ON THE FUNCTORIAL PROLONGATION
OF PRINCIPAL BUNDLES

IVAN KOLAR, ANTONELLA CABRAS

ABSTRACT. We describe the fundamental properties of the infin-
itesimal actions related with functorial prolongation of principal
and associated bundles with respect to fiber product preserving
bundle functors. Our approach is essentially based on the Weil al-
gebra technique and an original concept of weak principal bundle.

It is well known that the r-th jet prolongation J"P of a principal
bundle P(M,G) is not a principal bundle. Ehresmann studied the
groupoidal form of this problem. He constructed the r-th prolongation
®" of a Lie groupoid ® and deduced that if ® acts on a fibered manifold
Y, then ®" acts canonically on the r-th prolongation J"Y, [4]. The
principal bundle form of this construction can be found e.g. in [10]. If
P M denotes the r-th order frame bundle of M, then W™ P = P"M X
J"P is a principal bundle and the r-th jet prolongation of every fiber
bundle P[S] associated to P is canonically associated to W’ P.

We present a conceptual explanation of this fact by generalizing
the problem: we replace J” by an arbitrary fiber product preserving
bundle functor F' on the category FM,, of fibered manifolds with
m-~dimensional bases and fiber preserving maps with local diffeomor-
phisms as base maps. In Section 3 we recall the concept of weak prin-
cipal bundle @ — M, which was introduced by the first author in [6]
when investigating certain problems concerning connections. The weak
principal bundle has a structure group bundle K — M. If K is the
product M x H, where H is a group, then @) is a classical principal
bundle. Next we describe a general situation, in which the fiber prod-
uct P x ;@ is a principal bundle whose structure group is a semidirect
product of the groups G and H. In Section 5 we clarify that this sit-
uation appears for every F: if r is the base order of the functor F,
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we have to take P"M for P and FP for (). In Section 6 we describe
the Lie algebroid of P x,; Q) by using a general construction of a Lie
algebroid F xj; D from a Lie algebroid F acting by derivations on a
Lie algebra bundle D.

In Section 4 we characterize the functor F' in terms of Weil algebras.
We find very attractive even from the practical point of view that every
product preserving bundle functor on the category M f of all manifolds
and all smooth maps is a Weil functor 74, [10]. The multiplication in
the Weil algebra A plays an important role in many concrete consider-
ations. In Section 1 we underline that every Weil algebra A is a factor
algebra of the Weil algebra IDj, corresponding to the classical functor 77
of k-dimensional velocities of order r. Then we present a velocity-like
definition of the bundle 74 M. In Section 2 we collect several formulae
concerning the 7T4-prolongations of infinitesimal actions that are very
simple thanks to the use of the multiplication in A. Finally, in Section
7 we clarify how our previous procedures and results can be applied to
the geometry of the principal bundle W¥ P constructed from a prin-
cipal bundle P by means of the functor F' and to certain associated
bundles.

All manifolds and maps are assumed to be infinitely differentiable.
Unless otherwise specified, we use the terminology and notations from

10].

1. Velocity-like approach to Weil bundles. A Weil algebra A
is a finite dimensional, commutative, associative and unitary algebra
in which there exists an ideal N such that the factor space A/N is
one-dimensional and N = 0 for some integer r.

The distinguished element 1+ N in A/N identities this factor space
with R. This defines a product decomposition A = R x N. Clearly, N
is the ideal of all nilpotent elements of A. We say r is the order of A
and the dimension of the vector space N/N? is called the width of A,
[10].

A typical example of a Weil algebra is Dj = JJ(R* R) with the
addition and multiplication induced by the addition and multiplication
of reals. A simple algebraic consideration shows that every Weil algebra
of order r and width k£ is a factor algebra

(1) D A

If 7 is another such epimorphism, then 7 = Too, where o is an algebra
isomorphism D}, — Dj.
Let M be a manifold.
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Definition 1. Two maps 7, : R¥ — M are said to determine the
same A-velocity j4y = j46, if for every smooth function ¢ : M — R,

(2) m(Jo(w o)) =m(js(w09d)).
This condition is independent of the choice of 7. We also say that ~
and 0 determine the same A-jet.

Every smooth map f : M — N induces TAf : TAM — TAN by

(3) Ty =34 (f o).
In this way A defines the Weil functor T4 of A-velocities on M f.

If B is another Weil algebra, then the natural transformations 74 —
TP are in bijection with the algebra homomorphisms h : A — B. If we
assume B is of order r and width [ and consider it as a factor algebra
Dy -2, B, we construct easily an algebra homomorphism Y : D] — Dy,
satisfying y o p = h om. Since y is determined by its values on the

canonical basis x1,...,z; of D], we can view it as an r-jet x = jju €
Jr(RY,R™)o. Then we have
(4) hae(47) =57 (v 0 ).

where hy : TAM — TBM is the value of the natural transformation
determined by A on M. Thus, under the velocity-like approach the
natural transformations 74 — T can be interpreted as a special kind
of reparametrization.

Clearly, the functor T preserves products. Conversely, if G is a
product preserving bundle functor on M f, then GR is an algebra with
respect to the G-prolongation of the addition and multiplication of
reals. The main theorem reads that GR = A is a Weil algebra and G
coincides with the Weil functor T, [10].

For every vector space V., T4V is also a vector space. Consider the
map @:V x A — TAV,

(5) (v, j%(1)) =i (e(r)v), veEV, p:RF =R, 1 € R".
If (vy...,v,) are some linear coordinates on V', then (5) is of the form
®((v1,...,vn),a):(vla,...,vna), v, €ER, a€A.

This implies T4V = V ® A. For an algebra homomorphism h : A — B,
we obtain in the same way that hy : V ® A — V ® B coincides with
idv ®h, 1e

(6) hy(v®a) =v® h(a), veV,aeA.
If W is another vector space and f : V — W is a linear map, then

() Tf(w@a) =T f(j(e(r)v) = j*(p(1)f(v) = fv) @ a.
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Hence Tf = f@idy : VR A — W ® A.

If f:V73 xVy— W is a bilinear map, we have

TAf (7 (pr(7)v1), 5 (02(T)v2)) = 3 (01 (T)pa(T)) f(u1,02).

Hence TAf : Vi@ Ax Vo ® A — W ® A is a bilinear map characterized
by
(8) TAf(v) ® ar,v2 ® az) = f(v1,v2) ® aras
the product ajas being in A.
2. Prolongation of infinitesimal actions. The following results

can be deduced directly from the corresponding diagrams, [5], [10]. If
G is a Lie group with the composition i : G x G — G, then

T : TAG x TAG — TAG

is also a Lie group. For every algebra homomorphism y: A — B, the
natural transformation

(9) he : TAG — TG
is a group homomorphism. For every left action [ : G x M — M,
T4 TAG x T*M — T*M

is also a left action. If g is the Lie algebra of G, then the Lie algebra of
TAG is T*g = g ® A and the bracket in g ® A is the T“-prolongation
of the bracket in g, [10]. So (8) implies

(10) (1 ® a1, v2 ® a2]g®A = [y, U2]g @ aias .

The Weil algebra corresponding to the tangent functor 7 is D} = D.
The exchange algebra isomorphism 4 : A®D — D ® A induces a
natural equivalence

s TATM — TTAM
with the following property. For every vector field £ : M — TM, its

functorial prolongation 74¢ : TAM — TATM and the flow prolonga-
tion 7A€ : TAM — TTAM satisfy

(11) s o TAE = TH¢ .
The infinitesimal action A : g x M — TM of [ is defined by
(12) )\:TZO(inXOM),

where i : g — TG or 0p; : M — T'M is the canonical injection or the
zero section, respectively. We write A(v) = A(v, —) : M — T'M for the
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fundamental vector field on M determined by v € g. The infinitesimal
action of T, which will we denoted by

(13) TAN: T x TAM — TT M ,
is of the form, [7],
(14) TAN = s o TAN.

Consider the scalar multiplication
m:RxTM —TM

of the tangent bundle. Applying 74, using TR = A and adding the
exchange map s}, we obtain an action

T4m: AxTT*M — TT*M
of A on the tangent bundle of T4M, [10]. To simplify the notation, we
shall write
(15) Tm(a,Z)=aZ, a€A ZcTT*M.

Every v ® a € g ® A defines the fundamental vector field 74\(v ® a)
on TAM. On the other hand, A\(v) is a vector field on M and we can
construct its flow prolongation 74 (\(v)). In [7] it is deduced

(16) T \Nv ®a) = aT*(A(v)).

Consider the case M =V is a vector space. Then TV =V x V and
the first component of A : G x V' — V x V is the product projection
G x V — V. The second component will be denoted by

NigxV V.

Since T4V =V ® A is also a vector space, we have TATV =V ® A x
V®Aand TTAV =V ® A x V ® A. Under these identifications, s}
is the identity of V@ A x V ® A.

For the infinitesimal action 74\ : T4g x TAV — TTAV, we have
introduced -

TAN: T x TAV — T4V .
Then our previous results yield
Proposition 1. We have
TAN =TAN: TAg x TAV — T4V .

__ In particular, let [ be a linear action of G on vector space V/, so that
A is the classical representation of Lie algebra g on V. Hence A is a
bilinear map and (18) implies that 74\ is of the form

(17) ’Ztr)\(v@)a,z@b) = \(v,2) ®ab,
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where the product ab is in A.

Next we present a general construction of a semidirect group product
and of a related action, whose special cases will be used later. Let K
be a Lie group and D : K — Aut A be a group homomorphism,
where Aut A is the group of all algebra isomorphisms of A. For every
group G, we have the semidirect product WAG = K xp TAG with the
multiplication

(ky, Un)(ko, Us) = (kike, Tu(D(k3 ) (Uh), Ua) |

ki, ky € K, Uy, Uy € TAG. For every action [ : G x M — M, we define
Wl : WAG x TAM — TAM by

(18) WHl((k,U), Z) = (D(k)),,(TH(U, 2)) ,
ke K,UeTAG, Z € TAM .
Proposition 2. (18) is a left action.
Proof. We have
WHL((k1, Ur), Wil ((k2, Uz), Z))
= D (k) s (T Uy, D(ko) st (THU(Us, 2)))
= D(k1)u (TUT*(Ur, D(ka):(Us), D(k2) a1 (Z)))
= D(kiko)u (THUT A u(D(ky 1) (Uh), Us), Z) .

As a vector space, the Lie algebra of WAG is
Lie(WHG) =t xg® A,

where € is the Lie algebra of K. The infinitesimal action of W1 will
be denoted by

(19) Inf(WiHl): (Exg® A) x TAM — TTAM .
By linearity of (19) in Lie (W/G), we can consider separately the cases
(20) (a) Xoceg® A and (b) X; €t.
The case (a) corresponds to the action T, so that
Inf (WAHD((0,X5), Z) = TN X, Z) .

Before discussing the case (b), we recall that every vector C' of the
Lie algebra 2iut A of Aut A determines a vertical vector field

Cur: TAM — TTAM



ON THE FUNCTORIAL PROLONGATION OF PRINCIPAL BUNDLES 7

as follows. We have C = %h{y(i), v:R — Aut A and for Z € TAM
we define

1) On(2) = 4] ((0)u(2)

where v(t)y : TAM — T4M is the natural transformation determined
by v(t) € Aut A, [10].
Let d : ¢ — 2Aut A be the tangent map of D : K — Aut A. Then

(18) with X5 = 0, 9 = X, implies

Inf (Wp1)((X1,0), Z) = h(X1)m(Z).
Combining (a) and (b), we deduce
Proposition 3. We have
Inf (WA (X1, X2), Z) = TN X2, 2) + d(X1)m(2),
X, €8, Xocg®A, ZcT M.

Let M = V be a vector space, so that T4V = V ® A. Then (6)
implies

(22) dX)y(z®a)=2d(X)(a), zeV,acA Xet.

3. Weak principal bundles. A fibered manifold p : K — M is
called a group bundle, if each fiber K,, x € M, is a Lie group and K
is locally trivial in the following sense. There is a Lie group H and a
neighbourhood U of every z € M such that p~'(U) ~ U x H .

Hence the group compositions form a base preserving morphism v :
K Xy K — K. The product M x H is called the product group bundle.

Let Aut H be the Lie group of all automorphisms of the group H.
Consider a principal bundle P(M,G) and a group homomorphism ¢ :
G — Aut H. This defines a left action (g, h) — ¢(g~1)(h) of G on H,
so that we can construct the associated bundle P[H]|. This is a group
bundle, if we define

{u, hiH{u, ha} = {u, hiha}, u€ P, hi,hy € H.

Indeed, this definition is correct, for {ug, (g=*)(h1)}Hug, o(g71)(h2)}
= {ug, o(g7")(Mh2)} = {u, hiha}.

The following concept, which was introduced in [6], is very important
for our prolongation theory.

Definition 2. A fibered manifold () — M is called a weak principal
bundle with structure group bundle K — M, if we are given a base-
preserving morphism o : Q) X,y K — @) such that each group K, acts
simply transitively on the right on @),.
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In particular, every principal bundle P(M,G) is a weak principal
bundle with respect to the product group bundle M x G.

Consider a weak principal bundle () — M with structure group
bundle P[H]. We write simply

g(v,{u,h}):v{u,h}, VE QR ue P, he H.
So we have
(v, {u, hl}){u, ha} = v{u, hihy} .

Consider the semidirect group product G x, H, i.e. G x H with the
composition

(g1, h1)(g2, h2) = (9192, (g5 ") (h1)h2) -
Proposition 4. If we define

(23) (u,0)(g,h) = (ug,v{ug, h}),
(u,v) € Pxpy Q, g € G, h € H, then P X Q is a principal bundle
with structure group G' X, H.

Proof. We have
((u,v)(g1, h1)) (g2, ha) = (ugs, v{ugs, hi})(g2he) =

(UgngaU{Uglahl}{“9192>h2}) = (U91927U{U9192790(92_1)(h1)h2}) .
]

4. The functor F' = (A, H,t). All fiber product preserving bundle
functors on FM,, are characterized in [9]. We write f for the base
map of an FM,,-morphism f. The order of a bundle functor F on
FM,, is said to be (q,s,7), s > g < r, if for every two morphisms f,
g fromp:Y — M into Y,
Iyl =09, gl f (Ya) = gplg(Ya), 4o f = Jug,x = p(y),y €Y,

implies F'f|F,Y = Fg|F,Y. We say that r is the base order of F'.

According to [9], every fiber product preserving bundle functor F
on FM,, of base order r is identified with a triple (A, H,t), such that
A is a Weil algebra, H : G}, — Aut A is a group homomorphism
and ¢ : D7 — A is an equivariant algebra homomorphism under the
identification G7, ~ Aut D7 | (9, X)+— Xog™, ge Gr,, X €D’,. For
example, in the case F' = J" we have A =] , H =idg; , t = idpy, .

The functor F' = (A, H,t) can be reconstructed from these data as
follows. In the product case of M x N — M,

(24) F(M x N) = P"M[T*N, Hy]

is the fiber bundle associated to P"M with standard fiber TAN and the
action Hy of G7, on TAN determined by the natural transformations
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H(g)y : TAN — TAN, g € G",. In the general case of p: Y — M, FY
is the subset of P"M[TY] formed by the equivalence classes {u, Z}
satisfying
(25)  ty(w) =T p(Z2)eT*M, weP'M, ZecTY,
where P"M C T; M and ty : T, M — TAM. o

For an F M,,-morphism f :Y — Y over f: M — M, we have

Ff={Pf,T"f},

where P"f : P"M — P"M and TAf : TAY — TAY form a morphism
of associated bundles. In particular if M = R™, then P"R™ = R" x G},
so that

(26) F(R™ x N)~R™ x TAN .
Moreover, if Y = R™ x N and f = idgm x¢, ¢ : N — N, then
(27) Ff =idgm xT :R™ x TAN — R™ x TN .

5. [F-prolongation of some kinds of bundles. If K — M is a
group bundle with composition v : K x,; K — K, then

Fv:.FK xy FK — FK

is also a group bundle. This can be deduced by discussing the diagrams
in question. But we can also use Section 4. We have locally K =
R™ x H and FK = R™ x TAH, where T4H is a group. However, if
K = M x H is a product group bundle, then (24) yields

(28) F(M x H) = P"M[T*H],

which is not the product group bundle in general.
Consider a weak principal bundle p : Q X,y K — ) with structure
group bundle K — M.

Proposition 5. Fo: FQ X,y FK — FQ is a weak principal bundle
with structure group bundle FK — M.

Proof. This can be deduced by discussing the diagrams in question.
But even here we can use local trivializations. Locally, Q = R™ x H
and we have the previous situation. O

Clearly, if @) is a principal bundle, then F'@) need not be principal.
The simpliest example is the first jet prolongation J'P of a principal
bundle P.

If D — M is a vector bundle, we have already deduced that F'D —
M is a bundle of Abelian groups. Further, the multiplication by scalars
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can be interpreted as a base preserving morphism m : (M xXR) X, D —
D. Applying F', we obtain

(29) Fm: P"M[A,H] x FD — FD |

But R C A in an H-invariant subspace, so that we can restrict (29) to
a map R x F'D — F'D, which is the multiplication by scalars of the
vector bundle F'D — M.

We recall that a Lie algebra bundle p : D — M is a bundle of Lie
algebras locally trivial in that sense that there exists a Lie algebra C'
and a neighbourhood U of every point # € M such that p~'(U) =~
U x C. Clearly, it D — M is a Lie algebra bundle with the bracket
b:Dxy D — D, then FD — M is also a Lie algebra bundle with the
bracket F'b.

Every group bundle K — M induces fiberwise the Lie algebra bundle
Lie (K'). We have

(30) F(Lie(K)) = Lie (FK).
Indeed, locally K ~ R™ x G and F'(Lie (K)) = R™ x Tg = Lie (FK).

6. The Lie algebroid version of P x,; (). We start with a general
result. Consider a Lie algebroid ((E,q) — M) with the anchor map
q: E — TM and the bracket [, | : C*°E x C*E — C*E, [11]. The
action ¢ of E on a vector bundle D — M isamap ¢ : C*ExC®D —
C> D satistying, for every p € C*F, 0 € C*D and f: M — R,

(i) e(fo,0) = felo,0),

(i) (o, fo) = fele,0) + (q0)(f)o,

(111) 30([[917 QQ]]7 U) - SO(QIJ SO(Q% U)) - SO(QZ) QO(QD U))
Assume D is a Lie algebra bundle, whose bracket will be denoted by
[, ]:C®D xC>®D — C>®D.

Definition 3. We say that ¢ is an action by derivations, if the following
condition holds

(iV) @(Q? [0-1’0-2]> = [@(Qv 01)702} + [017¢(Qv 02)] .

On E x p; D we define the anchor map g(z, y) = ¢(x) and the bracket
{, }:C®(E xy D) x C®(E xp D) — C®(E X D) by
(31) {(01,01), (02,02)} = (o1, 02], 0(01,02) — (02, 01) + [o1,04]) -

Proposition 6. (E x,; D,q) — M with the bracket { , } is a Lie
algebroid.
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Proof. First we deduce the Jacobi identity. We have

{{(91,01)7 (92,02)}, (03,03)} = ([[ [[917 92]], 03]]790([[91, 92]],03)
—80(Q3790(Q1,U2)) — (02, 01) + [01702]) =+ [@(Ql,az) — ¢(02,01)
+[01,02],U3])-

The sum of the cyclic permutations in 1, 2, 3 should vanish. The terms

corresponding to [ [o1, 02], 03] and [[o2, 03], 03] vanish by the Jacobi
identities for £ and D. The rest is

w(01,0(02,03)) — ¢(02, w(01,03)) — ©(03, p(01,02)) + (03, p(02,01))
—[<P(Q3,<71),02] - [017¢(93,U2)] + [90(@1702)703] - [SO(Q2;<71)703}

and the sum of the cyclic permutations vanishes algebraically. Further
we have

{(Ql,Ul), (fo2, f<72)} = (f[[@b 02] + (qo1)(f)o2, fo(or,09)
+(q01)(f)oa — fe(02, 01) + 01, foa])

= f{(o1,01), (02,02) } + (q01)(f) (02, 02).

O

The Lie algebroid LP of a principal bundle P is defined by the right-
invariant vector fields on P. Every vector bundle associated to P is
endowed with a canonical action of LP, [§].

Consider the group homomorphism ¢ : G — Aut H from Section 3
and the tangent action ® : G — Aut h. Hence D = P[h, ®] is a Lie
algebra bundle. Using the local description of the canonical action, [8],
and the standard theory of semidirect products of Lie groups and Lie
algebras, [1], we obtain

Lemma 1. The canonical action of LP on D 1is by derivations. O

Consider the principal bundle P and a weak principal bundle ) with
associated group bundle P[H]. Then P x ;@ is a principal bundle and
LP x,; D is a Lie algebroid. Using local trivializations, we deduce
directly

Proposition 7. The Lie algebroid of P X Q is LP Xy D. 0

7. The principal bundle W P and the associated bundles. We
know that F'P is a weak principal bundle with structure group bundle
F(M x G) = P"M[T*G, Hg]. By Sections 2 and 3,

WEP .= P"M x FP
is a principal bundle with structure group WG = GT, x TAG. This
bundle was constructed in a direct way in [3]. In particular, Proposition
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6 determines the Lie algebroid of W¥ P, which was described in another
way in [8].

The most important property of W¥ P is that for every associated
bundle Y = PI[S,[], FY is an associated bundle

FY = WEP[TAS, Wi,
where Wl is a special case of (18), i.e.
(32) Witl((g,U), Z) = H(g)s(T(V, 2))

geEGr,UeTAG, Z € TAS. According to Section 2, its infinitesimal
action

Inf (WAL : (g7, x g® A) x TAS — TTAS
is of the form
(33) Inf (WD) ((X,U),2) = TNU, Z) + h(X)s(2),

Xeg  Ucg A ZeT4S.
If S is a vector space and [ is a linear action, then (17) and (33)
imply
Inf (WAD(X,v®a,z®b) = XNv,2) @ ab+ z @ h(X)(b).

This formula plays an interesting role in the theory of F-prolongation
of Lie algebroids, [8].
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