WEIL BUNDLES AS GENERALIZED JET SPACES

Ivan Kolář

Department of Algebra and Geometry, Masaryk University, Janáčkovo nám. 2a, CZ 602 00 Brno, Czech Republic E-mail: kolar@math.muni.cz

Contents

Preface 1. Weil algebras 2. Weil bundles 3. On the geometry of T^A-prolongations 4. Fiber product preserving bundle functors 5. Some applications References

Abstract. We generalize the concept of higher order velocity and we interpret a Weil bundle as the space of A-velocities for an arbitrary Weil algebra A. Using a recent identification of every product preserving bundle functor on manifolds with a Weil functor T^A, we deduce geometric results on T^A-prolongations of various geometric objects. We characterize every fiber product preserving bundle functor F on fibered manifolds in a jet-like manner and we study F -prolongations of several geometric structures.

Preface

Having in mind the methods of algebraic geometry, A. Weil introduced an infinitely near point on a smooth manifold M as an algebra homomorphism of the algebra C^∞(M, R) of smooth functions on M into a local algebra A, [23]. Nowadays A is called Weil algebra and the space T^AM of the corresponding near points on M is said to be a Weil bundle. About 1985, it was deduced that the product preserving bundle functors on the category of all smooth manifolds Mf are just the Weil functors, see [14] or Section 2.6 below. This result clarified that Weil bundles should be a good instrument for differential geometry. In this connection, the so-called covariant approach to Weil bundles was developed, [14]. Under this approach, T^AM is interpreted as a generalization of the bundle T^r_k M of (k, r)-velocities introduced by C. Ehresmann in the framework of his jet theory. So the iteration T^s_l T^r_k of two classical velocities functors is the simplest new example of a Weil functor. In 1999, the fiber product preserving bundle functors on the category FM_m of fibered manifolds with m-dimensional bases and fibered manifold morphisms with local diffeomorphisms as base maps were also described in terms of Weil algebras, 1

[15]. This clarified that even these functors can be viewed as a reasonable generalization of various types of jet bundles.

In this paper we treat systematically the covariant approach and we present the most interesting geometric results deduced in this way. We aim to differential geometry and its applications in analysis and mathematical physics. So we start with a rather detailed presentation of the algebraic properties of Weil algebras in Chapter 1. In particular, every Weil algebra of width k and order r is expressed as a factor algebra of the algebra D^r_k of r-jets of smooth functions on R^k at 0. Our definition of Weil bundle T^AM in Chapter 2 is of “practical” character: if A is a Weil (k, r)-algebra, then T^AM can be viewed as a certain factor space of the velocities bundle T^r_k M . An important theoretical result reads that the natural transformations T^{A1} M → T^{A2} M of two Weil bundles are in bijection with algebra homomorphisms μ : A_1 → A_2. Under our approach, each μ can be interpreted as a kind of reparametrization. Even this is suitable for applications. In 2.11 we construct a canonical exchange isomorphism κ^A_M : T^AT M → T T^AM that can be used for a simple construction of flow prolongations of vector fields. In 2.16 we clarify that the product preserving bundle functors on the category FM of all fibered manifolds are in bijection with the Weil algebra homomorphisms. The simplest example of these functors are the fiber velocities bundles described in 2.17.

Chapter 3 is devoted to concrete geometric problems related with T^Aprolongations. First we deduce that each a ∈ A determines a tensor field of type (1, 1) on T^AM . Then we discuss T^A-prolongations of Lie groups, their actions, principal and associated bundles. Next we show that T^A-prolongation preserves the Frölicher-Nijenhuis bracket of tangent valued forms. That is why we use the tangent valued forms as one of the approaches to connections in 3.11. In particular, this yields a general formula for the curvature of the T^A-induced connection and implies some interesting properties of an original concept of a-torsion, a ∈ A. We also discuss a few examples demostrating that the use of the algebra multiplication is very convenient for concrete evaluations.

In Chapter 4 we study a fiber product preserving bundle functor F on the category FM_m. The basic examples are the r-th jet prolongation, the r-th vertical jet prolongation, the vertical Weil functor and their iterations. The iteration of jet functors leads to nonholonomic jets, whose composition is described in 4.2. The construction of product fibered manifolds is a functor i : Mf_m × Mf → FM_m, where Mf_m is the category of m-dimensional manifolds and local diffeomorphisms. If F is of base order r, then F ∘i is characterized by a Weil algebra A and a group homomorphism H : G^r_m → Aut A of the r-th jet group in dimension m into the group of all algebra automorphisms of A. Theorem 4.7 reads that the original functor F is identified with a triple (A, H, t), where t : D^r_m → A is an equivariant algebra homomorphism. For every fibered manifold Y → M , m = dim M , F Y is expressed in the form of a fiber bundle associated to the r-th order frame bundle of M . Then we describe the natural transformations and iterations of such functors. In

4.11 we introduce the general concept of r-th order jet functor as a suitable subfunctor of the nonholonomic one and we characterize it in terms of Weil algebras.

Chapter 5 is devoted to some applications of Theorem 4.7. In 5.2 we introduce an analogy ψ^F_Y of the flow natural exchange κ^A_M from the manifold case, but the construction of ψ^F_Y is much more sophisticated. Then we show how ψ^F_Y can be applied to F -prolongations of projectable tangent valued forms, the connections being a special case. In 5.7 we generalize the classical theory of jet prolongations of associated fiber bundles to the case of arbitrary F . We find remarkable that F -prolongation of Lie groupoids, studied in 5.8, is essentially based on the expression of F Y in the form of an associated bundle from 4.7. Finally, we outline in 5.10 how our velocity-like approach to Weil bundles can be modified to the functional bundle of all smooth maps between the individual fibers of two fibered manifolds over the same base.

Except Section 5.10, we consider the classical smooth manifolds and maps, i.e. all manifolds are finite dimensional and smooth means C^∞-differentiable. All manifolds are assumed to be Hausdorff and separable, [14]. A bundle functor F on the category Mf of all smooth manifolds and all smooth maps transforms every manifold M into a fibered manifold π_M : F M → M and every map f : M_1 → M_2 into a fibered manifold morphism F f : F M_1 → F M_2 over f. Further, F is assumed to have the localization property: if i_U : U → M is the injection of an open subset, then F U = π^{−1}_M (U ) ⊂ F M and F i_U is the injection of π^{−1}_M (U ), [14]. We shall consider the bundle functors also on the following categories:

Mf_m ⊂ Mf - m-dimensional manifolds and local diffeomorphisms, FM - all fibered manifolds and their morphisms, FM_m ⊂ FM - fibered manifolds with m-dimensional bases and local diffeomorphisms as base maps.

The author acknowledges M. Doupovec, M. Kureš and P. Vašík for reading the manuscript and for several useful comments.

The preparation of this part of the book was supported by the Ministry of Education of Czech Republic under the Research Project MSM 0021622409 and by the Grant Agency of Czech Republic under the Grant 201/05/0523.

1. Weil algebras

1.1. Algebras. An algebra is a vector space V together with a bilinear map f : V × V → V , which is called algebra multiplication. We write f(x, y) = xy. The bilinearity of f implies

ox = o , xo = o , x ∈ V, o = the zero vector of V .

Let (V , f) be another algebra. An algebra homomorphism μ : (V, f) → (V , f) is a linear map μ : V → V preserving the multiplications. In what follows all algebras are assumed to be both commutative and associative.

An ideal I ⊂ V is a linear subspace such that xa ∈ I for all x ∈ I, a ∈ V . For every subset S ⊂ V , we denote by ⟨S⟩ the ideal generated by S, i.e. the smallest ideal in V containing S. The factor vector space V /I is an algebra with respect to the multiplication (a + I) (b + I) = ab + I .

On the other hand, the kernel of every algebra homomorphism is an ideal.

An element a ∈ V is said to be nilpotent, if a^n = o for some integer n. It is easy to see that the set N of all nilpotent elements of V is an ideal.

A unit of V is an element e ≠ o satisfying ex = x for all x ∈ V . If the unit exists, it is unique. An algebra with unit is said to be unital. The unit defines an injection R → V , c → ce. In this case, we write R ⊂ V and we identify e with 1 ∈ R and the zero vector o with 0 ∈ R. The homomorphisms of unital algebras V → V are assumed to transform the unit of V into the unit of V .

1.2. Weil algebras. The following concept was called local algebra in the original paper by A. Weil, [23].

Definition. A Weil algebra A is a finite dimensional, commutative, associative and unital algebra of the form A = R× N , where N is the ideal of all nilpotent elements of A.

In particular, R is a trivial Weil algebra with N = 0. Let A = R × N be another Weil algebra and μ : A → A be a homomorphism. Then the restriction and corestriction of μ to R ⊂ A and R ⊂ A is the identity and μ transforms N into N . The zero homomorphism O : A → A maps N into 0 ∈ A. We write Hom (A, A) for the set of all algebra homomorphisms of A into A. An ideal I ⊂ A is assumed to be different from A, so that I ⊂ N .

1.3. The width and the order. In general, for a linear subspace W ⊂ V we define W^n = {a_1 . . . a_n + · · · + b_1 . . . b_n; a_1, . . ., a_n, . . . , b_1, . . . , b_n ∈ W } , i.e. the elements of W^n are finite sums of the products of n elements of W .

Since A = R× N is finite dimensional, there exists an integer r such that N^{r+1} = 0. The smallest r with this property is called the order ord A of A. (A. Weil used the term “depth”, [23].) On the other hand, the dimension wA of the vector space N/N^2 is said to be the width of A. A Weil algebra of width k and order r will be called Weil (k, r)-algebra.

Every algebra homomorphism μ : A → A induces a linear map

~μ : N/N^2 → N/N^2 , ~μ(a + N^2) = μ(a) + N^2. (1) Clearly, if B is another Weil algebra and ν : A → B is an algebra homomorphism, then ~ ν ∘ μ = ~ν ∘ ~μ.

1.4. The algebra D^r_k . Let R[x_1, . . . , x_k] be the algebra of all polynomials in k undetermined. The simplest example of a Weil algebra is D^r_k = R[x_1, . . . , x_k]/⟨x_1, . . . , x_k⟩^{r+1} . (2) As a vector space, D^r_k is the set of all polynomials of degree at most r in k undetermined with the standard addition and multiplication by real scalars. The product of P , Q ∈ D^r_k is the “truncated” one: we multiply P and Q as polynomials and we neglect the terms of degree higher than r. Clearly, ord(D^r_k ) = r and w(D^r_k ) = k.

We shall write N^r_k for the nilpotent part of D^r_k . The elements of N^r_k are the polynomials without absolute term.

In particular, D^1 is the classical algebra D of dual (or Study) numbers. Its elements can be written as a + be, a, b ∈ R, with e satisfying e^2 = 0.

1.5. A as a factor algebra. The following assertion gives a rather concrete description of Weil algebras.

Proposition. Every Weil algebra A of order ≤ r and of width k is a factor algebra of D^r_k .

Proof. Choose a_1, . . . , a_k ∈ N such that

a_1 + N^2, . . ., a_k + N^2 (3) is a basis of the vector space N/N^2. Define π : D^r_k → A, π(P ) = P (a_1, . . . , a_k). First we deduce that π is a homomorphism, i.e. (P Q)(a_1, . . ., a_k) = P (a_1, . . . , a_k) Q(a_1, . . . , a_k). Indeed, P Q on the left hand side is the product in D^r_k , while P (a_1, . . . , a_k) Q(a_1, . . . , a_k) on the right hand side is the standard product of polynomials in a_1, . . . , a_k. But the condition N^{r+1} = 0 suppresses the terms of degree > r.

It remains to show that π is surjective. Since (3) is a basis, for every a ∈ N we have

a + N^2 = c_1(a_1 + N^2) + · · · + c_k(a_k + N^2) , c_1, . . . , c_k ∈ R, i.e. a − c_1a_1 − · · · − c_ka_k = n_1 ∈ N^2. One verifies directly that the elements a_ia_j + N^3 generate linearly N^2/N^3, so that there exist c_{ij} ∈ R such that

n_1 = k∑ i,j=1 c_{ij}a_ia_j + n_2 , n_2 ∈ N^3 .

In the (l − 1)-st step of such procedure, we obtain

n_{l−1} = k∑ i_1,...,i_l=1 c_{i1...il} a_{i1} . . . a_{il} + n_l , n_l ∈ N^{l+1} . But N^{r+1} = 0, so that after r steps we have a = k∑ i=1 c_ia_i + · · · + k∑ i_1,...,i_r=1 c_{i1...ir} a_{i1} . . . a_{ir} .

The c’s determine a polynomial P ∈ N^r_k satisfying a = P (a_1, . . . , a_k).

This proof yields directly the following assertion. Every Weil (k, r)-algebra A is a factor algebra A = R[x_1, . . . , x_k]/I , (4) where I is an ideal satisfying ⟨x_1, . . . , x_k⟩^2 ⊃ I ⊃ ⟨x_1, . . . , x_k⟩^{r+1} with minimal r. We write π : R[x_1, . . . , x_k] → A for the factor projection.

1.6. Reparametrizations. We shall use heavily the following interpretation of D^r_k in terms of jets. By (2), the elements of D^r_k are r-jets of functions on R^k at 0, i.e. D^r_k = J^r_0 (R^k, R). The addition in D^r_k , the multiplication by reals and the multiplication in D^r_k are expressed by the formulae

j^r_0 γ + j^r_0 δ = j^r_0 (γ + δ) , cj^r_0 γ = j^r_0 (cγ) , (j^r_0 γ)(j^r_0 δ) = j^r_0(γδ) , γ, δ : R^k → R, c ∈ R. We denote the composition of jets by the same symbol ∘ as the composition of maps.

Every r-jet X ∈ J^r_0 (R^l, R^k)_0 induces an algebra homomorphism D^r_k → D^r_l by Y → Y ∘ X , Y ∈ D^r_k = J^r_0 (R^k, R) . (5) Geometrically, (5) is a reparametrization of the elements of D^r_k .

Proposition. We have Hom (D^r_k , D^r_l ) = J^r_0 (R^l, R^k)_0.

Proof. Let μ : D^r_k → D^r_l be an algebra homomorphism. Then μ(x_i) = P_i ∈ N^r_l for every i = 1, . . . , k. Hence P = (P_1, . . . , P_k) is a k-tuple of polynomials of degree at most r without the absolute term in l undetermined. This defines an r-jet P ∈ J^r_0 (R^l, R^k)_0. By the definition of jet composition, μ(Y ) = Y ∘ P for all Y ∈ D^r_k .

1.7. Supplement to Proposition 1.5. Now we can prove

Proposition. Let A be a Weil (k, r)-algebra and π, ϱ : D^r_k → A be two surjective algebra homomorphisms. Then there is an algebra isomorphism σ : D^r_k → D^r_k satisfying π = ϱ ∘ σ.

Proof. Write a_i = π(x_i) and choose some P_i ∈ D^r_k satisfying ϱ(P_i) = a_i. Consider the homomorphism σ : D^r_k → D^r_k transforming x_i into P_i. Then ϱ ( σ(x_i) ) = π(x_i), so that π = ϱ ∘ σ. Consider the induced maps ~π, ~ϱ :

N^r_k /(N^r_k )^2 → N/N^2, ~σ : N^r_k /(N^r_k )^2 → N^r_k /(N^r_k )^2 from 1.3. Both ~π and ~ϱ are linear isomorphisms by the dimension argument, so ~σ is too. But σ is determined by a reparametrization Y → Y ∘ X. One verifies directly that the invertibility of ~σ is equivalent to the fact that the linear map corresponding to the underlying 1-jet of X is invertible. Hence X is an invertible r-jet, so that σ is an isomorphism.

1.8. Algebra homomorphisms. Let A and B be two Weil algebras with k = wA, l = wB, r = max(ord A, ord B) and μ : A → B be an algebra homomorphism. Consider two surjective homomorphisms π : D^r_k → A and ϱ : D^r_l → B. Analogously to 1.7, one deduces there is an algebra homomorphism σ : D^r_k → D^r_l such that the following diagram commutes

D^r_k^σ // π fflffl D^r_l ϱ fflffl A^μ // B

(6)

An element X ∈ J^r_0 (R^l, R^k)_0 such that (6) with σ = X commutes will be called μ-admissible.

Let A be expressed by (4) and P_h(x_1, . . . , x_k) be some generators of ideal I, h = 1, . . ., s. To determine all algebra homomorphisms A → B, we first consider an arbitrary k-tuple b_i of elements in the nilpotent part of B to be the images of π(x_i). Then the rule b_i = μ ( π(x_i) ) generates an algebra homomorphism μ : A → B, if and only if P_h(b_1, . . ., b_k) = 0 for all h. An example can be found in 1.12 below.

1.9. Automorphisms. The group Aut A of all algebra automorphisms of A is a closed subgroup in the group GL(A) of all linear automorphisms of A, so a Lie group. By 1.6, the group Aut (D^r_k ) coincides with the jet group G^r_k = inv J^r_0 (R^k, R^k)_0 of all invertible r-jets of R^k into R^k with source and target 0.

A derivation of A is a linear map f : A → A satisfying f(a_1a_2) = f(a_1)a_2 + a_1f(a_2) for all a_1, a_2 ∈ A. According to the general theory, the Lie algebra AutA of Aut A coincides with the Lie algebra Der A of all derivations of A.

1.10. Sums. For two Weil algebras A = R × N_A, B = R× N_B , the vector space A ⊕ B = R× N_A × N_B is also a Weil algebra with respect to the multiplication

(c_1, a_1, b_1)(c_2, a_2, b_2) = (c_1c_2, c_1a_2 + c_2a_1 + a_1a_2, c_1b_2 + c_2b_1 + b_1b_2) , c_i ∈ R, a_i ∈ N_A, b_i ∈ N_B, i = 1, 2. One can say that A ⊕ B is the sum of A and B.

If A is expressed by (4) and B analogously by R[y_1, . . . , y_l]/J , (7) then ⟨I, J, x_iy_p⟩, i = 1, . . ., k, p = 1, . . . , l is an ideal in R[x_1, . . . , x_k, y_1, . . ., y_l] and we have A ⊕ B = R[x_1, . . . , y_l]/⟨I, J, x_iy_p⟩ . In particular, this implies

w(A ⊕ B) = wA + wB , ord(A ⊕ B) = max(ord A, ord B) .

1.11. Tensor products. In general, the tensor product V_1 ⊗ V_2 of two algebras (V_1, f_1) and (V_2, f_2) is also an algebra, whose multiplication f is the tensor product of f_1 and f_2. Thus, for the decomposable tensors v_1 ⊗ v_2, v_1 ⊗ v_2, we have

f(v_1 ⊗ v_2, v_1 ⊗ v_2) = f_1(v_1, v_1) ⊗ f_2(v_2, v_2) .

In the case of two Weil algebras A = R× N_A, B = R× N_B , A ⊗ B is also a Weil algebra with the nilpotent part N_A × N_B × N_A ⊗ N_B . If A is expressed by (4) and B by (7), then ⟨I, J⟩ is an ideal in R[x_1, . . . , x_k, y_1, . . ., y_l] and we have A ⊗ B = R[x_1, . . . , y_l]/⟨I, J⟩ . In particular, this implies,

w(A ⊗ B) = wA + wB , ord(A ⊗ B) = ord A + ord B .

For instance, D ⊗ D is of the form R[x, y]/⟨x^2, y^2⟩ . 1.12. Example. We determine all algebra homomorphisms μ : D ⊗ D → D ⊗ D. Write

μ(x) = c_1x + c_2y + c_3xy , μ(y) = c_4x + c_5y + c_6xy .

The conditions ( μ(x) )_2 = 0 and ( μ(y) )_2 = 0 imply c_1c_2 = 0 and c_4c_5 = 0.

By 1.8, all algebra homomorphisms D ⊗ D → D ⊗ D form the following 4 four-parameter families

c_1 = 0 = c_4 , c_2 = 0 = c_4 , c_1 = 0 = c_5 , c_2 = 0 = c_5

with arbitrary c_3 and c_6.

2. Weil bundles

2.1. A-velocities. Having in mind the applications in concrete differential geometric problems, we introduce Weil bundles by using the concept of Avelocity. This generalizes the classical concept of (k, r)-velocity by C. Ehresmann. We recall that the construction of (k, r)-velocities is a bundle functor T^r_k on Mf defined by

T^r_k M = J^r_0 (R^k, M ) , T^r_k f(j^r_0 γ) = j^r_0 (f ∘ γ) , γ : R^k → M

for every manifold M and every smooth map f : M → N .

Consider a Weil (k, r)-algebra A together with an algebra homomorphism π : D^r_k → A from 1.5. By 1.7, π is determined up to an isomorphism D^r_k → D^r_k , so that the following definition is independent of π. Let M be a manifold.

Definition. Two maps γ, δ : R^k → M are said to determine the same Avelocity j^Aγ = j^Aδ, if for every smooth function φ : M → R

π(j^r_0 (φ ∘ γ)) = π(j^r_0 (φ ∘ δ)) .

Proposition. Let γ^i(t_1, . . ., t_k) or δ^i(t_1, . . ., t_k) be the coordinate expressions of γ or δ. Then j^Aγ = j^Aδ if and only if j^Aγ^i = j^Aδ^i for all i = 1, . . ., dim M .

Proof. The kernel of π is an ideal I in D^r_k . So j^Aγ^i = j^Aδ^i means

j^r_0 δ^i = j^r_0γ^i + j^r_0 ε^i , j^r_0 ε^i ∈ I .

Since our assertion depends on j^r_xφ only, we may assume φ is a polynomial of degree r. This is a sum of monomials cx^{i1} . . . x^{il} . The value of each monomial at j^r_0γ^i + j^r_0 ε^i is

c(j^r_0γ^{i1} + j^r_0 ε^{i1} ) . . . (j^r_0 γ^{il} + j^r_0 ε^{il} ) = cj^r_0γ^{i1} . . . j^r_0γ^{il} + a term in I.

2.2. Weil functors. Proposition 2.1 implies

T^AR = π(D^r_k ) = A and T^AR^m = A^m .

So T^AM → M is a fibered manifold that is said to be a Weil bundle. For a smooth map f : M → N , we define

T^Af : T^AM → T^AN by T^Af(j^Aγ) = j^A(f ∘ γ) .

Using the same argument as in the proof of Proposition 2.1, one verifies that this is a correct definition. Hence we obtain a bundle functor T^A on Mf called Weil functor. Clearly, T^{Drk} = T^r_k , so that T^D is the tangent functor T . Our construction yields a surjective map π_M : T^r_k M → T^AM such that the following diagram commutes for every f : M → N

T^r_k M^T r k f // π_M fflffl T^r_k N π_N fflffl T^AM^T Af // T AN

(8)

A section M → T^AM is said to be an A-field on M .

2.3. Remarks. Definition 2.1 is a modification of what is called the covariant approach to Weil functors in [14]. Let E_k be the algebra of germs of smooth functions on R^k at 0. By (4), A can be viewed as a factor algebra A = E_k/I, where I is the ideal determined by I in E_k. Then two maps γ, δ : R^k → M satisfy j^Aγ = j^Aδ, if and only if φ ∘ γ − φ ∘ δ ∈ I for every germ φ of smooth function on M at x = γ(0) = δ(0).

The original ideas by A. Weil, [23], were inspired by the algebraic geometry. So his approach is of contravariant character. All smooth functions on M form an algebra C^∞(M, R) with respect to the pointwise multiplication. Weil defined a so-called infinitely near point of type A on M as an algebra homomorphism C^∞(M, R) → A . We show that the set of all algebra homomorphisms Hom (C^∞(M, R), A) is canonically isomorphic to T^AM .

For every f ∈ C^∞(M, R) and every j^Aγ ∈ T^AM , we define (j^Aγ)(f) = j^A(f ∘ γ) ∈ A . (9) This is an algebra homomorphism. Indeed, (j^Aγ)(f_1 +f_2) = j^A(f_1 ∘γ +f_2 ∘γ) and (j^Aγ)(f_1f_2) = j^A((f_1 ∘ γ)(f_2 ∘ γ)). Since our operations behave well with respect to localization, it suffices to consider the case M = R^m, so that T^AR^m = A^m. Then Proposition 2.1 implies that (9) establishes a bijection between T^AR^m and Hom (C^∞(R^m, R), A).

We also remark that some motivation for the covariant approach came from the so-called synthetic differential geometry, which was developed within the framework of the theory of categories, [8].

2.4. The coordinate expression of T^Af. Write T^A_x f : T^A_x M → T^A_{f(x)}N for the restricted and corestricted map. The map T^A_x f depends on j^r_xf only. Indeed, (8) is a commutative diagram with surjective columns, where the top row depends on j^r_xf only.

Using (8), we deduce the coordinate expression of T^Af in the case of f : R^m → R^n with the components y^p = f^p(x^i) , i = 1, . . ., m, p = 1, . . ., n . (10)

Hence T^Af : A^m → A^n. First consider the map T^r_k f : T^r_k R^m → T^r_k R^n. This is determined by the Taylor expansions of order r of the components f^p

f^p(x^i) + ∑ |α|≤r 1 α! D_αf^p(x^i)z^α , (z^i) ∈ R^m ,

where α = (α_1, . . ., α_m) denotes a multiindex of range m and z^α = (z^1)^{α1} . . . (z^m)^{αm} . Write x^i + n^i for the i-th component in A^m, n^i ∈ N_A, and b^p for the p-th component in A^n. If we express T^r_k f : (D^r_k )^m → (D^r_k )^n in the algebra form and use the homomorphism π : D^r_k → A, we obtain the following expression of T^Af

b^p = f^p(x^i) + ∑ |α|≤r 1 α! D_αf^p(x^i)n^α ,

(11)

where n^α = (n^1)^{α1} . . . (n^m)^{αm} with the multiplication in A.

In particular, if f : R^m → R is a real valued function, then (11) with no superscript p expresses the A-valued function T^Af : T^AR^m → A. We shall need an explicit formula in the simplest case A = D . Write x^i_1 for the additional coordinates on T R^m. Then the coordinate form of T f : T R^m → D is f(x^i) + e (_{∂f} ∂x^i x i 1 ) . (12)

2.5. Example. Consider the iterated tangent functor T T . The elements of its Weil algebra D ⊗ D = R[t, τ]/⟨t^2, τ^2⟩ are of the form x + ut + vτ + wtτ . The corresponding coordinates on T T R^m = (D ⊗ D )^m are x^i, u^i, v^i, w^i. From the classical point of view, x^i are the “original” coordinates on R^m, the role of the “first order” coordinates u^i and v^i is more or less symmetric and w^i appear clearly to be the “second order” coordinates.

Further, consider the map (10) and write y^p + u^pt + v^pτ + w^ptτ for p-th component of (D ⊗ D )^n . Since t^2 = 0 = τ^2, (11) implies y^p + u^pt + v^pτ + w^ptτ = f^p +^{∂f p}_{∂xi} (u^it + v^iτ + w^itτ ) +^{∂2f p}_{∂xi∂xj} u^iv^j tτ . Passing to the individual components, we obtain the standard coordinate expression of T T f.

2.6. Product preserving bundle functors. Consider the product M^{p1}←−− M × N^{p2}−→ N of two manifolds together with the product projections. A bundle functor F on Mf is said to be product preserving, if F (M × N ) = F M × F N . More precisely, this means that F M^{F p1}←−−− F (M × N )^{F p2}−−→ F N is also a product. Clearly, every Weil functor T^A preserves products.

The converse assertion is a fundamental theoretical result. Let F be a product preserving bundle functor on Mf. Write pt for one point set and i_x : pt → M for the map i_x(pt) = x, x ∈ M . Since F preserves products, we have F (pt) = pt. A natural injection ν_M : M → F M is defined by ν_M (x) = F i_x(pt). Applying F to the addition a : R × R → R and the multiplication m : R× R → R of reals, we obtain F a : F R× F R → F R, F m : F R× F R → F R. One verifies easily that F R with the addition F a and the multiplication by real scalars ca = F m ( ν_R(c), a ) , c ∈ R, a ∈ F R, is a vector space. The proof of the following assertion can be found in [14].

Theorem. F R is a Weil algebra with respect to the multiplication F m and F coincides with the Weil functor T^{F R}.

A simple example of a bundle functor on Mf that does not preserve

products is the second tensor power^2 ⨂ T of the tangent functor T . In-

deed, dim^2 ⨂ T (M × N ) > dim^2 ⨂ T M + dim^2 ⨂ T N provided dim M > 0 and dim N > 0.

2.7. Natural transformations. Let t : T^A → T^B be a natural transformation of functors T^A and T^B . If we apply t to the addition and the multiplication of reals, we obtain two commutative diagrams of the form A × A t_R fflffl t_R fflffl // A t_R fflffl B × B // B This implies easily that t_R: A → B is an algebra homomorphism.

The converse assertion is also true. Every algebra homomorphism μ : A → B induces a natural transformation (denoted by the same symbol) μ : T^A → T^B as follows. Every X ∈ J^r_0 (R^l, R^k)_0 = Hom (D^r_k , D^r_l ) defines a natural transformation X_M : T^r_k M → T^r_l M by the reparametrization Y → Y ∘ X, Y ∈ T^r_k M . For a general μ, we may consider the situation from (6) with σ = X. Taking into account that π_M and ϱ_M are surjective, we deduce by (6) that there is a unique map μ_M : T^AM → T^BM making the following diagram commutative T^r_k M π_M fflffl

X_M // T^r_l M ϱ_M fflffl T^AM^{μM} // T^BM

(13)

Moreover, for every f : M → N the following diagram commutes T^r_k M

X_M

fflffl

π_M ##HH HHH HHH H T^r_k f // T^r_k N π_N ––ww ww ww ww

X_N

fflffl

T^AM^T Af // μ_M fflffl T^AN μ_N fflffl T^B M^T B f // T B N

T^r_l M ϱ_M ;;vv vvv vvv v_T r_{l f} // T^r_l N ϱ_N ccGG GG GG GG

The inner square yields that μ_M form a natural transformation T^A → T^B . Diagram (13) implies that there exists a map μ : R^l → R^k such that μ_M : T^AM → T^B M is of the form

μ_M (j^Aγ) = j^B (γ ∘ μ) , γ : R^k → M .

(14)

Thus we have proved

Proposition. The natural transformations T^A → T^B are in bijection with the algebra homomorphisms μ : A → B. If wA = k and wB = l, then there exists a map μ : R^l → R^k such that μ_M is of the form (14).

In other words, even in the case of an arbitrary algebra homomorphism μ : A → B, the natural transformation μ_M is determined by a reparametrization. The admissibility of μ in the sense of 1.8 depends on j^Aμ only.

For example, the natural transformations T T → T T , that correspond to the algebra homomorphisms D ⊗ D → D ⊗ D from 1.12, can be immediately expressed in this way. Each of them can be easily interpreted as a geometric construction on the iterated tangent bundle.

2.8. Multilinear maps. For every vector space V , the vector space structure on T^AV is defined by j^Aγ + j^Aδ = j^A(γ + δ), cj^Aγ = j^A(cγ) , c ∈ R, with pointwise addition and scalar multiplication on the right-hand sides. Consider the map ⊗ : V × A → T^AV , ⊗(v, j^Aφ(t_1, . . . , t_k)) = j^A(φ(t_1, . . ., t_k)v) , v ∈ V, φ : R^k → R. (15) In coordinates, we have V = R^m, T^AV = A^m and (15) is of the form ( (v_1, . . . , v_n), a ) −→ (v_1a, . . . , v_na) , v_i ∈ R, a ∈ A , i = 1, . . ., n . This implies T^AV = V ⊗ A. In particular, if A = D , then V ⊗ D = V × V and T V = V × V is the classical expression of the tangent bundle of a vector space.

Consider another vector space W and a linear map f : V → W . Then T^Af(v ⊗ a) = T^Af(j^A (φv)) = j^A(φf(v)) = f(v) ⊗ a . One verifies directly that T^Af : T^AV → T^AW is also a linear map. Hence T^Af = f ⊗ id_A.

Proposition. Let f : V_1 × · · · × V_l → W be a multilinear map. Then T^Af : V_1 ⊗ A × · · · × V_l ⊗ A → W ⊗ A is also multilinear and T^Af(v_1 ⊗ a_1, . . . , v_l ⊗ a_l) = f(v_1, . . ., v_l) ⊗ a_1 . . . a_l , where the product a_1 . . . a_l is in A. Proof. The multilinearity of f implies

T^Af(j^A (φ_1v_1), . . ., j^A(φ_lv_l)) = j^A((φ_1 . . . φ_l)f(v_1, . . ., v_l)) with the pointwise product φ_1(t_1, . . . , t_k) . . . φ_l(t_1, . . . , t_k) in R. Corollary. If (V, f) is an algebra, then T^AV = V ⊗ A is also an algebra with the multiplication determined by T^Af(v_1 ⊗ a_1, v_2 ⊗ a_2) = f(v_1, v_2) ⊗ a_1a_2 .

2.9. Natural transformations on vector spaces. For every vector space V and every algebra homomorphism μ : A → B, μ_V : T^AV = V ⊗ A → V ⊗ B = T^B V is defined by the reparametrization (14), so that μ_V is a linear map. Applying μ_V to (15), we obtain μ_V (v ⊗ a) = v ⊗ μ(a). Hence we have μ_V = id_V ⊗μ : V ⊗ A → V ⊗ B . 2.10. The iteration. By 2.6, the Weil functors coincide with the product preserving bundle functors on Mf. Since the iteration T^AT^B of two Weil functors preserves products as well, this must also be a Weil functor. Proposition. We have T^AT^B = T^{B⊗A}.

Proof. The Weil algebra of T^AT^B is (T^AT^B )(R) = T^A(T^BR) = T^AB = B ⊗ A. We know that every algebra homomorphism induces a natural transformation. In particular, the exchange isomorphism of the tensor product ex : B ⊗ A → A ⊗ B induces an exchange natural equivalence

ex_M : T^AT^BM → T^BT^AM .

Geometrically, ex_M can be constructed as follows. Let t ∈ R^k and τ ∈ R^l. So every Z ∈ T^A(T^BM ) is of the form Z = j^A ( t → j^B (τ → δ(t, τ )) ) , where δ : R^k × R^l → M . Then

ex_M (Z) = j^B ( τ → j^A(t → δ(t, τ )) ) . If we write π^A_M : T^AM → M for the bundle projection, then we have

T^Aπ^B_M = π^B_T A_M ∘ ex_M , T^Bπ^A_M ∘ ex_M = π^A_T B_M .

(16)

In the special case A = D^r_k , B = D^s_l , which is important for applications, the natural exchange isomorphism ex_M : T^r_k T^s_l M → T^s_l T^r_k M can be expressed in the jet form

ex_M ( j^r_0 (t → j^s_0(τ → δ(t, τ ))) ) = j^s_0 ( τ → j^r_0(t → δ(t, τ )) ) . In the case k = l = r = s = 1, we evaluated all algebra homomorphisms D ⊗D → D ⊗D in 1.12. Clearly, the exchange isomorphism ex, that determines the well known canonical involution T T M → T T M , corresponds to the values c_2 = c_4 = 1, c_1 = c_3 = c_5 = c_6 = 0.

2.11. The flow natural exchange. In the case of arbitrary A and T^B = T , we obtain a canonical exchange isomorphism κ^A_M : T^AT M → T T^AM . This map is said to be flow natural because of the following important property.

In general, let F be a bundle functor on the category Mf_m of m-dimensional manifolds and local diffeomorphisms. The flow prolongation of a vector field X : M → T M is a vector field FX : F M → T (F M ) defined as follows. The flow F l^X is locally a one-parameter family of diffeomorphisms F l^X_t : M → M , t ∈ R. We construct F (F l^X_t ) : F M → F M for every t and we set FX =^∂_{∂t} | |_0F (F l^X_t ) : F M → T F M . In the case of a Weil functor T^A, beside T^AX : T^AM → T T^AM we can consider the functorial prolongation T^AX : T^AM → T^AT M of the map X.

Proposition. We have T^AX = κ^A_M ∘ T^AX.

Proof. Let x = φ(x, t) be the flow of X, x ∈ M , t ∈ R. Hence X(x) = ∂ ∂t | |_0φ(x, t). For u = jAγ(τ ) ∈ T AM , consider φ(γ(τ ), t) : Rk × R → M . Then_∂ ∂t | |_0j^Aφ(γ(τ ), t) =^∂_{∂t} | |_0(T^AF l^X_t )(u) = (T^AX)(u) .

Of course,^∂_{∂t} | |_0 is identified with the first order jet with respect to t. If we

exchange the order of j^A and^∂_{∂t} | |_0, we obtain j^A (_∂ ∂t | |_0φ(γ(τ ), t) ) = j^A(X ∘ γ) = (T^AX)(u) .

So the concrete evaluation of T^AX for a vector field X = X^i(x^1, . . ., x^m)∂/∂x^i is also based on 2.4. For example, if T^A = T is the tangent functor, then (12) implies T X = X^{i ∂}_{∂xi} + (_{∂Xi} ∂x^j x j 1 )_∂ ∂x^i_1 . 2.12. Fiber products. If F and G are two product preserving bundle functors on Mf, then the bundle functor F ⊕ G on Mf defined by (F ⊕ G)(M ) = F M ×_M GM and (F ⊕ G)(f) = F f ×_f Gf also preserves products.

Proposition. We have T^A ⊕ T^B = T^{A⊕B}.

Proof. T^ARor T^B Ris the product fibered manifold R×N_A → Ror R×N_B → R, respectively. Hence (T^A ⊕ T^B )(R) = R × N_A × N_B → R. One verifies easily that the induced multiplication is that one from 1.10.

2.13. Underlying functors. An interesting feature of the theory of Weil bundles is that every r-th order Weil functor T^A induces the underlying k-th order functors for all k ≤ r = ord A.

Clearly, N^{k+1}_A is an ideal in A. Write π_k : A → A/N^{k+1}_A for the factor projection.

Definition. The factor algebra A_k = A/N^{k+1}_A is called the underlying Weil algebra of order k. The Weil functor T^{Ak} is said to be the underlying k-th order functor of T^A.

So (π_k)_M : T^AM → T^{Ak} M is a surjective natural transformation. The following lemma is a direct consequence of μ(N_A) ⊂ N_B.

Lemma. For every algebra homomorphism μ : A → B, we have μ(N^k_A) ⊂ N^k_B .

So μ factorizes through an underlying algebra homomorphism μ_k : A_k → B_k. From the geometric point of view, every natural transformation t : T^A → T^B is projectable over a natural transformation t_k : T^{Ak} → T^{Bk} for all k ≤ r.

For example, the underlying first order functor of the iterated tangent functor T T is T ⊕ T .

In [9], the following result is deduced.

Proposition. T^AM → T^{Ar−1} M is an affine bundle, whose associated vector bundle is the pullback of T M ⊗ N^r over T^{Ar−1} M .

In the special case of T^r_k , we obtain the classical result that T^r_k M → T^{r−1}_k M is an affine bundle, whose associated vector bundle is the pullback of T M ⊗ S^r R^{k∗} over T^{r−1}_k M .

2.14. Regular A-velocities. Consider the vector space V_A = N_A/N^2_A. One finds easily that the underlying Weil algebra of the first order is A_1 = R× V_A with the zero multiplication in V_A. This implies T^{A1} M = T M ⊗ V_A.

Definition. An A-velocity X ∈ T^A_x M is called regular, if the linear map V^∗_A → T_xM determined by π_1(X) ∈ T_xM ⊗ V_A is injective.

In the classical case of X ∈ (T^r_k M )_x, π_1(X) ∈ T^1_k M is identified with a k-tuple of vectors in T_xM and X is regular, if and only if these vectors are linearly independent. In general, one verifies easily that an A-velocity j^Aγ is regular, if and only if γ is an immersion at 0 ∈ R^k.

2.15. Contact A-elements. We recall that a contact (k, r)-element on a manifold M , as introduced by Ehresmann, is defined as a set Z ∘ G^r_k, where Z is a regular (k, r)-velocity on M , [14]. The space of all such elements is a fiber bundle K^r_kM over M .

This idea can be directly extended to A-velocities.

Definition. A contact A-element on a manifold M is the set (Aut A)(Z), where Z is a regular A-velocity on M .

All contact A-elements on M form a fiber bundle K^AM → M . We remark that the contact A-elements are studied from an algebraic point view in [22].

2.16. Product preserving bundle functors on FM. It is remarkable that the product preserving bundle functors on fibered manifolds can be also characterized in terms of Weil algebras. The following assertion was deduced by W. Mikulski, [20].

Proposition. The product preserving bundle functors on FM are in bijection with the algebra homomorphisms μ : A → B.

On one hand, μ induces two bundle functors T^A, T^B on Mf and a natural transformation μ : T^A → T^B . For every fibered manifold p : Y → M , we have T^Bp : T^BY → T^BM . Taking into account the map μ_M : T^AM → T^BM , we construct the induced bundle T^μY = μ^∗_M T^BY , which can be also denoted by T^μY = T^AM ×_T B_M T^B Y . For every FMmorphism f : Y → Y over f : M → M , we have T^Bf : T^BY → T^B Y , T^Af : T^AM → T^AM and we construct the induced map

T^μf := T^Af ×_T B_f T^Bf : T^μY → T^μY .

This defines a bundle functor T^μ on FM. Clearly, T^μ preserves products.

Conversely, let F be a product preserving bundle functor on FM. Write pt_M : M → pt for the unique map of M into one point set. There are two canonical injections i_1, i_2 : Mf → FM of manifolds into fibered manifolds defined by i_1M = (id_M : M → M ), i_1f = (f, f), i_2M = (pt_M : M → pt), i_2f = (f, id_{pt}) and a natural transformation t : i_1 → i_2, t_M = (id_M , pt_M ) : i_1M → i_2M . Applying F , we obtain two bundle functors F ∘ i_1 and F ∘ i_2 on Mf and a natural transformation F ∘ t : F ∘ i_1 → F ∘ i_2. By 2.6 and 2.7, there is a Weil algebra homomorphism μ : A → B such that F ∘ i_1 = T^A, F ∘ i_2 = T^B and F ∘ t = μ. Then F = T^μ. (A rather simple proof can be found in [5].)

Further, if ν : C → D is another Weil algebra homomorphism, then the natural transformations T^μ → T^ν are in bijection with the pairs of Weil algebra homomorphisms φ : A → C, ψ : B → D satisfying ψ ∘ μ = ν ∘ φ. Moreover, the iteration T^ν T^μ corresponds to the tensor product μ ⊗ ν : A ⊗ C → B ⊗ D. 2.17. Fiber velocities. The simplest examples of product preserving bundle functors on FM are the fiber velocities bundles, which generalize the classical bundles of (k, r)-velocities. Their definition is based on the idea of (q, s, r)-jet of FM-morphisms, s ≥ q ≤ r. Consider two fibered manifolds p : Y → M and p : Y → M .

Definition. We say that two FM-morphisms f, g : Y → Y with the base maps f , g : M → M determine the same (q, s, r)-jet j^{q,s,r}_y f = j^{q,s,r}_y g at y ∈ Y , s ≥ q ≤ r, if j^q_y f = j^q_y g , j^s_y(f | Y_x) = j^s_y (g | Y_x) , j^r_xf = j^r_xg , x = p(y) .

We write J^{q,s,r}(Y, Y ) for the bundle of all (q, s, r)-jets of Y into Y . The composition of FM-morphisms defines the composition of (q, s, r)-jets. The base maps induce a canonical projection J^{q,s,r}(Y, Y ) → J^r (M, M ), where J^r(M, M ) denotes the classical bundle of r-jets of M into M .

Write R^{k,l} for the product fibered manifold R^k × R^l → R^k. We introduce the bundle of fiber velocities of dimension (k, l) and order (q, s, r) on a fibered manifold Y by T^{q,s,r}_{k,l} Y = J^{q,s,r}_{0,0} (R^{k,l}, Y ) . For every FM-morphism f : Y → Y , T^{q,s,r}_{k,l} f : T^{q,s,r}_{k,l} Y → T^{q,s,r}_{k,l} Y is defined by the jet composition. Clearly, T^{q,s,r}_{k,l} is a product preserving bundle functor on FM of order (q, s, r).

Let m = dim M and m + n = dim Y . Then P^{q,s,r}Y = inv J^{q,s,r}_{0,0} (R^{m,n}, Y ) is a principal bundle over Y with structure group G^{q,s,r}_{m,n} = inv J^{q,s,r}_{0,0} (R^{m,n}, R^{m,n})_{0,0}, which is called (q, s, r)-th order frame bundle of Y .

2.18. Remark. Applying Theorem 2.6, the author found an interesting abstract characterization of the classical jet bundles. He modified the property of preserving products in a suitable way and deduced that under this assumption the r-jet bundles are the only finite dimensional homomorphic images of the germs of smooth maps, [14]. In the same sense, Proposition 2.16 implies that the (q, s, r)-jets are the only homomorphic images of the germs of fibered manifold morphisms, [5].

3. On the geometry of T^A-prolongations

3.1. Natural tensor fields of type (1, 1). Every a ∈ A defines a natural tensor field L(a)_M of type (1, 1) on T^AM for every manifold M as follows. The multiplication of the tangent vectors of M by reals is a map σ_M : R× T M → T M . Applying T^A, we obtain T^Aσ_M : A × T^AT M → T^AT M . Then we construct

T^Aσ_M := (κ^A_M )^{−1} ∘ T^Aσ_M ∘ (id_A ×κ^A_M ) : A × T T^AM → T T^AM

and define L(a)_M = T^Aσ_M (a, −). Since the multiplication in A is induced by the multiplication of reals, we have

L(a_1)_M ∘ L(a_2)_M = L(a_1a_2)_M .

Clearly, L(1)_M = id_{T T} A_M . The naturality of L(a) means T T^Af ∘ L(a)_M = L(a)_N ∘ T T^Af for every map f : M → N .

To find the coordinate expression of L(a), we take M = R^m. Then T T^AR^m = A^m × A^m and our definition implies directly L(a)_Rm(b_1, . . ., b_m, c_1, . . . , c_m) = (b_1, . . . , b_m, ac_1, . . ., ac_m), a, b_i, c_i ∈ A. In the case of the tangent functor, i.e. A = D = {a + be}, the map L(e)_M :

T T M → V T M is frequently used in analytical mechanics.

3.2. Natural vector fields. Every element D of the Lie algebra Aut A = Der A is of the form D =^d_{dt} | |_0γ , γ : R → Aut A .

The natural transformations γ_M (t) : T^AM → T^AM determine a vertical vector field D_M on T^AM ,

D_M (y) =^∂_{∂t} | 0γ(t)_M (y) , y ∈ T^AM . For example, in the case A = D we obtain the classical Liouville vector field on T M and its constant multiples.

We find worth mentioning one of the oldest geometric results deduced by the technique of Weil algebras. The problem was to determine all natural operators transforming every vector field X on a manifold M into a vector field on T^AM . In [14] it is proved that every such operator is of the form X → L(a)_M ∘ T^AX + D_M for all a ∈ A and D ∈ Der A, T^AX being the flow prolongation of X. This general result was new even in the case of (k, r)-velocities.

3.3. T^A-prolongation of functions and vector fields. Every function f : M → R induces a vector valued function T^Af : T^AM → A. Every vector field Z on T^AM determines the Lie derivative Z(T^Af) : T^AM → A of this vector valued function. Given a ∈ A, we define aT^Af : T^AM → A by multiplying in A. We shall shorten L(a)_M ∘ Z to L(a)Z.

We start with some simple formulae, [2]. For every vector field X on M , we have T^AX(aT^Af) = aT^A(Xf) , ( L(a)T^AX ) T^Af = aT^A(Xf) . For the bracket of vector fields, we have [ L(a_1)T^AX_1, L(a_2)T^AX_2 ] = L(a_1a_2)T^A ( [X_1, X_2] ) . 3.4. T^A-prolongation of Lie groups. The following assertions are easy to verify.

Let G be a Lie group with composition φ : G × G → G and g = Lie G be its Lie algebra. Then T^Aφ : T^AG × T^AG → T^AG is also a Lie group and T^Ag = g ⊗ A is its Lie algebra. The bracket in T^Ag is the T^A-prolongation of the bracket in g. Using 2.8, we obtain

[v_1 ⊗ a_1, v_2 ⊗ a_2]_{g⊗A} = [v_1, v_2]_g ⊗ a_1a_2 ,

v_1, v_2 ∈ g, a_1, a_2 ∈ A, the product a_1a_2 being in A. This formula is powerful even in the case of (k, r)-velocities, in which Lie (T^r_k G) = g⊗D^r_k . For example, in the case of the tangent functor T we obtain immediately the well known expression for the bracket of Lie(T G) = g × g [ (v_1, v_1), (v_2, v_2) ] = ( [v_1, v_2], [v_1, v_2] + [v_1, v_2] ) . If exp_G : g → G is the exponential map of G, then the exponential map of T^AG is exp_T A_G = T^A(exp_G) : T^Ag → T^AG .

The Maurer-Cartan form ω_G : T G → g of G induces the Maurer-Cartan form ω_T A_G : T T^AG → T^Ag by

ω_T A_G = T^Aω_G ∘ (κ^A_G)^{−1} .

For a group homomorphism h : G_1 → G_2, T^Ah : T^AG_1 → T^AG_2 is also a group homomorphism. If χ : g_1 → g_2 is the induced Lie algebra homomorphism, then T^Aχ = χ ⊗ id_A : T^Ag_1 → T^Ag_2 is the Lie algebra homomorphism determined by T^Ah.

For every Weil algebra homomorphism μ : A → B, the natural transformation μ_G : T^AG → T^B G is a group homomorphism. The induced Lie algebra homomorphism is id_g ⊗μ : g ⊗ A → g ⊗ B.

3.5. T^A-prolongation of actions. Let l : G × M → M be a left action of G on a manifold M . One verifies directly that T^Al : T^AG × T^AM → T^AM is a left action of T^AG on T^AM . For every algebra homomorphism μ : A → B, the natural transformations μ_G : T^AG → T^BG and μ_M : T^AM → T^B M form a morphism of actions.

The infinitesimal action λ : g × M → T M of l is defined by λ = T l ∘ (i_G × 0_M ) , where i_G : g → T G is the canonical injection and 0_M : M → T M is the zero section. We write λ(v) = λ(v, −) : M → T M for the fundamental vector field on M determined by v ∈ g. One finds easily that the infinitesimal action of T^Al, which will be denoted by T^Aλ : T^Ag × T^AM → T T^AM , is of the form T^Aλ = κ^A_M ∘ T^Aλ . Every v ⊗ a ∈ g ⊗ A defines the fundamental vector field (T^Aλ)(v ⊗ a) on T^AM . On the other hand, λ(v) is a vector field on M and we can construct its flow prolongation T^A ( λ(v) ) . The proof of the following assertion, which relates the previous concept in an interesting way, can be found in [10].

Proposition. We have (T^Aλ)(v ⊗ a) = L(a)_M ∘ T^A ( λ(v) ) . 3.6. The linear case. Consider the case M = V is a vector space. Then T V = V × V and the first component of λ : g × V → V × V is the product projection g × V → V . The second component will be denoted by λ : g × V → V . Since T^AV = V ⊗ A is also a vector space, we have T^AT V = V ⊗ A × V ⊗ A and T T^AV = V ⊗ A × V ⊗ A. Under these identifications, κ^A_V is the identity of V ⊗ A × V ⊗ A. For the infinitesimal action T^Aλ : T^Ag × T^AV → T T^AV , we have

T^Aλ : T^Ag × T^AV → T^AV .

Then our previous results yield

Proposition. We have

T^Aλ = T^Aλ : T^Ag × T^AV → T^AV .

In particular, let l be a linear action of G on V , so that λ is the classical representation of Lie algebra g on V . Hence λ is a bilinear map. By 2.8, T^Aλ is of the form T^Aλ(v ⊗ a_1, z ⊗ a_2) = λ(v, z) ⊗ a_1a_2 , v ∈ g, z ∈ V , the product a_1a_2 being in A.

3.7. Vector bundles. For a vector bundle p : E → M , T^Ap : T^AE → T^AM is also a vector bundle. If X_1, X_2 ∈ T^AE satisfy T^Ap(X_1) = T^Ap(X_2), we may write X_1 = j^Aφ_1, X_2 = j^Aφ_2 with p ∘ φ_1 = p ∘ φ_2, so that φ_1(u) and φ_2(u) are in the same fiber of E → M for all u ∈ R^k. Then we define X_1 + X_2 by j^A ( φ_1(u) + φ_2(u) ) . Similarly, c ( j^Aφ(u) ) = j^A ( cφ(u) ) , c ∈ R. Further, if p : E → M is another vector bundle and f : E → E is a linear morphism over f : M → M, then T^Af : T^AE → T^AE is a linear morphism over T^Af : T^AM → T^AM.

3.8. Principal and associated bundles. Let P (M, G) be a principal bundle with structure group G and projection p : P → M . Write ϱ_P : P × G → P for the right action of G on P . Then T^Ap : T^AP → T^AM is a principal bundle with structure group T^AG and ϱ_T A_P = T^Aϱ_P : T^AP × T^AG → T^AP .

Consider a fiber bundle E = P [S, l] associated to P with respect to an action l : G × S → S of G on the standard fiber S and write q : E → M for the bundle projection. Then T^Aq : T^AE → T^AM is an associated bundle T^AE = T^AP [T^AS, T^Al].

For every fibered manifold Y → M , the vertical Weil bundle V^AY is the union

V^AY = ⋃ x∈M T^A(Y_x) , V^AY ⊂ T^AY

of the Weil bundles of the individual fibers of Y . Clearly, V^AP is a principal bundle V^AP (M, T^AG) and V^AE is an associated bundle V^AE = V^AP [T^AS, T^Al].

3.9. Tensor fields of type (1, k). A tensor field C of type (1, k) on a manifold M can be considered as a map C : T M ×_M · · · ×_M k-times T M → T M .

Applying functor T^A, we obtain T^AC : T^AT M ×_T A_M · · · ×_T A_M T^AT M → T^AT M . Using the canonical exchange κ^A_M , we construct T^AC = κ^A_M ∘ T^AC ∘ ( (κ^A_M )^{−1} × · · · × (κ^A_M )^{−1} ) . This is a tensor field of type (1, k) on T^AM , which is called the complete lift of C to T^AM . In the special case k = 0, C is a vector field on M and T^AC is its flow prolongation, see 2.11.

For every k vector fields X_1, . . . , X_k on M , C(X_1, . . . , X_k) is also a vector field. The following assertion is deduced in [7].

Proposition. For every a_1, . . . , a_k ∈ A, we have T^AC ( L(a_1)T^AX_1, . . . , L(a_k)T^AX_k ) = L(a_1 . . . a_k)T^A ( C(X_1, . . . , X_k) ) . 3.10. The Frölicher-Nijenhuis bracket. An antisymmetric tensor field P of type (1, k) on M is said to be a tangent valued k-form on M . The Frölicher- Nijenhuis bracket is an important geometric operation on the tangent valued forms, see e.g. [14]. If Q is another tangent valued l-form on M , then the Frölicher-Nijenhuis bracket [P, Q] is a tangent valued (k + l)-form on M . A tangent valued 0-form is a vector field. If both P and Q are tangent valued 0-forms, then [P, Q] coincides with the classical bracket of vector fields.

The identity of T M can be interpreted as a tangent valued 1-form on M . For every P , we have [ id_{T M} , P ] = 0 .

(17)

Given a tangent valued form S on T^AM and a ∈ A, L(a)_M ∘ S =: L(a)S is a tangent valued form on T^AM , too.

Theorem. For every tangent valued k-form P , every tangent valued l-form Q on M and every a_1, a_2 ∈ A, we have [ L(a_1)T^AP, L(a_2)T^AQ ] = L(a_1a_2)T^A ( [P, Q] ) . The proof is based on a formula by M. Modugno and P. W. Michor that expresses [P, Q] in terms of the bracket of vector fields, [2].

For a_1 = a_2 = 1 we obtain

Corollary. The T^A-prolongation of tangent valued forms commutes with the Frölicher-Nijenhuis bracket.

3.11. Connections. The first jet prolongation J^1Y of a fibered manifold p : Y → M is the bundle of 1-jets of local sections of Y . The elements of J^1Y are identified with the m-dimensional linear subspaces in T Y complementary to the vertical tangent space, m = dim M . Hence a connection on an arbitrary fibered manifold Y can be interpreted as a section Γ : Y → J^1Y .

The projection T_yY → V_yY in the direction of Γ(y), y ∈ Y , defines the connection form ω_Γ : T Y → V Y ⊂ T Y . Clearly, ω_Γ is a tangent valued 1-form on T Y satisfying ω_Γ(X) = X for all X ∈ V Y . If we denote by i_{V Y} : V Y → T Y the injection, this can be expressed by

ω_Γ ∘ i_{V Y} = i_{V Y} .

(18)

Conversely, if ω is a tangent valued 1-form on Y satisfying ω(T Y ) ⊂ V Y and (18), then the kernels of ω determine a unique connection Γ = Ker ω such that ω_Γ = ω.

The curvature C_Γ of Γ can be identified with the Frölicher-Nijenhuis bracket, see [14],

C_Γ = 1 2 [ ω_Γ, ω_Γ ] . The T^A-prolongation T^Aω_Γ of ω_Γ is a tangent valued 1-form on T^AY .

Taking into account κ^A_Y (T^AV Y ) = V (T^AY → T^AM ), one verifies easily

T^Aω_Γ ∘ i_{V (T} A_{Y →T} A_{M)} = i_{V (T} A_{Y →T} A_{M)} .

Hence there is a unique connection T^AΓ on T^AY → T^AM such that T^A(ω_Γ) = ω_T A_Γ. It will be called the T^A-prolongation of Γ.

Corollary 3.10 yields a formula for the curvature C_T A_Γ =^1_2 [ ω_T A_Γ, ω_T A_Γ ] . Proposition. We have C_T A_Γ = T^A(C_Γ).

3.12. Vector valued forms. Let V be a vector space. A V -valued k-form ω on M can be interpreted as a map ω : T M ×_M · · · ×_M T M → V . Applying T^A and using κ^A_M , we obtain T^Aω : T T^AM ×_T A_M · · · ×_T A_M T T^AM → T^AV , which is a V ⊗ A-valued k-form on T^AM . Taking into account 3.3, one finds easily that this operation commutes with the exterior differentiation, i.e. T^A(dω) = d(T^Aω) . We describe the coordinate form of T^Aω. Let M = R^m, V = R^n and y^p = f^p_{i1...ik} (x^1, . . . , x^m) dx^{i1} ∧ · · · ∧ dx^{ik} be the coordinate expression of ω. We have T T^AR^m = A^m ×A^m and we write a^i, da^i for the corresponding algebra coordinates. The coordinate formula for T^Af^p_{i1...ik} is described in 2.4. Then 2.8 implies that T^Aω is of the form ( T^Af^p_{i1 ...ik} ) da^{i1} ∧ · · · ∧ da^{ik} with all products in A.

For example, consider the tangent functor T and n = 1, k = 2, so that ω = f_{i1i2} (x^1, . . . , x^m) dx^{i1} ∧ dx^{i2} . Using (12), we obtain T ω = ( f_{i1 i2} + e^{∂fi1i2}_{∂xi} x^i_1 ) (dx^{i1} + edx^{i1}_1 ) ∧ (dx^{i2} + edx^{i2}_1 ) = f_{i1i2} dx^{i1} ∧ dx^{i2} + e ((_{∂fi1i2} ∂x^i x i 1 ) dx^{i1} ∧ dx^{i2} + f_{i1i2} (dx^{i1} ∧ dx^{i2}_1 + dx^{i1}_1 ∧ dx^{i2} ) )

In coordinates, a tangent valued k-form P looks like a vector valued k-form. So the procedure of finding the coordinate expression of T^AP is the same. 3.13. Connections in the lifting form. Taking into account the projection T_yY → Γ(y) in the direction of V_yY , we can interpret Γ as the lifting map (denoted by the same symbol) Γ : Y ×_M T M → T Y . Conversely, let Φ : Y ×_M T M → T Y be a map linear in T M and such that π_Y ∘ Φ = pr_1, T p ∘ Φ = pr_2, where π_Y : T Y → Y is the bundle projection. Then there is a unique connection Γ on Y such that Φ is its lifting map.

The lifting map of T^AΓ is T^AΓ := κ^A_Y ∘ ( T^AΓ ∘ (id_T A_Y ×_T A_M (κ^A_M )^{−1}) ) , where T^AΓ : T^AY ×_T A_M T^AT M → T^AT Y .

The algebra multiplication enables us to evaluate the equations of T^AΓ in the following simple way, [3]. If we have the product bundle R^m × R^n → R^m with the canonical coordinates x^i, y^p, then the equations of Γ are dy^p = F^p_i (x, y) dx^i . (19)

The Weil bundle T^A(R^m × R^n) → T^AR^m is A^m × A^n → A^m with the algebra coordinates a^i, b^p. Then T^A(dx^i) = da^i and T^A(dy^p) = db^p are the additional coordinates on T T^A(R^m×R^m). Applying T^A to (19), we obtain the equations of T^AΓ in the form db^p = (T^AF^p_i ) da^i ,

where the A-valued functions T^AF^p_i can be evaluated by (11) and the products on the right hand side are in A.

For example, consider the tangent functor T . By (12),

T F^p_i = F^p_i + e (_{∂F pi} ∂x^j x j 1 +^{∂F pi}_{∂yq} y^q_1 )

and we have da^i = dx^i + edx^i_1, db^p = dy^p + edy^p_1 . Then

(dy^p + edy^p_1 ) = ( F^p_i + e (_{∂F pi} ∂x^j x j 1 +^{∂F pi}_{∂yq} y^q_1 )) (dx^i + edx^i_1)

implies that the equations of T Γ are (19) and

dy^p_1 = (_{∂F pi} ∂x^j x j 1 +^{∂F pi}_{∂yq} y^q_1 ) dx^i + F^p_i dx^i_1 .

Of course, the aim of this simplest example is to illustrate the procedure. The power of the Weil algebra technique appears properly if we consider a more complicated algebra A.

3.14. Curvature in the lifting form. Consider Γ in the lifting form. The Γ-lift of a vector field X on M is a projectable vector field ΓX on Y defined by ΓX = Γ(−, X). Then the curvature C_Γ is identified with a morphism C_Γ : Y ×_M T M ×_M T M → V Y (20)

defined as follows. Two vectors ξ_1, ξ_2 ∈ T_{p(y)}M are extended into some vector fields X_1, X_2 on M and

C_Γ(y, ξ_1, ξ_2) = [ΓX_1, ΓX_2](y) − Γ ( [X_1, X_2] ) (y) . Using the lifting form of Γ, we construct

T^AC_Γ : T^AY ×_T A_M T^AT M ×_T A_M T^AT M → T^AV Y .

Then we have the following characterization of the curvature of T^AΓ.

Proposition. If C_Γ is in the form (20), then

C_T A_Γ = κ^A_Y ∘ T^AC_Γ ∘ ( id_T A_Y ×_T A_M (κ^A_M )^{−1} ×_T A_M (κ^A_M )^{−1} ) .

3.15. Principal and linear connections. Connections in the sense of 3.11 represent a generalization of the classical concept of connection. In the classical theories, connections are studied on principal bundles and are assumed to be right-invariant. Nowadays, a right-invariant connection on P is said to be principal. Similarly, if E → M is a vector bundle, so that J^1E → M is also a vector bundle, a connection Γ : E → J^1E is said to be linear, if Γ is a linear morphism.

Consider a connection Γ on a principal bundle P (M, G). Each fiber of V P → P is identified with g in the standard way. Hence the connection form ω_Γ of Γ can be interpreted as a 1-form on P with values in the vector space g. If Γ is principal, then ω_Γ : T P → g is the classical connection form of Γ. One deduces easily

Proposition. If Γ is a principal connection on P with connection form ω_Γ : T P → g, then T^AΓ is a principal connection on T^AP → T^AM with connection form ω_T A_Γ = T^A(ω_Γ).

Analogously, let Γ be a linear connection on a vector bundle E → M . Then the induced connection T^AΓ on T^AE → T^AM is also linear.

3.16. a-torsions. The Frölicher-Nijenhuis bracket can be applied in the theory of torsions of connections on a Weil bundle T^AM . This was pointed out in [17]. We present the basic ideas in a slightly more general setting.

For every a ∈ A, L(a)_M is a natural tangent valued 1-form on T^AM . Consider a natural fibered manifold T^AM → Q. (For example, Q is M or one of the underlying Weil bundles from 2.13. In the case of a fibered manifold Y → M , we can consider T^AY → T^AM .) Then every connection Γ on T^AM → Q can be viewed as a tangent valued 1-form ω_Γ on T^AM .

Definition. The Frölicher-Nijenhuis bracket [ L(a)_M , ω_Γ ] is called a-torsion of Γ.

Since L(1)_M = id_{T T} A_M and [id, ω_Γ] = 0 by (17), only the elements from the nilpotent part of A are interesting.

We have to explain how our definition generalizes the classical notion of torsion. The Weil algebra of the tangent functor T is D with one-dimensional nilpotent part generated by e, see 1.4. Let Γ be a classical linear connection on T M → M . Using simple evaluation, one deduced that [ L(e)_M , ω_Γ ] is the classical torsion of Γ.

Consider the T^A-prolongation T^AΓ of a connection Γ on Y → M . Then T^AΓ is torsion free in the following sense.

Proposition. We have [ L(a)_Y , ω_T A_Γ ] = 0 for all a ∈ A.

Proof. We have L(a)_Y = L(a) ∘ id_{T T} A_Y . Hence Theorem 3.10 and (17) imply [ L(a)_Y , ω_T A_Γ ] = L(a)T^A ( [id_{T Y} , ω_Γ] ) = 0.

3.17. Some further structures. The first paper dealing systematically with T^A-prolongation of various geometric structures is by A. Morimoto, [21]. Beside some subjects we already mentioned, he studied T^A-prolongation of almost complex structures and the prolongation of a classical linear connection on M into a classical linear connection on T^AM .

Even the paper [7] by J. Gancarzewicz, W. Mikulski and Z. Pogoda is devoted, beside the general theory, to T^A-prolongation of further geometric structures. Main attention is paid to Riemannian and pseudo-Riemannian metrics, symplectic and almost symplectic structures, almost tangent structures and Kählerian structures.

3.18. Remark. All results of this paper are valid for an arbitrary Weil algebra. However, we have to point out that there are further geometric problems, in which certain special kinds of Weil algebras are specified. We mention solely a paper by M. Kureš and W. Mikulski, [19], on the natural operators transforming vector fields from a manifold M into vector fields on the bundle K^AM of contact A-elements introduced in 2.15. In [19], the best results are deduced for homogeneous Weil algebras. We recall that an ideal I ⊂ R[x_1, . . ., x_k] is said to be homogeneous, if P ∈ I implies that all homogeneous components of polynomial P are also in I. A Weil algebra is called homogeneous, if it can be expressed in the form R[x_1, . . ., x_k]/I with a homogeneous ideal I. Clearly, all algebras D^r_k and their tensor products are homogeneous. Examples of nonhomogeneous Weil algebras are constructed in [19].

4. Fiber product preserving bundle functors

4.1. Jet functors. There are 3 bundle functors, whose construction is based on the concept of r-jet only.

For every two manifolds M and N , J^r(M, N ) is the bundle of all r-jets of M into N . Let f : M → M be a local diffeomorphism and g : N → N be a map. Then the induced map J^r(f, g) : J^r (M, N ) → J^r (M , N) is defined by

J^r(f, g)(X) = (j^r_y g) ∘ X ∘ (j^r_xf)^{−1} ,

where x or y is the source or the target of X ∈ J^r (M, N ). Hence J^r is a bundle functor defined on the product category Mf_m × Mf, m = dim M .

For every fibered manifold p : Y → M , J^rY is the bundle of r-jets of local sections of Y . If p : Y → M is another fibered manifold and f : Y → Y is an FM-morphism such that the base map f : M → M is a local diffeomorphism, then the map J^r (f , f) : J^r(M, Y ) → J^r(M , Y ) transforms J^r Y into J^r Y . The restricted and corestricted map J^r f : J^r Y → J^rY is called the r-th jet prolongation of f. Hence J^r is a functor on the category FM_m. In concrete problems, it is always clear which functor J^r is under consideration and we have no intention to change this convention. But in this theoretical chapter we have to distinguish. So, in this chapter we shall write J^r_h in the case of FM_m. The r-th vertical jet prolongation J^r_v Y , which is used e.g. in the theory of higher order absolute differentiation, is defined by

J^r_v Y = ⋃ x∈M J^r_x(M, Y_x) . The restriction and corestriction of J^r (f , f) defines J^r_v f : J^r_v Y → J^r_v Y . Hence J^r_v is a bundle functor on FM_m. In this context, we also say that J^r_hY is the r-th horizontal jet prolongation of Y .

The construction of product fibered manifolds is a functor i : Mf_m×Mf → FM_m, i(M × N ) = (M × N → M ) and i(f × g) is f × g with the base map f. We have J^r_h(M × N ) = J^r (M, N ) = J^r_v (M × N ) and both functors J^r_h ∘ i and J^r_v ∘ i coincide with J^r.

4.2. Nonholonomic jets. The r-th nonholonomic prolongation ~J^r_hY of a fibered manifold Y is defined by the iteration ~J^r_h Y = J^1_h ( ~J^{r−1}_h Y → M ) ,

~J^1_hY = J^1_hY . For every f : Y → Y in FM_m, the iteration determines ~J r_hf = J 1_h( ~J^{r−1}_h f) : ~J r_hY → ~J r_h Y . Hence ~J r_h is a bundle functor on FM_m.

The canonical inclusion J^r_hY → ~J^r_hY is defined by the iteration j^r_xs → j^1_x(u → j^{r−1}_u s) for every local section s of Y , u ∈ M .

The restriction ~J^r_h ∘ i yields a functor ~J^r on Mf_m × Mf. The space ~J^r (M, N ) = ~J^r_h (M × N → M ) is the bundle of nonholonomic r-jets of manifold M into manifold N defined by Ehresmann. The elements of J^r(M, N ) ⊂ ~J^r(M, N ) are also said to be holonomic r-jets. Let Q be a third manifold. Ehresmann introduced the composition of nonholonomic r-jets by the following induction. For r = 1, we have the composition of 1-jets. Write β : ~J^{r−1}(M, N ) → N for the canonical projection. Let X = j^1_xs(u) ∈ ~J^r_x (M, N )_y, u ∈ M , and Z = j^1_y σ ∈ ~J^r_y (N, Q)_z, y = β ( s(x) ) . Then

Z ∘ X := j^1_x ( σ ( β(s(u)) ) ∘ s(u) ) ∈ ~J^r_x(M, Q)_z (21) with the composition of nonholonomic (r −1)-jets on the right hand side. If X and Z are holonomic r-jets, then (21) coincides with the classical composition. The composition of nonholonomic r-jets is associative.

The r-th vertical nonholonomic prolongation of Y is defined by ~J^r_v Y = ⋃ x∈M ~J^r_x(M, Y_x) . Even this is a bundle functor on FM_m. Similarly to the holonomic case, we have ~J^r_h ∘ i = ~J^r = ~J^r_v ∘ i.

4.3. Bundle functors in the product case. We start with some properties of bundle functors on Mf × Mf that are needed for the main subject of this chapter. First we introduce some notation.

Let F be a bundle functor on Mf ×Mf. We write F_x(M, N ) or F_x(M, N )_y for the submanifold of all elements of F (M, N ) over x ∈ M or (x, y) ∈ M ×N , respectively. For g : M → M and f : N → N , we write F_x(g, f) : F_x(M, N ) → F_{g(x)}(M , N) and F_x(g, f)_y : F_x(M, N )_y → F_{g(x)}(M , N)_{f(y)} for the restricted and corestricted maps.

Definition. We say that F preserves products in the second factor, if F (M, N_1× N_2) = F (M, N_1) ×_M F (M, N_2). We say that F has order r in the first factor, if for every g, g : M → M and f : N → N , j^r_xg = j^r_xg implies F_x(g, f) = F_x(g, f) : F_x(M, N ) → F_{g(x)}(M , N) . Clearly, if F has order r in the standard sense, i.e. j^r_{x,y}(g, f) = j^r_{x,y}(g, f) implies F_x(g, f)_y = F_x(g, f )_y, then F has order r in the first factor.

4.4. The case of Mf_m × Mf. Let F be a bundle functor on Mf_m × Mf that preserves products in the second factor. We define an associated bundle functor G^F on Mf by G^F (N ) = F_0(R^m, N ) and G^F (f) = F_0(id_Rm, f) : G^F N → G^F N . Clearly, G^F preserves products, so that G^F = T^A for a Weil algebra A.

Assume further that F has order r in the first factor. For X ∈ G^r_m, X = j^r_0 γ and every manifold N , we set H^F (X)_N = F_0(γ, id_N ) : G^F N → G^F N .

Since the following diagram commutes

(R^m, N )^{(idRm,f)} //

(γ,id_N ) fflffl

(R^m, N ) (γ,id_N ) fflffl (R^m, N )^{(idRm,f)} // (R^m, N )

each H^F (X) is a natural equivalence T^A → T^A. By 2.7, H^F (X) corresponds to an element of Aut A. Clearly, H^F : G^r_m → Aut A is a group homomorphism.

Conversely, consider a Weil algebra A and a group homomorphism H : G^r_m → Aut A. For every manifold N , we have the induced left action H_N of G^r_m on T^AN , so that we can construct the associated bundle P^rM [T^AN, H_N ] =: (A, H)(M, N ) for every m-dimensional manifold M . We underline that the elements of P^rM [T^AN, H_N ] are the equivalence classes {u, Z} , u ∈ P^rM, Z ∈ T^AN . For every local diffeomorphism g : M → M , we have the induced morphism P^rg : P^rM → P^rM of principal bundles and every map f : N → N induces a G^r_m-equivariant map T^Af : T^AN → T^AN . So we can construct the morphism of associated bundles (A, H)(g, f) := P^rg[T^Af] : P^rM [T^AN, H_N ] → P^rM[T^AN , H_N ]. Clearly, (A, H) is a functor. Thus, we have proved

Proposition. The above construction establishes a bijection between the bundle functors on Mf_m × Mf that preserve products in the second factor and have order r in the first factor and the pairs (A, H) of a Weil algebra A and a group homomorphism H : G^r_m → Aut A.

In particular, if M = R^m, then P^rR^m = R^m × G^r_m and the associated bundle (A, H)(R^m, N ) is identified with R^m × T^AN . Given f : N → N , we have

(A, H)(id_Rm, f) = id_Rm ×T^Af : R^m × T^AN → R^m × T^AN .

If F = (A, H) is another bundle functor on Mf_m × Mf of order r in the first factor, then the natural transformations τ : F → F are in bijection with the equivariant algebra homomorphisms μ : A → A, i.e. μ ( H(X)(a) ) = H(X) ( μ(a) ) for all a ∈ A and X ∈ G^r_m. We have

τ_{M,N} = (id_P r_M , μ_N ) : P^rM [T^AN, H_N ] → P^rM [T^AN, H_N ] .

In the case M = R^m, τ_Rm_{,N} = id_Rm ×μ_N : R^m × T^AN → R^m × T^AN .

4.5. The algebra ~D^r_m . We describe the functor ~J^r in this way. The space ~T^r_mN := ~J^r_0 (R^m, N ) is called bundle of nonholonomic (m, r)-velocities on N . Using the translations on R^m, one identifies ~T^r_mN with the iteration T^1_m ( . . . r-times

(T^1_mN ) . . . ) . Since the Weil algebra of T^1_m is D^1_m , 2.10 implies

that the Weil algebra ~D^r_m of ~J^r is D^1_m ⊗ . . . ⊗

r-times

D^1_m . The action of G^r_m =

inv J^r_0 (R^m, R^m)_0 on ~D^r_m is given by the composition of nonholonomic jets.

4.6. The base order of F . Let F be a bundle functor on FM. The definition of the order of F is based on the concept of (q, s, r)-jet, see 2.17. We say that F is of order (q, s, r), s ≥ q ≤ r, if for every FM-morphism f : Y → Y , the restriction F f | F_yY depends on j^{q,s,r}_y f only, y ∈ Y .

The integer r is called the base order of F .

4.7. The main result. Let F be a fiber product preserving bundle (in short: f.p.p.b.) functor on FM_m, i.e. F (Y_1 ×_M Y_2) = F Y_1 ×_M F Y_2 for every two fibered manifolds Y_1 and Y_2 over the same base M , dim M = m. Its restriction F ∘ i to Mf_m × Mf preserves products in the second factor. In [15], it is deduced that F has finite order. The base order r of F coincides with the order of F ∘ i in the second factor. By 4.4, F ∘ i = (A, H), so that F (M × N ) = P^rM [T^AN, H_N ].

Further, F determines a natural transformation ~t_Y : J^r_h Y → F Y . Every element X ∈ J^r_h Y is of the form j^r_xs. We interpret the local section s of Y as a local FM_m-morphism ~s of the trivial fibered morphism id_M : M → M (denoted by i_1M in 2.16) into Y and we set ~t_Y (X) = (F ~s)(x) ∈ F Y . (22)

In the product case Y = R^m × N , we have J^r_h (R^m × N ) = R^m × T^r_mN and F (R^m × N ) = R^m × T^AN . Write

t_N : T^r_mN → T^AN

for the restricted and corestricted map over 0 ∈ R^m. This is a natural transformation, so that it corresponds to an algebra homomorphism t : D^r_m → A. By naturality of ~t, t is a G^r_m-equivariant algebra homomorphism, i.e. t(X ∘ g) = H(g) ( t(X) ) , X ∈ D^r_m , g ∈ G^r_m . The inclusion Y → M × Y , y → ( p(x), y ) is a base preserving morphism.

Applying F , we obtain an inclusion F Y → F (M × Y ) = P^rM [T^AY, H_Y ] . Since P^rM ⊂ T^r_mM , t defines a natural map (denoted by the same symbol) t_M : P^rM → T^AM . According to [15], F Y is the space of all equivalence classes {u, Z} satisfying t_M (u) = T^Ap(Z), u ∈ P^rM , Z ∈ T^AY .

Conversely, such a triple (A, H, t) defines a bundle functor F = (A, H, t) on FM_m by F Y = { {u, Z}; u ∈ P^rM, Z ∈ T^AY, t_M (u) = T^Ap(Z) } . (23)

For an FM_m-morphism f : Y → Y over f : M → M , (A, H)(f, f) = P^rf[T^Af] maps F Y into F Y and F f is its restriction and corestriction. This implies

Theorem. The f.p.p.b. functors of base order r on FM_m are in bijection with the triples (A, H, t), where A is a Weil algebra, H : G^r_m → Aut A is a group homomorphism and t : D^r_m → A is an equivariant algebra homomorphism. The natural transformations (A, H, t) → (A, H, t) are in bijection with the equivariant algebra homomorphisms μ : A → A satisfying t = μ ∘ t.

The second assertion follows from the fact that t = μ ∘ t implies that the natural transformation (A, H) → (A, H) maps (A, H, t)(Y ) into (A, H, t)(Y ).

If we use the inclusions J^r_hY ⊂ P^rM [T^r_mY ] and F Y ⊂ P^rM [T^AY ], then the map ~t_Y : J^r_hY → F Y is of the form ~t_Y ( {u, X} ) = { u, t_Y (X) } . (24)

4.8. The basic examples. The simplest examples of f.p.p.b. functors on FM_m are J^r_h , J^r_v and V^A. So every iteration of these functors is also a f.p.p.b. functor on FM_m.

By 1.9, Aut D^r_m = G^r_m. Write C for the corresponding action of G^r_m on D^r_m . One finds easily J^r_h = (D^r_m , C, id_Dr_m) and J^r_v = (D^r_m , C, O), where O : D^r_m → D^r_m is the zero homomorphism. Functor V^A has base order 0. In this case, G^0_m = {e} is the one element group, D^0_m = R and H maps e into id_R.

4.9. The iteration. Let E = (B, K, u) be another f.p.p.b. functor on FM_m of base order s, so that K : G^s_m → Aut B and u : D^s_m → B. The composition F ∘ E preserves fiber products as well. In [6], the following expression F ∘ E = (C, L, v) is deduced. Clearly, the Weil algebra is C = B ⊗ A.

Then we construct the group homomorphism L : G^{r+s}_m → Aut (B ⊗ A). Write ι^{r,s}_m : G^{r+s}_m → T^r_mG^s_m for the map j^{r+s}_0 γ → j^s_0 ( y → j^r_0 (γ ∘ τ_y) ) , y ∈ R^m , where τ_y is the translation on R^m transforming 0 into y. For every g ∈ G^{r+s}_m , we denote by β_r (g) ∈ G^r_m the underlying r-jet. We interpret K or L as a map K : G^s_m × B → B or L : G^{r+s}_m × T^AB → T^AB, respectively. Then T^AK : T^AG^s_m × T^AB → T^AB. By 3.4, t induces a group homomorphism t_Gs_m : T^r_mG^s_m → T^AG^s_m. According to [6], we have L(g, Z) = H ( β_r (g) ) B ( T^AK(t_Gs_m (ι^{r+s}_m (g)), Z) ) , Z ∈ T^AB . To find the algebra homomorphism v : D^{r+s}_m → B ⊗ A, we consider the injection i^{r,s}_m : D^{r+s}_m → T^r_mD^s_m , j^{r+s}_0 γ → j^r_0 ( y → j^s_0(γ ∘ τ_{γ(y)}) ) , y ∈ R^m . Then we construct T^r_mu : T^r_mD^s_m → T^r_mB and t_B : T^r_mB → T^AB. By [6], we have v = t_B ∘ T^r_mu ∘ i^{r,s}_m . 4.10. Applications. We present two simple geometric applications of 4.9. Consider the vertical Weil functor V^B in the role of E. The base order of both iterations V^BF and F V^B is r. In the first or the second case, the action of G^r_m on A ⊗ B or B ⊗ A is H ⊗ id_B or id_B ⊗H and the algebra homomorphism D^r_m → A ⊗ B or D^r_m → B ⊗ A is t ⊗ id_B or id_B ⊗ t, respectively. Hence the exchange algebra homomorphism ex : A ⊗ B → B ⊗ A is equivariant and satisfies ex ∘ (t ⊗ id_B) = id_B ⊗ t. Thus ex determines a canonical natural equivalence

κ^{B,F}_Y : V^B (F Y ) → F (V^BY ) .

(25)

The special case F = J^r_h and V^B = V is heavily used e.g. in the variational calculus on fibered manifolds.

Another result, which is proved in [6], clarifies certain “rigidity” properties of jet functors.

Proposition. The only natural transformation J^r_h J^s_h → J^r_hJ^s_h is the identity.

In particular, for r = s = 1 we obtain that there is no natural exchange map ~J^2_h Y → ~J^2_hY .

4.11. The general concept of jet functor. Several special kinds of nonholonomic r-jets are known. Ehresmann himself defined the r-th semiholonomic jet prolongation J^r_hY of a fibered manifold Y → M by induction starting with J^1_hY = J^1_hY . Then J^r_hY is the space of 1-jets j^1_xs, where s is a local section of J^{r−1}_h Y → M satisfying s(x) = j^1_x(β_{r−1} ∘ s), β_{r−1} : J^{r−1}_h Y → J^{r−2}_h Y being the canonical projection. Clearly, we have J^r_hY ⊂ J^r_hY . In the product case, J^r_h(M ×N ) =: J^r (M, N ) is the bundle of semiholonomic r-jets of M into N . The composition of two semiholonomic r-jets in the sense of 4.2 is a semiholonomic r-jet as well. We can also construct the r-th vertical semiholonomic jet prolongation of Y by

J^r_vY = ⋃ x∈M J^r_x(M, Y_x) . Using the viewpoint of Weil bundles, we introduced the general concept of r-th order jet functor, [11]. This is a bundle functor G on Mf_m × Mf satisfying J^r ⊂ G ⊂ ~J^r and preserving products in the second factor. By 4.4, for the corresponding Weil algebra A we have D^r_m ⊂ A ⊂ ~D^r_m , so that there is a canonical action C_A of G^r_m on A. Conversely, every Weil algebra A with this property defines an r-th order jet functor G. Using 4.7, we can construct its horizontal version G_h = (A, C_A, i), where i : D_m → A is the above injection, and the vertical version G_v = (A, C_A, O), where O : D^r_m → A is the zero homomorphism. We have J^r_h ⊂ G_h ⊂ ~J^r_h and J^r_v ⊂ G_v ⊂ ~J^r_h .

4.12. Remark. The f.p.p.b. functors were studied on the category FM_m because of the relations to jet bundles. Of course, one can be also interested in the f.p.p.b. functors on the whole category FM. Even these functors can be characterized in terms of Weil algebras. The first results on this subject are presented in a recent paper [16].

5. Some applications

5.1. F -prolongation of vector bundles. Consider a fibered manifold p : C → M and a Lie group K. We say that C is a group bundle of type K, if each fiber is a Lie group and for every x ∈ M there exists a neighbourhood U such that p^{−1}(U ) = U × K. The group compositions form a base preserving morphism ν : C ×_M C → C. For every f.p.p.b. functor F = (A, H, t), F ν : F C ×_M F C → F C endows F C → M with the structure of group bundle of type T^AK. If C → M is another group bundle, an FM-morphism f : C → C is called group bundle morphism, if its restriction to each fiber is a group homomorphism. If f : C → C is a group bundle morphism with local diffeomorphism as base map, then F f : F C → F C is also a group bundle morphism.

In particular, if E → M is a vector bundle, then F E is a bundle of Abelian groups. The multiplication of the elements of E by reals can be interpreted as a base preserving morphism σ : (M × R)×_M E → E. By 4.7, F (M × R) = P^rM [A, H]. Hence F σ : P^rM [A, H] ×_M F E → F E . But R ⊂ A is an H-invariant subspace, so that M × R is a subbundle of P^rM [A, H]. This defines the multiplication by reals on F E and one verifies easily that F E → M is a vector bundle, too. Clearly, the bundle projection F E → E is a linear morphism. Further, if E → M is another vector bundle and f : E → E is a linear morphism with local diffeomorphism as base map, then F f : F E → F E is also a linear morphism.

5.2. The flow natural map. In the case of a f.p.p.b. functor F = (A, H, t) on FM_m, we have the following analogy of the flow natural exchange map from 2.11. First consider a vector field ξ on M . Its flow prolongation P^r ξ is a right-invariant vector field on r-th order frame bundle P^rM , whose value at every u ∈ P^r_x M depends on j^r_xξ only. This defines a map i : P^rM ×_M J^r T M → T P^rM . For a fibered manifold p : Y → M , we shall consider T Y as a fibered manifold T Y → M . Then T p : T Y → T M is a base preserving morphism that induces F T p : F T Y → F T M . Taking into account the natural transformation ~t_{T M} : J^rT M → F T M from 4.7, we construct the fiber product J^rT M ×_{F T M} F T Y . (26)

By 4.7, we have F T Y ⊂ P^rM [T^AT Y ]. Consider (X, {u, Z}) from (26), X ∈ J^r_xT M , u ∈ P^r_x M , Z ∈ T^AT Y . Write i(u, X) = (∂/∂t)_0γ(t), γ : R → P^rM . By (26), κ^A_Y (Z) ∈ T T^AY can be expressed as (∂/∂t)_0ζ(t), where ζ : R → T^AY satisfies t_M ( γ(t) ) = T^Ap ( ζ(t) ) for all t. So {γ(t), ζ(t)} is a curve on F Y and we define ψ^F_Y ( X, {u, Z} ) =^∂_{∂t} | 0 { γ(t), ζ(t) } . By right-invariancy, this is independent of the choice of u. Hence we obtain a map ψ^F_Y : J^rT M ×_{F T M} F T Y → T F Y . By 5.1, F T Y is a vector bundle over F Y ×_M F T M and one finds easily that ψ^F_Y is linear in both J^r T M and F T Y .

A projectable vector field η on Y over ξ on M can be interpreted as a base preserving morphism η : Y → T Y . Then we construct the functorial prolongation F η : F Y → F T Y as well as the r-th jet prolongation j^r ξ : M → J^rT M . The values of j^r ξ ×_{idM} F η are in (26). The proof of the following assertion can be found in [10].

Proposition. The flow prolongation Fη of η satisfies Fη = ψ^F_Y ∘ (j^r ξ ×_{idM} F η) . It is useful to introduce also a modified map ~ψ^F_Y : J^rT M ×_{F T M} F T Y → J^r T M ×_{T M} T F Y , ~ψ^F_Y (X, {u, Z}) = (X, ψ^F_Y (X, {u, Z})) . One finds easily that ~ψ^F_Y is a diffeomorphism.

In the case F = J^r, we have F T M = J^rT M , so that ψ^{J r}_Y : J^rT Y → T J^r Y . This map was constructed in another way by L. Mangiarotti and M. Modugno.

We present a local expression of ψ^F_Y . We take Y = R^m × V , where we may assume V is a vector space. The group homomorphism H : G^r_m → Aut A induces a Lie algebra homomorphism h : g^r_m → Der A. We have J^r T R^m = T R^m × g^r_m. Since ~t_{T R}m maps g^r_m into (N_A)^m, it is J^r T R^m ×_{F T R}m F T (R^m × V ) = T R^m × g^r_m × V ⊗ A × V ⊗ A . On the other hand, T F (R^m × V ) = T R^m × V ⊗ A × V ⊗ A. For z ∈ T R^m, u ∈ g^r_m, v ⊗ a ∈ V ⊗ A and w ∈ V ⊗ A, one finds ψ^F_Rm_{×V} (z, u, v ⊗ a, w) = ( z, v ⊗ a, w + v ⊗ h(u)(a) ) . (27) Even in the classical case F = J^r, this formula is convenient for evaluating J^rη. 5.3. F -prolongation of connections. The flow natural map ψ^F_Y can be used for constructing the F -prolongation of projectable tangent valued forms on Y . However, in this situation we need an auxiliary linear r-th order connection on the base M , i.e. a linear base preserving morphism Λ : T M → J^rT M satisfying β ∘ Λ = id_{T M} . This fact is well known from the theory of connections, [14]. Let F be an arbitrary bundle functor on the category of local isomorphisms of fibered manifolds of base order r and Γ be a connection on Y . The flow prolongation of the lifted vector field ΓX depends on the r-jets of vector field X : M → T M . This defines a map FΓ : F Y ×_M J^rT M → T F Y . If we add Λ to the second factor, we obtain the lifting map F Y ×_M T M → T F Y of a connection F(Γ, Λ) on F Y , which is called the F -prolongation of Γ with respect to Λ.

5.4. Tangent valued forms. For the sake of simplicity, we consider a projectable tangent valued 1-form Q : T Y → T Y over Q : T M → T M , that means T p ∘ Q = Q ∘ T p. We have to interpret both Q and Q as base preserving morphisms over M . Then we construct the induced map J^rQ ×_{F Q} F Q : J^r T M ×_{F T M} F T Y → J^rT M ×_{F T M} F T Y .

Consider the following diagram J^rT M ×_{F T M} F T Y^J r Q×_{F Q} F Q // ~ψ^F_Y fflffl J^rT M ×_{F T M} F T Y ψ^F_Y fflffl J^r T M ×_{T M} T F Y // T F Y Since ~ψ^F_Y is invertible, the bottom arrow defines FQ = ψ^F_Y ∘ (J^rQ ×_{F Q} F Q) ∘ ( ~ψ^F_Y )^{−1} : J^rT M ×_{T M} T F Y → T F Y . Then 5.2 implies the following property of FQ.

Proposition. Let η be a projectable vector field on Y over ξ on M . Then F ( Q(η) ) = FQ ∘ (j^r ξ ×_{idT M} Fη) . Definition. For every linear r-th order connection Λ : T M → J^r T M , the tangent valued 1-form on F Y

F(Q, Λ) := FQ ∘ (Λ ×_{idT M} id_{T F Y} ) : T F Y → T F Y

is called the F -prolongation of Q with respect to Λ.

For a projectable tangent valued k-form Q on Y , we construct a projectable tangent valued k-form F(Q, Λ) on F Y in the same way.

We remark that ψ^F can be applied in an interesting way for constructing the F -prolongations of Lie algebroids and their actions, [12].

5.5. Remarks. If ω_Γ is the connection form of a connection Γ on Y , see 3.11, then F(ω_Γ, Λ) is the connection form of the connection F(Γ, Λ).

However, finding the curvature of F(Γ, Λ) is a much more complicated problem than in 3.11. This can be illustrated on some special cases discussed in detail in [4].

In general, the F -prolongation of tangent valued forms with respect to Λ does not preserve the Frölicher-Nijenhuis bracket. Some very special cases, in which this bracket is preserved, are characterized in [4].

5.6. Weak principal bundles. First we recall the basic properties of rth jet prolongations of associated bundles, which were clarified already by Ehresmann. Consider a fiber bundle E = P [S, l] associated to a principal bundle P (M, G). By 3.4, G^r_m acts on T^r_mG by group isomorphisms. Hence we can construct the semidirect group product W^r_mG = G^r_m ⋊ T^r_mG . Then W^r P := (P^rM ×_M J^rP ) → M is a principal bundle with structure group W^r_mG. (More details will be given in 5.7 in a more general setting.) W^rP is called the r-th principal prolongation of principal bundle P , [14].

An action l : G × S → S induces an action W^r_ml : W^r_mG × T^r_mS → T^r_mS, W^r_ml ( (g, X), Z ) = ( T^r_ml(X, Z) ) ∘ g^{−1} , g ∈ G^r_m, X ∈ T^r_mG, Z ∈ T^r_mS. Then J^r E has a canonical structure of associated bundle J^r E = W^rP [T^r_mS, W^r_ml] .

Some geometric properties of J^rP can be described by using the following concept. Consider a group bundle C → M .

Definition. A fibered manifold Q → M is called a weak principal bundle with structure group bundle C → M , if we are given a base preserving morphism ϱ_Q : Q ×_M C → Q such that each group C_x acts simply transitively on the right on Q_x.

The principal bundle is a weak principal bundle, the group bundle of which is a product M × K.

By 4.7, we have J^r (M × G) = P^rM [T^r_mG]. This is a group bundle of type T^r_mG. Applying J^r to ϱ_P : P ×_M (M × G) → P , we obtain

J^r ϱ_P : J^rP ×_M P^rM [T^r_mG] → J^rP .

This defines a weak principal bundle structure on J^rP .

5.7. Principal F -prolongations. Consider the general case F = (A, H, t). Applying F to ϱ_Q, we obtain ϱ_{F Q} := F ϱ_Q : F Q ×_M F C → F Q . This endows F Q → M with the structure of a weak principal bundle with structure group bundle F C → M .

The construction of W^rP from 5.6 can be extended to the general case. By 3.4, the action H_G of G^r_m on T^AG is by group homomorphisms. Hence we can construct the semidirect group product W^A_H G = G^r_m ⋊ T^AG with the composition

(g_1, X_1)(g_2, X_2) = ( g_1 ∘ g_2, T^Aφ ( H_G(g^{−1}_2 )(X_1), X_2 )) , where φ is the group composition of G. For an action l : G × S → S, we define

W^A_H l : W^A_H G × T^AS → T^AS , W^A_H l ( (g, X), Z ) = H_S(g) ( T^Al(X, Z) ) , g ∈ G^r_m, X ∈ T^AG, Z ∈ T^AS. This is an action, too. Clearly, F (M × G) = P^rM [T^AG, H_G] is a group bundle of type T^AG. We have F ϱ_P : F P ×_M P^rM [T^AG, H_G] → F P . We introduce W^F P = P^rM ×_M F P and we define an action of W^A_H G on W^F P by (u, Z)(g, X) = ( u ∘ g, F ϱ_P ( Z, {u ∘ g, X}) ) (28) with u ∈ P^r_x M , Z ∈ F_xP , g ∈ G^r_m, X ∈ T^AG, so that {u ∘ g, X} ∈ P^rM [T^AG, H_G]. One verifies directly

Proposition. W^F P (M, W^A_H G) is a principal bundle. For an associated bundle E = P [S, l], F E is an associated bundle W^F P [T^AS, W^A_H l].

We say that W^F P is the principal F -prolongation of principal bundle P . In the case F = J^r, we have W^{J r} P = W^rP .

Remark. In [13], a more general construction of a principal bundle from a weak principal bundle and a suitable group bundle is discussed. Then a construction of the Lie algebroid of the principal bundle in question in terms of an action of a Lie algebroid on a Lie algebra bundle by derivations is described. In particular, the Lie algebroid of W^F P can be determined in this way.

5.8. Lie groupoids. It is interesting that the description of F Y as a subset of P^rM [T^AY ], deduced in 4.7, is unavoidable for constructing the F - prolongations of Lie groupoids.

In the algebraic sense, a groupoid is a category in which all elements are invertible. We write a or b for the right or left unit map (also called source or

target), respectively. A smooth groupoid Φ^a //_b //M is a groupoid such that

Φ and M are manifolds, both a, b : Φ → M are surjective submersions and the partial composition law

φ : Φ^a ×_M Φ^b → Φ , Φ^a := (Φ^a−→ M ) , Φ^b := (Φ^b−→ M )

as well as the unit injection e : M → Φ are smooth maps. The product groupoid is of the form M × G × M , where M is a manifold, G is a Lie group, a = pr_3, b = pr_1, e(x) = (x, e_G, x), where e_G is the unit of G, and φ ( (x_3, g_2, x_2)(x_2, g_1, x_1) ) = (x_3, g_2g_1, x_1) ,

the product g_2g_1 being in G. A smooth groupoid is called a Lie groupoid, if it is locally isomorphic to the product one.

For every Lie groupoid Φ and every x ∈ M , Φ_x := {θ ∈ Φ, aθ = x} is a principal bundle, whose structure group G_x is the isotropy group of Φ over x. Conversely, if P (M, G) is a principal bundle, then the space of all equivalence classes P P^{−1} = P × P/ ∼ , (v, u) ∼ (vg, ug) , u, v ∈ P, g ∈ G , is a Lie groupoid over M with respect to the composition {w, v}{v, u} = {w, u}. We say that P P^{−1} is the gauge groupoid of P .

One verifies easily that for every Lie groupoid Φ^a //_b //M , T^AΦ^T Aa // T^Ab //T^AM

is also a Lie groupoid with partial composition law T^Aφ and unit injection T^Ae : T^AM → T^AΦ. If Φ = P P^{−1}, then T^AΦ = T^AP (T^AP )^{−1}, where T^AP → T^AM is the principal bundle from 3.8.

However, in the case F = (A, H, t) we cannot apply F to φ, for φ is not an FM_m-morphism. But we can consider the F -prolongation of Φ^a−→ M . We write π : F (Φ^a) → Φ^a for the bundle projection and a = a ∘ π, b = b ∘ π :

F Φ^a → M . Further consider the groupoid Π^r M^α //_β //M of all invertible r-

jets of M into M . Hence (a, b) : F Φ^a → M × M and (α, β) : Π^rM → M × M , so that we can construct the fiber product Π^rM ×_{M×M} F Φ^a.

Definition. The F -prolongation of a Lie groupoid Φ is the subset FΦ ⊂ Π^rM ×_{M×M} F Φ^a (29)

of all pairs (v ∘ u^{−1}, {u, Z}) satisfying t_M v = T^Ab(Z).

Hence the elements of FΦ are the equivalence classes, with respect to the action of G^r_m,

{v, Z, u} satisfying T^Aa(Z) = t_M u , T^Ab(Z) = t_M v ,

u, v ∈ P^rM , Z ∈ T^AΦ. Given another {w, Z, v} ∈ FΦ, we define the composition ∗ by {w, Z, v} ∗ {v, Z, u} = {w, T^Aφ(Z, Z), u} . (30)

Write ~a,~b : FΦ → M for the projections determined by (29). Define ~e : M → FΦ by ~e(x) = {u, j^A ^e(x), u}, where ^ denotes the constant map of R^k into e(x). Then one verifies directly

Proposition. FΦ^{~a} //_{~b} //M with the partial composition law (30) and the unit

injection ~e is a Lie groupoid over M .

For a principal bundle P , we have F(P P^{−1}) = (W^F P )(W^F P )^{−1}, where W^F P is the principal bundle from 5.7.

5.9. F -prolongation of actions. An action of a Lie groupoid Φ on a fibered manifold p : Y → M is a map ψ : Φ^a ×_M Y → Y such that p ( ψ(θ, y) ) = b(θ) , ψ ( φ(θ_2, θ_1), y ) = ψ ( θ_2, ψ(θ_1, y) ) , ψ ( e(x), y ) = y . Every left group action l : G × S → S induces an action of M × G × M on the product fibered manifold M × S → M by ψ ( (x_2, g, x_1), (x_1, s) ) = ( x_2, l(g, s) ) . In the principal bundle form, M × S is a fiber bundle associated to M × G.

If ψ : Φ^a ×_M Y → Y is an action of Φ on Y , then T^Aψ : (T^AΦ)^{T Aa} ×_T A_M T^AY → T^AY is an action of T^AΦ on T^AY → T^AM . In the case F = (A, H, t), we have F Y ⊂ P^rM [T^AY ] and we define Fψ : (F Φ)^{~a} ×_M F Y → F Y by Fψ ( {v, Z, u}, {u, Q} ) = { v, T^Aψ(Z, Q) } , u, v ∈ P^rM , Z ∈ T^AΦ, Q ∈ T^AY . Analogously to 5.8, one verifies directly

Proposition. Fψ is an action of FΦ on F Y → M .

In the case Φ = P P^{−1}, we obtain the associated bundle structure on F Y described in 5.7.

5.10. Remark. The theory of Weil bundles can be extended to some infinite dimensional spaces. The basic information can be found in [18]. We describe the case of a rather simple functional bundle and we present one more advanced result.

Two fibered manifolds p_1 : Y_1 → M , p_2 : Y_2 → M over the same base define an infinite dimensional bundle ⋃ x∈M C^∞(Y_{1x}, Y_{2x}) =: F(Y_1, Y_2)^π−−→ M

of all smooth maps between the individual fibers over the same base point. This is a smooth space in the sense of Frölicher. We describe the basic ideas of this theory only. Given a manifold Q, a map f : Q → F(Y_1, Y_2) is said to be smooth in the sense of Frölicher, if f = π ∘ f : Q → M is smooth, so that we can construct the pullback f^∗Y_1 = { (q, y) ∈ Q × Y_1, π ( f(q) ) = p_1(y) } , and the associated map ~f : f^∗Y_1 → Y_2 , ~f (q, y) = f(q)(y)

is also smooth.

Write T^A_X Y_i = (T^Ap_i)^{−1}(X), X ∈ T^AM , i = 1, 2. Consider two maps f, g : R^k → F(Y_1, Y_2) that are smooth in the sense of Frölicher and satisfy j^A(π∘f) = j^A(π∘g) = X. Then we can construct a map j^Af : T^A_X Y_1 → T^A_X Y_2,

(j^Af) ( j^A ( γ(u) )) = j^A ( f(u) ( γ(u) )) , u ∈ R^k , and the same for g. If the maps j^Af and j^Ag coincide, we say that f and g determine the same A-velocity on F(Y_1, Y_2). This defines an infinite dimensional bundle T^AF(Y_1, Y_2) → T^AM . Since each algebra homomorphism μ : A → B can be interpreted as a reparametrization, we have an induced map μ_{F(Y1,Y2)} : T^AF(Y_1, Y_2) → T^BF(Y_1, Y_2) .

There are no flows in this situation. However, if X : F(Y_1, Y_2) → T F(Y_1, Y_2) is a vector field that is differentiable in the sense of Frölicher, then the formula T^AX := κ^A_{F(Y1,Y2)} ∘ T^AX defines a vector field on T^AF(Y_1, Y_2). The proof of the fact that this operation preserves the bracket of vector fields is heavily based on the Weil algebra technique, [1].

Further, if F is a f.p.p.b. functor on FM_m, then the decomposition F = (A, H, t) enables us to construct an infinite dimensional bundle F F(Y_1, Y_2) → M analogously to 4.7, [1]. The r-jet prolongation J^rF(Y_1, Y_2) can be also interpreted in a direct geometric way. A section s : M → F(Y_1, Y_2) smooth in the sense of Frölicher is identified with a base-preserving morphism Y_1 → Y_2. Then J^rF(Y_1, Y_2) is the space of all fiber r-jets j^r_xs, x ∈ M , introduced in [14].

References

[1] Cabras A., Janyška J., Kolář I., Functorial prolongations of some functional bundles, Annales Acad. Paed. Cracoviensis, Folia 23, Studia Mahematica IV (2003), 17–30.

[2] Cabras A., Kolář I., Prolongation of tangent valued forms to Weil bundles, Arch.

Math. (Brno) 31 (1995), 139–145.

[3] Cabras A., Kolář I., On the covariant exterior differentiation on Weil bundles, Differential Geometry and Its Applications, Proceedings, Silesian University at Opava (2002), 63–72.

[4] Cabras A., Kolář I., Flow prolongation of some tangent valued forms, to appear in Czechoslovak Math. J.

[5] Doupovec M., Kolář I., On the jets of fibered manifold morphisms, Cahiers Topo.

Géom. Differ. Catégoriques, XL (1999), 21–30.

[6] Doupovec M., Kolář I., Iteration of fiber product preserving bundle functors, Monatsh.

Math. 134 (2001), 39–50.

[7] Gancarzewicz J., Mikulski W., Pogoda Z., Lifts of some tensor fields and connections to product preserving bundles, Nagoya Math. J. 135 (1994), 1–41.

[8] Kock A., Synthetic Differential Geometry, London Math. Soc. Lecture Notes Series 51, Cambridge University Press 1981.

[9] Kolář I., Affine structure on Weil bundles, Nagoya Math. J. 158 (2000), 99–106. [10] Kolář I., On the geometry of fiber product preserving bundle functors, Differential Geometry and Its Applications, Proceedings, Silesian University at Opava (2002), 85– 92. [11] Kolář I., A general point of view to nonholonomic jet bundles, Cahiers Topo. Géom.

Differ. Catégoriques, XLIV (2003), 149–160.

[12] Kolář I., Functorial prolongations of Lie algebroids, Proceedings Conf. Prague 2004, Charles University, Prague, 2005, 305–314.

[13] Kolář I., Cabras A., On the functorial prolongations of principal bundles, to appear in Comment. Math. Univ. Carolin.

[14] Kolář I., Michor P. W., Slovák J., Natural Operations in Differential Geometry, Springer-Verlag, 1993.

[15] Kolář I., Mikulski W. M., On the fiber product preserving bundle functors, Differential Geometry and Its Applications 11 (1999), 105–115.

[16] Kolář I., Mikulski W. M., Fiber product preserving bundle functors on all morphisms of fibered manifolds, to appear in Arch. Math. (Brno).

[17] Kolář I., Modugno M., Torsions of connections on some natural bundles, Differential Geometry and Its Applications 2 (1992), 1–16.

[18] Kriegl A., Michor P. W., The Convenient Setting of Global Analysis, AMS, Mathematical Surveys and Monographs, Vol. 53, 1997.

[19] Kureš M., Mikulski W. M., Natural operators lifting vector fields to bundles of Weil contact elements, Czechoslovak Math. J. 54 (2004), 855–867.

[20] Mikulski W. M., Product preserving bundle functors on fibered manifolds, Arch. Math.

(Brno) 32 (1996), 307–316.

[21] Morimoto A., Prolongations of connections to bundles of infinitely near points, J. Diff.

Geometry 11 (1976), 479–498.

[22] Muñoz J., Rodriguez J., Muriel F. J., Weil bundles and jet spaces, Czechoslovak Math.

J. 50 (2000), 721–748.

[23] A. Weil, Théorie des points proches sur les variétes différentielles, Colloque de topol.

et géom. diff., Strasbourg (1953), 111–117.