FUNCTORIAL PROLONGATIONS OF LIE GROUPOIDS
IVAN KOLAR

ABSTRACT. For every Lie groupoid ¢ with m-dimensional base
M and every fiber product preserving bundle functor F' on the
category of fibered manifolds with m-dimensional bases and fiber
preserving maps with local diffeomorphisms as base maps, we con-
struct a Lie groupoid F® over M. Every action of ® on a fibered
manifold Y — M is extended into an action of F® on FY — M.

Charles Ehresmann introduced the r-th prolongation ®" of an arbi-
trary Lie groupoid ¢ and clarified that if ® acts on a fibered manifold
Y, then ®" acts canonically on the r-th jet prolongation J"Y of Y,
[2]. These ideas are of fundamental importance for the general theory
of geometric object fields and for the theory of natural bundles and
natural operators, [9]. The principal bundle form of the Ehresmann’s
construction was developed by P. Libermann, [10], and the author,
[9]. The theory of principal prolongations of principal bundles has
found important applications even in the gauge theories of mathemat-
ical physics, see e.g. [4].

The main purpose of the present paper is to generalize the Ehres-
mann’s construction to an arbitrary fiber product preserving bundle
functor F' on the category F.M,, of fibered manifolds with m-dimen-
sional bases and fiber preserving maps with local diffeomorphisms as
base maps. The functor J" of r-th jet prolongation is the best known
special case. Our approach is essentially based on a complete charac-
terization of F' in terms of Weil algebras, [8].

In Section 1 we recall the basic concepts and the original construc-
tion by Ehresmann. Section 2 is devoted to the classical interpretation
of the product preserving bundle functors on the category M f of all
manifolds and all smooth maps as the A-velocities functors T4, where
A is an arbitrary Weil algebra, [9]. One sees immediately, that the
T4-prolongation of Lie groupoid ® over M is a Lie groupoid T4® over
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TAM and every action of ® on a fibered manifold p : ¥ — M is
canonically extended into an action of 74® on the fibered manifold
TAp : TAY — TAM. In Section 3 we recall the description of a fiber
product preserving bundle functor F' on FM,, in terms of Weil alge-
bras, [8]. This enables us to introduce, in Section 4, the F-prolongation
F® of every Lie groupoid . This is also a Lie groupoid over the
same base. Then we compare this construction with the principal F-
prolongation of a principal bundle defined in [1]. In Section 5 we discuss
in detail the basic examples, namely the r-th jet prolongation J", the
vertical A-functor V4 and the r-th vertical jet prolongation J™*. Sec-
tion 6 is devoted to F-prolongations of actions. Finally we remark that
our ideas can be applied to smooth categories as well.

All manifolds and maps are assumed to be infinitely differentiable.
Unless otherwise specified, we use the terminology and notations from
[9].

1. In the algebraic sense, a groupoid is a category in which all elements

are invertible. We write a or b for the right or left unit map (also

called source or target), respectively. A smooth groupoid @éM is
b

a groupoid such that & and M are manifolds, both a, b : & — M are
surjective submersions and the partial composition law
(1) 3: 0" xy & > @, = (dL M), & =@ M)

as well as the unit injection e : M — ® are smooth maps. The product
groupoid is of the form

(2) M xGx M,
where M is a manifold, G is a Lie group, a = prs, b = pry, e(x) =
(x,eq,x), where eq is the unit of G, and

%(($3792,$2>($2791,Q31)) = (73, G291, 1),

the product ¢g»g; being in G. A smooth groupoid is called a Lie
groupoid, if it is locally isomorphic to the product one, [11].
For every Lie groupoid ® and every x € M,

O, :={0ec,af =z}

is a principal bundle, whose structure group G, is the isotropy group of
® over z. Conversely, if P(M,G) is a principal bundle, then the space
of all equivalence classes

PP'=PxP/~, (v,u)~ (vg,ug), uwveP, geq,
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is a Lie groupoid over M with respect to the composition {w,v}{v,u} =
{w,u}. We write vu~! for the equivalence class determined by (v, u) €
P x P. In the product case, (M x G x M), is the product principal
bundle M x G. Conversely, (M x G)(M x G)™ =M x G x M.

An action of a Lie groupoid ® on a fibered manifold p: Y — M is a
map A : % X,y Y — Y such that

p(AB,y)) =0(8), A(>(02,61),5) = A(62,\(01,)) , Me(x),y) =y.
Every left group action [ : G x S — S induces an action of M x G x M
on the product fibered manifold M x S — M by

(3) )\((xg,g,xl), (1:1,5)) = (xg,l(g, 5)) .
In the principal bundle form, M x S is a fiber bundle associated to
M x @G.

Ehresmann introduced the r-th prolongation ®” of a Lie groupoid ®
as follows, [2]. The elements of ®" are r-jets jlo, where o is a local
section U — ®* such that boo : U — M is a local diffeomorphism.
The composition »" is defined by

(4) %" (jio, jro) = jrx(a obo, o), T = b(a(a:)) )

We write a,, b, := ® — M and e, : M — " for the source and
target projections and the unit injection of ®”. For every action A :
®* x )y Y — Y, the induced action

A (PN Xy JTY = JY
is defined by
(5) N'(J50,558) = jz (Mo, s) o (bo) "), z=10(0()),
where o or s is a local section of ®* or Y, respectively, [2].
The main problem of the present paper is to extend the Ehresmann’s
construction to an arbitrary fiber product preserving bundle functor F

on FM,,. We underline that we cannot apply F' to s, for s is not an
FM,,-morphism.

2. But we can use the description of F' in terms of Weil algebras
deduced in [8].

The space Df = J5(RF R) is an algebra with respect to the addition
and multiplication induced by the addition and multiplication of reals.
A Weil algebra A can be defined as a factor algebra of . Algebra A
defines a bundle functor 74 on M f in such a way that TPk = T} is
the classical functor of (k,r)-velocities, [9], [7]. The elements of T4 M
are called A-velocities on M and are written as

(6) iy, iRV = M.
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For every smooth map f : M — N, TAf : TAM — TAN is defined
by T4 f(547) = j4(f o). A fundamental result reads that all product
preserving bundle functors on M f are the Weil functors. Moreover,
if A and B are two Weil algebras, then the natural transformations
T4 — TPB are in bijection with the algebra homomorphisms p : A —
B, [9]. We write uy : TAM — TPM for the value of the natural
transformation on M.
a T4a
One verifies easily that for every Lie groupoid ®—=M , TAd—=T* M
b T4
is also a Lie groupoid with partial composition 74s¢ and unit injection
T4 : TAM — T4®. If A : ®* x,; Y — Y is an action of ® on
Y, then T4\ : (TA®)T"® xpap, TAY — TAY is an action of TA® on
TAY — TAM.
3. We recall that two FM-morphisms f,g : Y — Y with base maps

fig: M — M determine the same (g, s,7)-jet at y € Y (denoted by
JFrf), s > q <r,x=py),if

Jpf=Jy9. J(f 1 Ya) =4y(9 | Ya), Jof =Jzg-
A bundle functor F' on FM is said to be of the order (g, s,7), if
Jbsrf =jr* g implies Ff|F,)Y =Fg|FY.

We say that r is the base order of F.

Even the fiber product preserving bundle functors on FM,, can be
characterized by means of Weil algebras. The basic examples of such
functors are the r-th jet prolongation J”, the vertical Weil functor

(1) VY =] T, with T4f defined fiberwise,

zeM

the r-th vertical jet prolongation

®)  JY = J(M,Y,)  with Jf defined fiberwise,

zeM

their iterations (e.g. the r-th nonholonomic jet prolongation j}) and
subfunctors (e.g. the r-th semiholonomic jet prolongation T)
According to [8], every such functor F' of the base order r is identified
with a triple (A, H,t), where A is a Weil algebra, H : G — Aut A
is a group homomorphism and ¢ : D] — A is an equivariant algebra
homomorphism under the identification of the r-th jet group G, in
dimension m with Aut D’ given by (¢, X) — Xog ™', X e D" g€ G" .
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Given A, H and t, the functor F' = (A, H,t) can be reconstructed as
follows. In the product case of M x N — M,

F(M x N) = P"M[T*N, Hy]

is the fiber bundle associated to the r-th order frame bundle P"M with
standard fiber TAN and the action Hy of GT, on T4N determined by
the natural transformations H(g)y : TAN — TAN. In the general
case of p: Y — M, FY is the subset of F(M x Y) = P"M[TY, Hy]
formed by the equivalence classes {u, Z} satisfying

(9) ty(u) =T*p(Z2) e TAM, we P'M, Y € TY,

where tp 2 T3 M — TAMind P"M CT! M. For an FM,,-morphism
J:Y =Y over f: M — M, we have

Ff={Pf,T"f},
where P"f : PPM — P"M and TAf : T"Y — TAY form a morphism

of associated bundles.

4. Consider the F-prolongation of ® < M and write 7 : F/(®?) — ©°
for the bundle projection and @ = aom, b = bonw : FO* — M.

Let IT"M a:;M be the groupoid of all invertible r-jets on M. Hence
B

(@,b) : F®* — M x M and (a,3) : II"M — M x M, so that we can
construct 1I"M X ;s F'P.

Definition 1. The F-prolongation of a Lie groupoid ® is the subset
(10) fq)CHTMXMXMF(I)a
of all pairs (vou™t, {u, Z}) satisfying tyv = Tb(Z).

Hence the elements of F® are the equivalence classes, with respect
to the action of G7,,,

(11) {v,Z,u} satisfying T%a(Z) = tyu, TH(Z) = tyv,

u,v € P"M, Z € TA®. Given another {w, Z,v} € F®, we define the
composition by

(12) {w, Z, v}« {v,Z,u} = {w, T%(Z, Z),u} .

Write @,b : F® — M for the projections determined by (10). Define

€: M — F® by e(z) = {u,j%(z),u}, where ~ denotes the constant
map of R¥ into e(x). Then one verifies directly
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Proposition 1. F@i:;M, with the partial composition law (12) and
b

the unit injection € is a Lie groupoid over M.

We remark that the Lie algebroid of F® was constructed in the
principal bundle form in [6].

We recall II'R™ = R™ x G; x R™. In the product case of & =
R™ x G x R™, we have

(13) FO =R™ x G x TG x R™.

In [1], the principal F-prolongation W P of a principal bundle P(M, G)
is defined by
(14) WP =P"M x, FP.

This is a principal bundle over M, whose structure group is the semidi-
rect product W/G = G", x TAG with the multiplication

(15) (g1, X1) (92, X2) = (910 g2, Ha(g3 ) (X1) - Xs)

the product - being in TAG. Using (13), one verifies easily that F(PP™!) =
(WEP)Y(WEpP)~L.

9. We are going to discuss the basic examples from Section 3.

Example 1. For ' = J", we have A =1D; , H =idg, , t = idpr , so
that £y = id 7y ps. Hence the elements of J"Y can be interpreted as
the equivalence classes

{u, 2}y, we PPM, ZeTY satisfying T,p(Z)=u.

In this situation, Z o u™' = j’s, where s is a local section of Y. The

elements of J"® are the equivalence classes
{v,Z,u}, ZeT,®, u=Ta(Z), v="T,bZ).

We have Zou™! = j’o, where o is a local section of ®*. Then T b(Z) =
v implies v o u™" = ji(bo o). So our set J'® and the set ®" by
Ehresmann coincide. Consider another {w, Z,v} € J"®. Then (12)
yields

(16) {w, Z, v} x {v, Z,u} = {w, T »(Z, Z),u} .

Writing Z o v™! = jI&, we find T7,5(Z, Z) ou™" = Tl »(Z ov~t o
vout Zou ) = j7x(c o0bo,o). So even the composition in J"®
coincides with that one introduced by Ehresmann.
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Example 2. Consider the vertical Weil functor ' = V4. The base
order of V4is 0, P°M = M and G, is the one-element group. Further,
DY =R and ¢t is the zero homomorphism. Hence

VAD = {Z € T*®, Ta(2) = j4%,, T*0(Z) = j'7,} ,
where 2, = @(Z), 2 = b(Z). In other words, the elements of VA® are
of the form

iAo(r), ap(t) =x1, bp(r)=1xy forall 7eRF.
For another Z € VA®, Z = j4(7), a(1) = a9, bip(7) = 3, the
composition »(¢(7), p(7)) is defined for all 7 € R* and we have
(17) ZxZ = " (4(7), 0(7)) .

Example 3. In the case F' = J"’, we have A =D, H = id g , and
t:Dr — D is the zero homomorphism. Hence for every v € P, M
we have tyu = jjz. So the elements of J™'Y can be interpreted as the
equivalence classes

{u, Z} satistying T, p(Z) = jox,

we PTM, Z € TY. In this situation, Zou™! = j7s, where s is a local
map of M into Y,. Write

D,y py ={0€ D0 =21,00 = a5} .
For every manifold N, s induces a map
S TN, Buyay) X T (N, By ) — (N, D)
s (32 (7), g (7)) = i ((7), 0(7)) . 2 €EN.

Having {v, Z,u} € J""®, the conditions T a(Z) = jjz1, T)b(Z) =
JoTa are equivalent to Z € T, ®,, ,,. Hence the elements of J"*® are
the pairs

(X,S), Xell'M, SeJ, (M,®,,,,), z1=aX, v,=/0pX.

Consider another (X,S) € J"'® of the form {w, Z,v}. Formally, the
product is defined by the same formula (16). But now we have

Tr2(Z,Z)ou =3ep(Zov tovou ™, Zou™).
Hence the jet formula for the composition in J""® is

(18) (X,S) % (X,9) = (X o X,5m(50X,5)) .

6. Consider an action A : ®* x;, Y — Y.
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Definition 2. We define F\ : (F®)? x,, FY — FY by
(19) .7:)\({11, Z,u}, {u, Q}) = {U,TA)\(Z, Q)} ,
u,v € PPM, Z € TA®, Q € TAY.

Analogously to Section 4, one verifies directly
Proposition 2. F\ is an action of F® on F'Y — M.

In Example 1, if {v, Z,u} € J"® and {u,Q} € J"Y so that Zou™! =
Jro,vou™t = j7(boo) and Qou~! = j's € J'Y, then T/ \(Z, Q)ov™! =
TrNZou™, Qout)ouov™ = j(A(0, s)o(bo) ™). This is the original
formula (5) by Ehresmann.

In Example 2, if S = (z,j%(7),z) € V4® and Q = (z, j¢(7)) €
VAY | then
(20) VAX(S, Q) = j* A (p(7), (7)) -

In Example 3, for every manifold N we have the induced map

Ay JT(N, @y, 00) X JT(N,Ye,) — J'(N,Y,,),
XN(jg(o,s)) =j'\o,s), z€N.
Given {v, Z,u} € J"'® and {u,Q} € J"'Y, we have
TINZ Q) o v = Iy(Zou™,Qou)o (wou™).
Hence the jet formula for J""\ is
(21) T"A(X,8),T) = (S, T) o X,
X €ll'M, S € J. (M, ®,,4,), T € J5,(M,Y,,).
7. We remark that our construction can be applied to every smooth
category C—=M with the composition s : C® x3; C* — C, [3], [5].
b

(Two simple examples are the category C'E of all linear maps between
the individual fibers of a vector bundle £ — M and the category
J"(M, M) of all r-jets of a manifold M into itself.) One defines FC' as
a subset

fCCHTM XMXMFCa

analogously to (10). The composition in FC' is introduced by the
formula (12).



FUNCTORIAL PROLONGATIONS OF LIE GROUPOIDS 9

REFERENCES

[1] M. Doupovec, 1. Koldr, Iteration of fiber product preserving bundle functors,
Monatsh. Math. 134 (2001), 39-50.

[2] C. Ehresmann, Les prolongements d’un espace fibré différentiable, CRAS
Paris 240 (1955), 1755-1757.

[3] C. Ehresmann, Prolongements des catégories différentiables, Topologie et
Géom. Différentielle, 6 (1964), 1-8.

[4] L. Fatibene, M. Francaviglia, Natural and Gauge Natural Formalism for Clas-
stcal Field Theories, Kluwer 2003.

[5] 1. KoléF, On the Jet Prolongations of Smooth Categories, Bull. de I’Acad.
Polonaise des Sciences, Série des sciences math. astr. et phys., vol. XXIV
(1976), 883-887.

[6] 1. KolaF, Functorial prolongations of Lie algebroids, Proceedings Conf. Prague
2004, Charles University, Prague, 2005, 301-309.

[7] 1. KoldF, A. Cabras, On the functorial prolongations of principal bundles, to
appear.

[8] I. Kolaf, W. M. Mikulski, On the fiber product preserving bundle functors,
Differential Geometry and Its Applications 11 (1999), 105-115.

[9] I. KoldF, P. W. Michor, J. Slovak, Natural Operations in Differential Geom-
etry, Springer-Verlag, 1993.

[10] P. Libermann, Sur les prolongéments des fibrés principauz et des groupoides

différentiables banachiques, Sém. Math. Supérieures, No. 42, Presses Univ.
Montreal (1971), 7-108.

[11] K. Mackenzie, Lie Groupoids and Lie Algebroids in Differential Geometry,
Cambridge University Press, 1987.

DEPARTMENT OF ALGEBRA AND GEOMETRY
FACULTY OF SCIENCE, MASARYK UNIVERSITY
JANACKOVO NAM. 2A

662 95 BrRNO, CZECH REPUBLIC

E-mail: kolar@nath.muni.cz



