0.
So the first order frames of N are characterized by a! = 0. The induced
global coordinates on S, are yfj, . ,yfl ..i,- 1f we interpret ki; as a section
of the associated bundle G n1[S}], then its coordinate functions

(afj, cel, afl”_ir): Gn1 — Sy (9.6)
are globally defined.
The simpliest algorithm appears in the case there exists an Abelian sub-
group K C G such that g is the product € x h. But all classical Klein spaces
have this property. (For example, if A,, is an m-dimensional affine space,
we have G = GA(m), H = GL(m) and K = R™ C GA(m) is the Abelian
subgroup of all translations on A,,.) We choose a basis of g

oy a,B=1,....m, Au,v=m+1,...,dimG (9.7)

such that ey lie in h and e, is a basis of &.
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This assumption is equivalent to the following relations on the structure

constants of G
g, =0, 025:0, 3, =0. (9.8)

Hence the coordinate form of the structure equation dp + %[cp, o] = 0 of
the Maurer-Cartan form ¢ is

dSoa = Cg\{ﬁspﬂ A QO)\ )

1 (9.9)
dp” = couf" N ™ = Seu @t N

We shall write 7* for the restriction of * to H. The bundle projection
G — S identifies locally K with S. So the basis e, defines local coordinates
2% on S with (z%) = (2%, yP).
In what follows we shall write ¢ for the restriction ¢n1 of ¢ to Gy1, as
usual in concrete investigations. So our starting point are the equations
e’ =0. (9.10)

If we substitute them into , we obtain

0=\ Ay (9.11)
Using the Cartan lemma, we find

cf,\@)\ = a%goj al. = db. . (9.12)

In [KoT77], we deduced that afj coincide with the coordinate functions of

kZZV on GNl-
In particular, (9.12)) implies that the differential equations of Hj are

cfvr’\:(].

Now we apply the exterior differentiation to (9.12)). Using the structure
equations, we obtain an expression of the form

[daf; — (I)fj)\(a%l)@)\] Al =0. (9.13)
If we apply the Cartan lemma to (9.13]), we obtain
daty — @7, (af)™ = et (9.14)

(We shall see that afj . are the addition coordinate functions of k% on Gy1.)
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This procedure can be iterated. Assume by induction that after r — 3 steps
we have the equations of the infinitesimal action of H; on SZIZ

dy%-(l)p (ygl)wA =0

A
(9.15)
P p q q A _
dyil...ir_z_(I)il...ir_z)\(yjljé’ T yj1..-jr_2)77 =0
with c?)\ﬂ')‘ = 0, and it holds
N .
chg” = app’
(9.16)
N .
daﬁ---ir—z7q)f1---ir—2/\(a?1j2’ T ’agl---jr—z)so = ai1~~~ir—2j¢] :

If we apply exterior differentiation to the last row and use all these equa-
tions, we obtain certain relations of the form

A k
[dafl...irfgk - Qfl...ir72k)\(a?1j2’ te ’a§1...jr_1)g0 } A Y = O (917)
In [Ko77] we deduced

Proposition. The additional equations of the infinitesimal action of Hi
r—1
on S, are

A , A
dyflmip1 _(Df1-~~ir—1>\(y,?1j2"'.7y,(]11--~jr—1)ﬂ- =0 with \m" =0. (9.18)

The additional coordinate functions afl. of kiy on Gn1 satisfy

L

da?l...ir,l — @il‘..ipl)\(azm, .. ’a;]i...jrq)‘p)\ = afl__irgo“ . (9.19)

O

The Cartan method of moving frames is usually used for finding differential

invariants of N C S and for solving the equivalence problem for N. The fact

that the above procedure yields the equations of the infinitesimal action of

Hy on S, was used in [La] for local computation of the geometric objects

of N. Our analysis of these algorithms led us to the following conceptual
definition, [Ko77|]. Let Z be an H-space.

Definition. A geometric (n,r)-object on S is an H-equivariant map
w: Sk — Z.
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Since p is an H-map, it induces the associated bundle morphism p: K]S —
G[Z]. The map
un =poky: N — Gy[Z] (9.20)

is called the value of geometric (n,r)-object © on N. More generally, let
W C 5] be an H-invariant submanifold. An n-submanifold N C S is said
to be of type W, if the values of k} lie in Gn[W]. We can introduce a
geometric object of type W as an H-map W — Z. For a submanifold N
of type W, p ok is the value of  on N. Very simple examples of W are
the elliptic, parabolic and hyperbolic contact (2,2)-elements on Euclidean
3-space.

The equations of the infinitesimal action can be used, at least locally,
for constructing the equivariant maps. A general global result is due to
R. Palais, [Pa].

In practice, one constructs the geometric objects of N by using the first
order frames. If we interpret H as a principal Hi-bundle H(H/Hy, H1),
then ], coincides with the associated bundle H[S]]. The left action of H
on S, has the form

hilhe,y] = [h1ha,y], hi,ho € H,y € Spy.

Let B be an H-space. The associated bundle H[B] is an H-space with
respect to the action

hl[hg,z]:[hlhg,z], hl,hQEH,ZEB.

This definition is correct, for h3{hiha, h;lz} = {hshiha, h;lz} = hg{hi,z},
hy € H. For every Hi-map v: S]; — B, the induced map v: H[S) ] —
H|[B] is H-equivariant. So every Hij-map v: S); — B gives rise to a geo-
metric (n,r)-object on S.

We underline that the concept of r-th order geometric object for n-
submanifolds of S is of universal character. Its specification to an n-
submanifold N C S (or to a submanifold of type W) is constructed by
means of the contact elements, so that it is independent of parametriza-
tions of NN.

The differential invariants of submanifolds are the simpliest example of
geometric objects. In this case, Z = R with the identity action of H.
Further, if we consider the action of H on R by means of homotheties, we
obtain the so-called relative invariants.

Remark. According to the Cartan-like algorithm of this section, the geo-
metric objects of a submanifold N C S are determined by the restriction
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pn of the Maurer-Cartan form of G over N. This corresponds to the well-
known role of ¢ in the equivalence problem for NV, [Ca37a]. We recall that
this role is based on the fact that, for a connected manifold IV, two maps fi,
fo: N — G are congruent, i.e. there exists g € G such thatfi(x) = gfa(x)
forallz € N,ifand only if oo T'f1 = o T fo: TN — g.

9.4 Submanifolds of Cartan spaces

Consider a Cartan space 8(M) such that H acts transitively on S}. Let
N C M be an n-submanifold. The elements of Qn are zero order frames
of N, they are characterized by u(c) € sy(N). A frame u € Qn is a first
order frame of N, if wh;(u) = 0. Analogously to Section 9.3, there frames
form a reduction Qnq of Qn to Hy. We write gi; = (?:;S)C. Then F;S is
an associated bundle G[S|]. Further, we write S|, for the fiber of S|, — S}
over ¢y

The r-th absolute contact differential I, can be viewed as a section of the
associated bundle ) Nl[?:ﬂ]. By Section 8.2, the coordinates ¢, 4P identify
S’ locally with JyR™™~". Hence the induced coordinates on S, are

yfj, . ,yflml-T (9.21)
arbitrary in all subscripts. The coordinate functions of I'y

(F

D B ) QN1 Sy (9.22)

are globally defined.

Assume the existence of K C G as in Section 9.3. Then we have the
following simple procedure for finding the coordinate functions of Iy, in
which the role of the Maurer-Cartan form ¢ from Section 9.3 is replace by
the connection form w. We write w for the restriction wyq of w to Qn1. So
our starting point are the equations

wP =0.

In [Ko73], we deduced
Proposition (a). We have

W =P (9.23)
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Now we proceed by induction. Assume that after r — 3 steps we have
deduced the equations of the infinitesimal action of H; on 3;2

dyfj — P (ygl)TrA =0

igA
(9.24)
A
dyfl-uir—Q - \I]'Lpl~--7;r72)\ (y;'ll]é’ T ’yglmjr—z)Tr =0
with f,7* = 0. Write formally the relations
A k
dyp; — Ui Wih)e™ = yie”
(9.25)
A i
Ay iy~ Ve AW e Y )P = Yineiegip P
as well as
N .
dyfl...irfgj - \Ilfl...irfgj)\(yjq'lj27 Tt y‘?l...jrfl)go = yfl..‘iT,QjQOJ . (926)

Applying exterior differentiation to (9.25) and (9.26) with ¢P = 0, using
the structure equations of ¢ and (9.26), we obtain an expression of the form

A .
[dyz---ir—ﬂ B \Ilf1---ir72j)\(y?1j2’ T ’y?1---jr71)('0 } A 90] =0. (9'27)

Proposition (b). The additional equations of the infinitesimal action of
H; on F;l are

dyipl...ir,lj_\Ijil-nir—l)\(y?ljg? ... ’y?y--ijl)W)\ =0 with c;o)\w)‘ =0. (9.28)

The coordinate functions b?

i Ui of Ty on Q1 satisfy (9.28) and

A k
dbﬁ}—‘l’fjx(bZz)w :bfjkw ’
(9.29)
— P

el 1A

db?

01— 1 (bq be )w)\ — P W

J1J27 "t j1egr—1 1. tp—1]
Ol

Remark. We underline that the absolute contact differential of any order
of N is determined by the restriction wy of the connection w over N. This
is an important analogy of Remark 9.3. Clearly, Section 9.3 can be viewed
as a special case, provided we consider G/H as a flat Cartan space.
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Now we generalize the concept of geometric (n,r)-object to Cartan spaces.
Let Z be an H-space.

Definition. A geometric (n,r)-object on §(M) is an H-equivariant map
w: S, — Z.

We also say that u is a semiholonomic (n,r)-object. For n = 1 we have
S| = 57, so that there exist holonomic (1, r)-objects only.

So we have the induced bundle morphism u: Q[S,] — Q[Z]. For a sub-
manifold N C M, the composition

pn:foly: N = Qn[Z]

is called the value of © on N. More generally, if W C ?,; is an H-invariant
submanifold, then the (n,r)-objects of type W are defined analogously to
Section 9.3.

9.5 The torsion-free case

For a Cartan space 8(M), Sharpe defines its curvature Q by

1
dw + §[w,w] =Q, (9.30)

[Sh]. So © is the restriction of the curvature Qr of ' to Q. It is well known
that Qr can be interpreted as a map

Qr: P xpy A’TM — g.
Hence we may consider €2 as a map
Q: Q xpy A°TM — g. (9.31)

The coordinate form of (9.30)) is
1
dw’ + §c§KwJ AR =Rlw* AW’ ILJK=1,...,dmG. (9.32)

In [KoTla] we introduced the following concept in a slighty different, but
equivalent way. Write L = g/h = T.S and v: g — L for the factor projec-
tion.

Definition. The composition 0 = v o Q: Q x3; A2’TM — L is called the
torsion of §(M).
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The absolute differentiation with respect to I' identifies T, M with Ts(;) Ey.
Clearly, L is an H-space and the corresponding associated bundle satisfies

QL] = U Ts(z)Ex - (9.33)
zeM

Hence o can be interpreted as a section
o: M — Q[L® A*LY]. (9.34)
By ([9.32)), the coordinate expression of o is
R} jw® AP (9.35)

This implies that ¢ coincides with the standard torsion in the classical case
of a principal connection on the first order frame bundle of M.

Remark. The concept of higher order torsion of Cartan spaces is discussed
from a similar point of view in [Ko7la].

Our result from [Ko7la] can be now formulated as follows. (Another ap-
proach to this assertion will be discussed in the next section.)

Proposition. The torsion of 8(M) vanishes, iff the values of T2 are holo-
nomic contact (n,2)-elements. O

In particular, this is true in the case of a Riemannian manifold (M, g),
that is considered as a Cartan space £(M) with respect to the Levi-Civita
connection. Thus, from the viewpoint of our approach, the second-order
geometric objects on submanifolds of Riemannian spaces are of the same
type as in the case of submanifolds of Euclidean spaces.

9.6 The difference tensor for contact elements

We modify the idea of the difference tensor of semiholonomic 2-jets to
semiholonomic contact 2-elements.

Consider £ € KZM and X € reg TZM satisfying ¢ = k%(X). The un-
derlying contact 1-element & € K}M is identified with a linear subspace
A&1) € Ty M. Since X is regular, the value of the linear projection §(&) of
A(X) into T, M @ A’R™ lies in A\(£1) @ AZR™.

Proposition. £ € FZM is a holonomic contact 2-element, if and only if

6(¢) = 0.
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Proof. For r = 2, the identification (8.4) is of the form
-2 2 2 A2
C:KAM s reg T-M/G> . (9.36)
The relation G2 C éi induces a projection
2 2 A2 =20
x: reg T, M/G, —reg T, /G, . (9.37)
Hence we can construct
xoC: KoM — reg T-M/G2. (9.38)
Consider Z € reg TiM with coordinates (y7,y7,y;;). Since Z is regular,

there exists a section s: R” — R"™ x M such that y? are the additional
coordinates of jls. For (a%,a%, ) € G? we obtain directly

g2k
Zoa=(yP, ygaf, yilafaé + yiafj) ) (9.39)
Now we have A(Z oa) = (yzlaﬁ.aé.]). This proves our claim. O

9.7 The reduced torsion and the difference tensor

Consider a submanifold N C M of a Cartan space $(M). In the tangent
space T () Eyz, we have an n-dimensional subspace 7']1:, () corresponding to

'}, (z). The factor space
V(@) = Ty Bo /Ty (@) (9-40)

will be called the vertical space of N at . Write oy for the restriction of
o to QN-

Definition. The projection 5y of on(x) into v} (z) is called the reduced
torsion of N at z.

By definition, the second order absolute contact differential of N is a semi-
holonomic contact 2-element. So Proposition 9.6 implies directly the fol-
lowing geometric result.

Proposition. The semiholonomic contact 2-element determined by N C
M at x € N is holonomic, if and only if the reduced torsion of N at x
vanishes.
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9.8 2-submanifolds in 3-spaces with projective
connection

As a concrete example of the ideas in Chapter 9, we discuss a 2-submanifold
Ny C Ps of a 3-space with projective connection. The projective 3-space
P is generated by an affine 4-space A4 and we write {u} € Ps for the point
determined by a nonzero vector u € A4. We fix a basis ug, u1, us, ug of Ay
and define ¢ = {up} and cg as the linear space in T.P3 corresponding the
2-plane determined by {ug}, {u1}, {us}. The Maurer-Cartan form of the
projective group GP(3) is (¢f) with ¢ =0, a, b =0,1,2,3, and we have

dpl = oS N b with 2 =0. (9.41)

The differential equations of H are ¢} = p3 = ¢3 = 0. One verifies directly
that condition is satisfied. Then the relation

dl = @) N o3+ 0h NP5 + 0 A @ + 0 A s (9.42)

implies that the additional differential equations of H are 77{’ =0, ﬂg’ =0.
The restriction (wf), ws = 0 of the connection form w of P3 to the first order

frames of Ny is characterized by w = 0. If we write w} = w!, W} = w?,
then (9.13)) yields
w:l)’ = b11w1 + b12w2 , w% = b21w1 + b22w2 . (9.43)

Then (9.42) is of the form
0=w' Awd +w? Aws 4+ 2R3 A w? (9.44)

Hence (9.43) implies 2R3 = by — b1a. So the equation (9.43) are of the

form
P} = T10) + T1205, O3 = T290 + T2 - (9.45)
Applying the procedure from Section (9.4)), we obtain the equations of the

infinitesimal action of Hy on S5,

2 2
dx11 + x11(7 —271'1 —|—7T3) T19m] — X217 =0,
—7T1 —7T2 +7T3) —$117T2 —.%'2271’1 = 0,

1 1 2
— = 4 7wd) -z — T =0,

dz19 + x12(T

(

(
dxo1 + x21(m (9.46)

(

0
0
0
0
0
0
0
0

dxgg + zoo(my — 273 + 7r3) — zyoma — xyyms = 0.
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In particular,

d(.’EQl — 3312) + (%21 — xlg)(ﬂ'g — 71'% — ﬂ% + Wg) =0. (9.47)
so that Rg is a relative invariant. Further, in the non-parabolic case x12z91—
11722 75 0 we find

d((fﬂzl - SU12)2/($129621 — .7}113322)) =0. (9.48)

Hence (R3)?/(bi2ba1 — b11ba2) is an absolute invariant. Its geometric inter-
pretation was deduced already by E. Cartan, [Ca37b].

Remark. Some general aspects of the holonomicity problem for I'y in the
case r > 2 are studied in [Ko71a]. The case Ny C Ps is treated geometrically
in the third order in [Ko71h].

9.9 Remarks

Some further results on the universality of the geometric objects for sub-
manifolds are outlined in [KoVi]. In particular, we described there the
universal tensor bundles for submanifolds (in Section 7 of [KoVi]) and the
universal induced bundles over submanifolds (in Section 9 of [KoVil).
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Chapter 10

Appendix: Product
preserving bundle functors

on M f

10.1 Bundle functors on M f

A bundle functor F on M f transforms every manifold M into a fibered
manifold By;: FM — M and every smooth map f: M — N into an FM-
morphism

v PN

B]Mi lBN
f

M ——N

Hence the base projections Bj; form a natural transformation of F' to the
identity functor on the bases.

In accordance with Section 2.4, F' is said to preserve products, if the fol-
lowing diagram commutes

F(M x N)=FM x FN

BMle leli lBN

MxN = M x N
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10.2 FR is a vector space

Let a: R x R — R be the addition of reals. Applying F', we obtain

FR x FRE% ~ FR (10.1)

B e |

RxR—2 R

Clearly, (10.1) endows FR with the structure of an Abelian group, if we set
Fa(Zy,7Z5) € FR, Z1,7Z5 € FR. (10.2)

Let 1: R x R — R be the multiplication of reals. We define an action of R
on FR — R by

Rx FR — FR, (¢,Z)— Fu(e,Z), ceR, (10.3)
where ¢ is the constant injection of ¢. We have
c1(ceZ) = (c12)Z, c1,c0 € R, Z € FR.
One verifies directly the following assertion.

Proposition. FR with the addition (10.2) and the multiplication by reals
(10.3) is a vector space.

Since F'R is a classical manifold, even its dimension as a vector space is
finite.

10.3 FR is a Weil algebra
Applying F to pu: R x R — R, we obtain

FR x FR™* .~ FR

B e |

R xR—* R

One verifies easily that the vector space F'R is an algebra with respect to
Fu.

Write F°R = {Z € FR,Z(0) = 0,0 € FR,0 € R}. Further, consider the
constant injection R < FR, y — 7. Clearly, 1 € FR is the unit of FR, so
that FR is a unital algebra.



10.4. F 1s A WEIL FUNCTOR 113

If we restrict F' to M f,;,, we obtain a bundle functor of a finite order r by
Chapter V of [KMS]. Thus, every Z € F°R depends on an r-th order of a
map R — R, 7 > 1. Hence (Z)"™! = 0. So, we have proved

Proposition. R x F°R is a Weil algebra with the nilpotent part F°R.

10.4 F is a Weil functor

Write FR = A, so that F°R = N is the nilpotent part of A. Since F
preserves products, we have FIR"™ = A™. But F satisfies the localization
property, so that f can be constructed purely algebraically according to
Section 2.5. Using the constructions of Chapter 2, we deduce F = T4.
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