ON SPECIAL TYPES OF SEMIHOLONOMIC 3-JETS
IvaAN KOLAR

ABSTRACT. We start with some general ideas concerning the con-
cept of special type of nonholonomic r-jets. Then we classify the
special types of semiholonomic 3-jets.

All manifolds and maps are assumed to be infinitely differentiable.
Unless otherwise specified, we use the terminology and notation from [§].

1. INTRODUCTION

Let M f be the category of all manifolds and all smooth maps and
Mf,, be the category of m-dimensional manifolds and their local dif-
feomorphisms. Every two manifolds M and N determine the bundle
J'(M,N) — M x N of all rjets of M into N. In [8] we pointed
out that J” is a bundle functor on the product category M f,, x Mf,
m = dim M. Indeed, every local diffeomorphism f: M — M’ and
every map ¢g: N — N’ induce a map

J(f,g): J'(M,N)— J(M', N
by the jet composition
1) JL9X) =g o X o ()™, X € (M, N),.
Clearly, J"(M, Ny x Ny) = J"(M, Ny) xar J" (M, Ny).

In [1], C. Ehresmann introduced the bundle J"(M, N) — M x N of
nonholonomic r-jets of M into N, J"(M,N) C J"(M,N), see also [5].
He defined a composition
(2) Xy 0 X, € J;(M, Q).
for every X, € Ji(M,N), and X, € j;(N, ()., that is associative and

generalizes the composition of the classical holonomic r-jets. Hence J”
can be interpreted as a bundle functor on M f,, x Mf, if we set

(3) J(f,9)=(rg)oXo(juf)™", X e€J(MN),,
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with the composition of nonholonomic r-jets. Even in this case we have
JT(]\47 N1 X Ng) = JT(M, Nl) XM JT(M, Ng)

The best known example of special type of nonholonomic r-jets are
the bundles J"(M, N) of semiholonomic r-jets

J'(M,N)c J(M,N)c J(M,N),

[1], [5], [9]. There is a simple description of J"(V, W) in the case of two
vector spaces V', W, [1]. Analogously to the classical formula

(4) FWw) =vowe (Y sV
i=0

with symmetric tensor powers of V*, we have

(5) JFW.w)=vews (Y av)
i=0

with arbitrary tensor powers of V*. The composition of two semiholo-
nomic r-jets is semiholonomic as well. Further, J"(M,N; x Ny) =
J' (M, Ny) xp J"(M, Ns). We denote by 77: J'(M,N) — J*(M,N),
s < r, the canonical projection, [1].

We have been interested in the general concept of special type of
nonholonomic r-jets. In our first attempt, [3], we started from the de-
scription of all bundle functors on the category M f,, x M f preserving
product in the second factor, [7], [5]. In general, a bundle functor F
on Mf,, x Mf is said to preserve products in the second factor, if

F(M,Nl XNQ):F(M7N1) XMF(M7N2>.

Further, F'is said to be of order r in the first factor, if for every two local
diffeomorphisms fi, fo: My — My and every g: Ny — Ny, ji f1 = jo fo
implies
F(f1,9) | Fo(My,Ni) = F(fa,9) | Fo(My, N1),

where F,(Mj, N7) means the fiber of F(M;, N;) over x € M;. Such
functors are identified with pairs (A, H), where A is a Weil algebra
and H: G — Aut A is a group homomorphism of the r-th jet group
G’ in dimension m into the group Aut A of all algebra automorphisms
of A. Then F(M, N) is the associated bundle P"M[T4N, Hy]|, where
P"M is the r-th order frame bundle of M and H is the induced action
of G on TAN. We have F(f,g) = P"f[T4g].

In the special case F' = J”, the Weil algebra is DI = J§(R™ R), we
have Aut ], ~ G}, and H = idg,,. This yields a classical formula
J"(M,N) = P"M[T: N]. In the case F = J", the Weil algebra is D!, =
JE(R™ R), TP N = T" N = J5(R™, N) is the bundle of nonholonomic
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(m, r)-velocities over N, the jet composition defines an action of G7,
on D7, and J"(M, N) = P"M[T" N].

In our first approach, [3], we considered a G! -invariant Weil algebra
®, D7 C & c D, and we defined an r-th order jet functor on M.f,, x
Mf by

(6) F(M,N)=P"M[T*N,iy], F(fg)=P"f[T"g],
where i? is the action of G”, on ®. Clearly,
(7) J'(M,N)c F(M,N)c J(M,N).

Conversely, if F' is a bundle functor on M f,,, x M f satisfying (7) and
preserving products in the second factor, then F' is determined by a
Weil algebra @ of the above type, [3].

Using the Weil algebra technique, [4], we deduced that the only
nonholonomic 2-jet functors on M f,, x M f are J2, J? and J2.

However, this model does not includes the composition of jets. That
is why we have recently introduced the general concept of nonholonomic
r-jet category C, [6]. In Section 2 of the present paper, we describe C
in terms of its skeleton. Then we deduce some algebraic properties of
the algebra D’ and we characterize C' in terms of the induced sequence
DC c D7, of Weil algebras. Our above mentioned result from [4] implies
directly that the only nonholonomic 2-jet categories are J2, J? and J2,
see Example 2 below. However, there are so many nonholonomic 3-
jet categories that we do not find reasonable to classify all of them
without further reasons. So we restrict ourselves to the semiholonomic
3-jet categories and we describe the generic case in Section 4.

2. NONHOLONOMIC 7-JET CATEGORIES

We recall that X € J7(M, N), is said to be regular, if there exists
Z € J'(N, M), such that Z o X = j7id s, [6].

In [6], we introduced a nonholonomic r-jet category C' as a rule
transforming every pair (M, N) of manifolds into a fibered submanifold

C(M,N) c J"(M, N) such that

(i) J"(M,N)C C(M,N) is a fibered submanifold,
(ii) if X € Co(M,N), and Z € Cy(N,Q);, then Z o X € Cy(M, Q).,
(iii) if X € C(M,N), is regular in J"(M, N), then there exists Z €
Cy(N, M), such that Z o X = j7id y,
(iv) C(M, N x Q) = C(M,N) xa C(M.Q).
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Analogously to the case of J", [8], we define LS, , = Co(R™, R"™)y and
e= U 1,
m,neN

is called the skeleton of C. Clearly, we can reconstruct C' from L in
the same way as in the case of J”, [8]. We have a left action of G}, x GI,
on LY

®)  (9,9)(X)=gpoXog'', geG,, g2€G, Xely,
and C'(M, N) coincides with the associated bundle
(9) C(M,N) = (P"M x P'N)[LS, ] .

We define T N = Cy(R™, N). This gives rise to a product preserving
bundle functor on M f, so a Weil functor 7%, D", ¢ DE. Clearly, each
D¢ is a G7 -invariant Weil subalgebra of Dfn. We are going to clarify
how C' can be determined by such a sequence.

3. SOME ALGEBRAIC PROPERTIES OF ]I~)>g1

By the iteration theorem for Weil bundles, [5], we have

(10) D ~D®---@D, D! =RxR™.
—
r-times
Write €%, i =1,...,m, s = 1,...,r for the canonical basis of R™* and

eV = 1, for the unit in the s-th component of (10). For a sequence

ki,....k.of 0,1,...,m, we define
(11) e — M@ ek

This is a basis of the vector space D7, so that every X € D7, is of the
form X = xy, . ef* . The multiplication in D7 is determined by

(12) €k1‘..krell...lr — 6h1...hr ,

where e/ = 0 if k, # 0 # I, for at least one s and h, = k, + [,
otherwise.

Write (ky ... k.) = (i1...15), s < r, for the subsequence of all nonzero
indices and |ky ...k, | for the set {iy,...,i5}. The semiholonomic sub-

algebra D7 = Ji(R™ R) is characterized by

(13) Ty ke = Tyy.1, whenever (ky...k.) =(l1...1)
and the holonomic subalgebra D] satisfies

(14) Ty ky = Ty, Whenever |ky... k.| =1l...1].
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In the holonomic case, a simple assertion is that the set of all Weil
algebra homomorphisms Hom (D} ,D") coincides with L] . [5]. This

n,m»

identification is a special case of the following construction.

Proposition 1. For every Z € thm the rule
(15) ZMX)=XoZ, XebD,
defines a Weil algebra homomorphism Z": DI, — D

Proof. A quick proof is based on a general result concerning Weil
bundles, [5], [8]. Consider the bundle functors 77 and T on Mf.
For f: Q — @Q and X € (1,Q),, we have 7" f(X) = jif o X.
Since the composition of nonholonomic jets in associative, we have
(Trf(X)oZ = (jif)oX 0oZ =T f(X oZ),so that Z induces a nat-
ural transformation 7" — T7. These are determined by the algebra
homomorphisms D7 — D . ]

Write D7, = R x N7, so that N = J;(R™ R),. Since .J" preserves
products in the second factor, we have i”mm = JJR™ R™)y = (NI )™
Analogously, L7 . := Jj(R™ R)o = (N;,)" and L], = Jj(R™ R")y =
(N7 )" with D" =R x N’ and D", = R x N’..

Proposition 2. We have Hom (D}, D7) = L7, .

Proof. Consider an algebra homomorphism ¢: D" — D". The alge-
braic generators of N7, are e’ := 00 4 ... 4 €001 Write ¢! = p(e?) €
N’ sothat ® := (p!,...¢™) € [_JZ;M. Then the algebra homomorphism
®" coincides with ¢ on the algebraic generators, so that ¢ = ®*. [

Example 1. Direct evaluation in the case r = 2 shows that [:Enn

is a proper subset of Hom (D2, D2) only. Indeed, if we consider the

standard coordinate expressions a = (a}y,a(;,a;) € L2, and b =
(0%, b6, bb,) € L7, the composition ¢ = boa = (cy, ¢y, ¢f;) € Ly,
,7=1,....m,p,gq=1,...,n,v=1,...,p, is of the form

v o__ v P v __ v P
Cio = OpoQip > Coi = OppQo; »

(16) v v b 4 v D
Cij = bpqaiO%j + bp(]aij .
Thus, for = = (zi9, zoi, Tij) € N2 and a € L2, we have

(17) ah(x) =xoaq= (xioaéo, xol-aép, xijaéoaéq + xioa;,q) .
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On the other hand, an algebra homomorphism f: D? — D? is deter-
mined by

0\ __ 70 _pO 0 _Op 0 _pq
f(e™) = dye™ + dy,e™” + d, e,

(18) 0i 0i _p0 0i 0 0i

fe™) = dpf)ep + dO;e P+ dplqepq.
Then
(19) F(e7) = f(ee) = (digdp? + diyd))e™ .

By direct evaluation, we find f(z) in the form
(xlod;% + $0¢d26)€p0 + (l‘zoda(; + l’ojdg;)e[)p

(20) + [wiodly + Toidyy + %j(d;%dgg + dé%d%)} el

Clearly, (20) reduces to (17) iff d)fy = 0, df) = 0, dJy, = 0.

Consider the immersion i,,,: R — R™™" z +— (x,0), and the
submersion s,,,: R™" — R™, (x1,13) + 21, and write I, , = j0imn.
Since Sy, ,9%m,n = id gm, the induced algebra homomorphism (17, ,)": D7 = —

]ﬁ)’?;1 is surjective. One verifies directly that its coordinate expression is

(21) Ty ky = Thyo ky

with no appearance of z,, , with at least one g, greater than m,
qgs =0,1,...,m + n, on the right hand side.

Let DS be the sequence of Weil algebras determined by a nonholo-
nomic r-jet category C'. Then I}, , induces a restricted and corestricted
algebra homomorphism
(22) I . DS

m+n

=D, I, (D,

m+n

):Dgw

whose coordinate expression is of the form (21).
ConsNider now an arbitrary sequence DY of Weil algebras, D7 C
DY cDr, DY =R x N2 and write

(23) Ly =W, L8 =J L5

S Tr
Hence L, , C Ly, ..

Definition 1. The sequence DY is called admissible, if L is a subcat-
egory of L".

Proposition 3. A sequence DY, is determined by a nonholonomic r-jet
category C', if and only if it is admissible.



Proof. For an admissible sequence D? | we define
C(M,N)=(P"M x P'N)[L?, ]

For Xl - OI(M,N)y and X2 € Cy(N,Q)Z, X1 = {U,’U,gl}, X2 =
{v,w,fg},uéP;M,vqu;N,wGPZ”Q,&ELS & e LS | we set

m,n’ n,p’
X2 OXl - {u7w7€2 Ogl}

with composition in L on the right hand side. One verifies directly
that C' has all required properties. O

S

m+n
onto DY . Further, since G, acts on (N>)" fiberwise, every algebra D>
is G} -invariant.

Thus, in order to find all nonholonomic r-jet categories, we can pro-
ceed in the following way. 3

(i) We determine all G” -invariant Weil algebras D", ¢ D2 c D’ for
every m.

(ii) We restrict ourselves to the sequences satisfying (22).

(iif) We analyze under what conditions (23) is a subcategory of L.

In particular, if DY is an admissible sequence, then I}, ,, maps D

Example 2. In [4], we deduced that all G, -invariant subalgebras of
D7, are D7, D?,, and D?,. The sequences satisfying (22) are D2, D2,

and D2, m € N. They determine the categories J2, J? and .J2.

4. SEMIHOLONOMIC 3-JET CATEGORIES

A nonholonomic r-jet category C'is called semiholonomic, if C'(M, N)
J'(M,N) for all M and N. We are going to describe the semiholo-
nomic 3-jet categories. In the course of direct evaluations, we use the
coordinate formula for the composition of semiholonomic 3-jets. In
the coordinates determined by (5), if a = (af,d};,af;,) € L3, and
b= (bs, b0, b5, € L5, v cly) € L3 is of the
form

— J— U
then c = boa = (¢}, ¢}, ciy

v __ v, P v _ v P g v P
(24) ¢, = bpai y Gy = bpqai aj + bpaij ,
v __ v P g7 v P _q v D q v P q v P
Ciik = bpqrai ajay, + bpqaikaj + bpqai ajy, + bpqaijak + bpal.jk, )

Lemma 1. The only subalgebra A C D3, satisfying 73 (A) = D2, is D3 .

Proof. We prove that the kernel of the induced map N3 — N2 is SR™.
Indeed, we deduce directly by (24) that the coordinate expression of
the product in D3 of z, y € N3, 2 = zy, is
Zi :0, Zij :inyj+$jyi,
(25)
Zijk = TijYk T TikYj + Tiljk + Tikls + TjYik + Trlij -
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Hence the tensor Z;;;, with z;;, = 1 and all other coordinates equal to
zero is obtained by multiplying X;; € N3 and Yj, € N3, where the first
and second order components of X;; are z;; = 1 and zero otherwise
and the first and second order components of Y, are y, = 1 and zero
otherwise. O

In [4] we studied the bundles
JTHM,N) ={X € J'(M,N),;_,(X) e J ' (M,N)}

of semiholonomic r-jets that are holonomic up to the order r — 1. Al-
ready in [2] we deduced that for every X € J"~Y(M, N), there exists
a unique o(X) € JI (M, N), satisfying

o(X)oU=XoUe€(I{/N), forall Ue(I{M),.

The difference X — o(X) is a well defined element of T, N ® ®T M.
This identifies J""~!(M, N) with the fiber product over M x N

J" (M, N) xaren TN @ (RT*M/S"T* M) .
In the case D771 = J5" " (R™, R), we obtain
(26) Dl =Dr x V, Vi=@R™/STR™.
The action of G7, on D71 is

(27) Xog=(o(X)ogl(g1)(X —0o(X))),

where [(g;) denotes the standard action of g; = 7](g) € GL(m,R) on
V. This implies easily the following assertion from [4].

Lemma 2. The G" -invariant Weil algebras DI, C A C D=1 are of
the form A = D! x L, where L is a GL(m,R)-invariant linear subspace

of RR™* containing S"TR™*.

Further, using the formulae from [4], one deduces directly the fol-
lowing assertion.

Lemma 3. Let A’ =D! x L' be another such algebra. Then the G -
invariant algebra homomorphisms A — A’ are in bijection with the
GL(m,R)-invariant linear maps L — L.

Going back to the case r = 3, Lemma 1 implies that we can restrict
ourselves to the bundles J**(M, N). In [10], G. Vosmanské deduced
that all natural transformations J*? — J3? over the identity of J?



form a 5-parameter family W. Its coordinate expression is

- __ D =P __ D : p _ P
a; = @; , G = a; with Q; = @y
=p __ P p p p p
(28) Uy = Ay + Cl(aik;j - az‘jk) + CQ(ajik - az’jk)

+ 03(&§ki - &fjk) + C4(aiij - afjk) + 05(6523'1‘ - afjk) :
We introduce J;°Y = JH(JZY)NJPY and J23(M,N) = J;* (M x N —
M). In coordinates, J?3(M, N) is characterized by

(29) afj = a?i, afjk = ag.’ik,
so that J23(M,N) C J**(M,N). By (24), J?? is a semiholonomic 3-
jet category. Further, for every ¢ € W, (¢ o J23)(M,N) C J>*(M, N)
is a fibered submanifold and (24) implies that every 1 o J%3 is a semi-
holonomic 3-jet category.

We do not find appropriate to discuss deeper results from represen-

tation theory in this general paper. If we consider an invariant tensor

3 3
of degree 3 interpreted as a linear map ¢: ® R™ — QR and assume
it vanishes on SR™*, then the kernel of ¢ determines an invariant sub-

3
space of V = @R™*/S*R™*. By the Invariant tensor theorem, [8], all
invariant tensors of degree 3 form a 6-parameter family

(30) d1 25k + doipg + d3jin + daZjeg + dsTpi; + deTrg
and vanishing on S3R™* means
(31) di+dy+ds+ds+ds+ds = 0.

Hence (30) and (31) determine a family . of invariant subspaces of V.
Since x;r = Zjki and xy;; = x5, define the same subspace, .Zis linearly
generated by the subspaces

(32)

Ly: Tijk = Tjik » Ly: Tijk = Tikj » Ls: Tijk = Tkji Ly: Tijk = Tjki -

If x;;, satisfy any two equations from (32), then they are symmetric
in all subscripts. We shall say that the subspaces of ¢ and the zero
subspace are the generic invariant subspaces of V. (We do not know any
non-generic one.) The corresponding semiholonomic 3-jet categories
together with J? and J>? are also called generic. Then we can formulate
our main classification result as follows.

Proposition 4. All generic semiholonomic 3-jet categories are J3,
J32 T3 and o J*3 for all ) € V.
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Proof. The subspace corresponding to J?? is L;. The restriction of the
algebra homomorphisms corresponding to the natural transformations
(28) to L, is of the form

Tijk = Tijk + c1(Ting — Tiji) + c3(Tjri — Tigr)
(33) + C4(ZL‘kij — ZEZ'jk) + C5(xkji — xijk) .
One evaluates directly that (33) maps Ly into Ly or Lg or Ly for the
Value801:%,032042052001"01:cgzc4:O,c5:%or
c1=c¢c=0,c3=c4= %, respectively. O

Example 3. There is an interesting problem to geometrize the semi-
holonomic 3-jet categories of the form v o J%3, ¢ € W. The simpliest
case is @, = mu;. This corresponds to the functor JZ(JLY) N J}Y
restricted to the product fibered manifolds M x N — M.
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