FLOW PROLONGATION OF SOME TANGENT VALUED FORMS

Antonella Cabras, Ivan Kolář

Abstract. We study the prolongation of semibasic projectable tangent valued kforms on fibered manifolds with respect to a bundle functor F on the local isomorphisms that is based on the flow prolongation of vector fields and uses an auxiliary linear r-th order connection on the base manifold, where r is the base order of F . We find a general condition under which the Frölicher-Nijenhuis bracket is preserved. Special attention is paid to the curvature of connections. The first order jet functor and the tangent functor are discussed in detail. Next we clarify how this prolongation procedure can be extended to arbitrary projectable tangent valued k-forms in the case F is a fiber product preserving bundle functor on the category of fibered manifolds with m-dimensional bases and local diffeomorphisms as base maps.

Our starting point was the general procedure of prolongating a connection Γ on a fibered manifold Y → M into a connection on the fibered manifold F Y → M, where F is an arbitrary bundle functor on the category FM_{m,n} of fibered manifolds with m-dimensional bases and n-dimensional fibers and their local isomorphisms, [6]. That procedure is based on the flow prolongation of vector fields. In [6] and [8] it is clarified that if F has the base order r, then one needs an auxiliary linear r-th order connection Λ on the base manifold M to construct the induced connection F(Γ, Λ) on F Y . In Section 2 of the present paper we deduce that every projectable morphism Φ : Y ×_M ∧^kT M → T Y linear in the second factor, which is equivalent to a projectable semibasic tangent valued k-form on Y , induces a morphism F(Φ, Λ) : F Y ×_M ∧^kT M → T F Y in a similar way. But first of all we clarify, in Proposition 1, that the set of such forms, or equivalently morphisms, is closed with respect to the Frölicher-Nijenhuis bracket. In Section 3 we present the coordinate expression of J^1(Φ, Λ) in the case of the functor J^1 of the first jet prolongation. In Proposition 2 we deduce that the curvature C ( J^1(Γ, Λ) ) of the connection J^1(Γ, Λ) differs from the prolongation J^1(CΓ, Λ) of the curvature CΓ of Γ by a term depending on the curvature of the connection ~Λ conjugate to the auxiliary linear connection Λ. A similar formula holds for the mixed curvature of two connections on Y .

Then we define the integrability of Λ by using the viewpoint of the theory of Gstructures. Proposition 3 reads that if Λ is integrable, the operation Φ → F(Φ, Λ) preserves the Frölicher-Nijenhuis bracket for those morphisms, whose underlying

2000 Mathematics Subject Classification. 53C05, 58A20.

Key words and phrases. semibasic tangent valued k-form, Frölicher-Nijenhuis bracket, bundle functor, flow prolongation of vector fields, connection, curvature.

This work has been performed during the visit of I. Kolář at Dipartimento di Matematica Applicata “G. Sansone”, Università di Firenze, supported by the University of Florence. The second author was also supported by a grant of the GAČR No. 201/02/0225.

base map is constant with respect to Λ. In Section 6 we interpret the construction of tangent bundles of fibered manifolds as functor transforming Y → M into T Y → M and we deduce an explicit formula for the difference of C ( T (Γ, Λ) ) and T (CΓ, Λ).

The motivation goes out from a general difference between the functors J^1 and T : the former preserves the fiber products, but the latter does not.

The final part of the paper is inspired by a classical result from the theory of tangent valued forms on manifolds. If F is a product preserving bundle functor on the category Mf of all manifolds, the prolongation of a tangent valued k-form from a manifold M to F M can be constructed by using the canonical exchange diffeomorphism between F T M and T F M, [1], [3], [13]. For a fiber product preserving bundle functor F on the category FM_m of fibered manifolds with m-dimensional bases and fibered manifold morphisms with local diffeomorphisms as base maps, we show that one can use a kind of exchange map that has been recently introduced by the second author, [4]. In this case we can construct a prolongation F(φ, Λ) of every projectable tangent valued k-form φ on Y → M by means of an auxiliary r-th order linear connection Λ on M. If φ is semibasic, we obtain the same result as in Section 2. As an example, in Section 8 we discuss the case F = J^1 in detail.

All manifolds and maps are assumed to be infinitely differentiable. Unless otherwise specified, we use the terminology and notation from the book [6].

1. Semibasic forms and morphisms. Consider a fibered manifold p : Y → M. A tangent valued k-form φ on Y is called semibasic, if

(1) φ(Z_1, . . . , Z_k) = 0

whenever at least one of the vectors Z_1, . . . , Z_k is vertical. Such a form defines a morphism linear in the second factor Φ : Y ×_M ∧^kT M → T Y by (2) Φ(y, X_1, . . . , X_k) = φ(Z_1, . . . , Z_k), Z_i ∈ T_yY, T p(Z_i) = X_i. This definition is correct: if we take another Z_i ∈ T_yY satisfying T p(Z_i) = X_i, i = 1, . . . , k, then Z_i = Z_i + W_i, where W_i are vertical vectors. Then multilinearity yields φ(Z_1 + W_1, . . . , Z_k + W_k) = φ(Z_1, . . . , Z_k) .

Conversely, if Φ : Y ×_M ∧^kT M → T Y is a morphism linear in the second factor, then (2) defines a semibasic tangent valued k-form on Y , which will be sometimes denote by ω(Φ).

Let x^i, y^p, i = 1, . . . , m = dim M, p = 1, . . . , dim Y − dim M, be local fiber coordinates on Y . If Φ is projectable, which is the same as ω(Φ) is projectable, then the coordinate expression of both Φ and ω(Φ) is (3) dx^j = a^j_{i1 ...ik} (x) dx^{i1} ∧ · · · ∧ dx^{ik} , dy^p = a^p_{i1 ...ik} (x, y) dx^{i1} ∧ · · · ∧ dx^{ik} . Consider another tangent valued l-form ψ on Y .

Proposition 1. If both φ and ψ are projectable and semibasic, then the Frölicher- Nijenhuis bracket [φ, ψ] is also projectable and semibasic.

Proof. It is well known that [φ, ψ] is also projectable, [6]. To prove the main assertion, we use the Lie bracket formula for [φ, ψ], [6], p. 71. Assume that one entry is a vertical vector field. Since the Lie bracket of a projectable vector field and a vertical vector field is vertical, we have one vertical vector field in each term on the right hand side of the formula. Hence the value of [φ, ψ] vanishes, so [φ, ψ] is semibasic. □

Thus our approach defines the Frölicher-Nijenhuis bracket of two linear projectable morphisms Φ : Y ×_M ∧^kT M → T Y and Ψ: Y ×_M ∧^lT M → T Y . Write Φ : ∧^kT M → T M and Ψ : Λ^lT M → T M for the underlying base maps. Then the explicit formula for [Φ, Ψ] : Y ×_M ∧^{k+l}T M → T Y is (an analogous expression was used in another situation in [10])

(4) [Φ, Ψ](ξ_1, . . . , ξ_{k+l}) =

= 1 k! l! ∑ σ sgn σ [ Φ(ξ_{σ(1)}, . . . , ξ_{σ(k)}), Ψ(ξ_{σ(k+1)}, . . . , ξ_{σ(k+l)}) ]

+ −1 k!(l − 1)! ∑ σ sgn σ Ψ ([ Φ(ξ_{σ(1)}, . . . , ξ_{σ(k)}), ξ_{σ(k+1)} ] , ξ_{σ(k+2)}, . . . , ξ_{σ(k+l)} )

+ (−1)^{kl} (k − 1)! l! ∑ σ sgn σ Φ ([ Ψ(ξ_{σ(1)}, . . . , ξ_{σ(l)}), ξ_{σ(l+1)} ] , ξ_{σ(l+2)}, . . . , ξ_{σ(k+l)} )

+ (−1)^{k−1} (k−1)!(l−1)! 2 ∑ σ sgn σ Ψ ( Φ([ξ_{σ(1)}, ξ_{σ(2)}], . . . , ξ_{σ(k+1)}), ξ_{σ(k+2)}, . . . , ξ_{σ(k+l)} )

+ (−1)^{(k−1)l} (k−1)!(l−1)! 2 ∑ σ sgn σ Φ ( Ψ([ξ_{σ(1)}, ξ_{σ(2)}], . . . , ξ_{σ(l+1)}), ξ_{σ(l+2)}, . . . , ξ_{σ(k+l)} ) , where ξ_1, . . . , ξ_{k+l} are vector fields on M and the summations are with respect to all permutations of k + l letters.

2. The flow prolongation of projectable semibasic forms. Consider a bundle functor F on the category FM_{m,n} of fibered manifolds with m-dimensional bases and n-dimensional fibers and their local isomorphisms, [6]. The definition of the order of F is based on the concept of (q, s, r)-jet, s ≥ q ≤ r, of fibered manifold morphisms, [6], p. 126. Consider two fibered manifolds p : Y → M, p : Y → M and two FM_{m,n}-morphisms f, g : Y → Y . We say that F is of the order (q, s, r), if j^{q,s,r}_y f = j^{q,s,r}_y g implies F f|F_yY = F g|F_yY , y ∈ Y . The number r is called the base order of F .

For a projectable morphism linear in the second factor Φ : Y ×_M ∧^kT M → T Y and k vector fields ξ_1, . . . , ξ_k on M, Φ(ξ_1, . . . , ξ_k) is a projectable vector field on Y . The restriction of the flow prolongation F ( Φ(ξ_1, . . . , ξ_k) ) to F_xY depends on the r-jets j^r_xξ_1, . . . , j^r_xξ_k, x ∈ M, cf. [8]. This defines a map (5) FΦ : F Y ×_M ∧^kJ^rT M → T F Y linear in the second factor that will be called the flow prolongation of Φ.

Consider a linear r-th order connection Λ on M, i.e. a base preserving linear morphism Λ : T M → J^rT M satisfying β ∘ Λ = id_{T M} , where β is the target jet projection.

Definition 1. The composition

(6) F(Φ, Λ) := FΦ ∘ (id_{F Y} ×_M ∧^k Λ) : F Y ×_M ∧^kT M → T F Y

is said to be the flow prolongation of Φ with respect to Λ.

Clearly, if the values of Φ lie in the vertical tangent bundle V Y of Y , then the values of F(Φ, Λ) lie in V (F Y → M).

3. To supply an example, we are going to discuss the case F = J^1 of the first jet prolongation in detail. For a projectable vector field η on Y with the coordinate expression

(7) ξ^i(x) ∂ ∂x^i + η^p(x, y) ∂ ∂y^p , its flow prolongation J^1η is given be the well known formula

(8) η + ( ∂η^p ∂x^i + ∂η^p ∂y^q y^q_i − ∂ξ^j ∂x^i y^p_j ) ∂ ∂y^p_i , where y^p_i are the induced coordinates on J^1Y , [6]. The coordinate form of Λ : T M → J^1T M is

(9) ξ^i_j = Γ^i_{kj} (x)ξ^k .

Consider Φ with the coordinate expression (3). Using direct evaluations, we obtain the following additional coordinate expression of J^1(Φ, Λ) : J^1Y ×_M ∧^kT M → T J^1Y

dy^p_j = [ ∂a^p_{i1 ...ik} ∂x^j + ∂a^p_{i1 ...ik} ∂y^q y^q_j − ∂a^k_{i1 ...ik} ∂x^j y^p_k (10) + (a^p_{li2 ...ik} − a^k_{li2 ...ik} y^p_k)Γ^l_{i1 j} + · · · + (a^p_{i1 ...ik−1l} − a^k_{i1...ik−1 l}y^p_k)Γ^l_{ik j} ] dx^{i1} ∧ · · · ∧ dx^{ik} .

4. The curvature of J^1(Γ, Λ). The lifting map of a connection on Y is a morphism Γ : Y ×_M T M → T Y linear in the second factor. Its coordinate expression is (11) dx^i = dx^i , dy^p = F^p_i (x, y) dx^i .

Using (10), we obtain the well known additional coordinate expression of the connection J^1(Γ, Λ) on J^1Y → M, [6], p. 366, [9],

(12) dy^p_j = [ ∂F^p_i ∂x^j + ∂F^p_i ∂y^q y^q_j + (F^p_k − y^p_k)Γ^k_{ij} ] dx^i .

The curvature CΓ of Γ is a morphism Y × ∧^2T M → V Y with the coordinate expression

(13) dx^i = 0, dy^p = ( ∂F^p_j dx^i + ∂F^p_j ∂y^q F^q_i ) dx^i ∧ dx^j . Hence we can construct (14) J^1(CΓ, Λ) : J^1Y ×_M ∧^2T M → V J^1Y . To compare (14) with the curvature of J^1(C, Γ) (15) C(J^1(Γ, Λ)) : J^1Y ×_M ∧^2T M → V J^1Y , we need the following concept.

Since β : J^1Y → Y is an affine bundle associated to the vector bundle V Y ⊗T^∗M, Γ defines a map τ Γ : J^1Y → V Y ⊗ T^∗M, τ Γ(z) = Γ(β(z)) − z , z ∈ J^1Y .

The curvature of the classical linear connection Λ can be interpreted as a map CΛ : M → T M ⊗ T^∗M ⊗ ∧^2T^∗M . The well known exact sequence 0 → β^∗(V Y ⊗ T^∗M) → V J^1Y^{V β}→ V Y → 0 induces an injection β^∗(V Y ⊗ T^∗M ⊗ ∧^2T^∗M) → V J^1Y ⊗ ∧^2T^∗M. So we have the evaluation map ⟨τ Γ, CΛ⟩ : J^1Y → V J^1Y ⊗ ∧^2T^∗M .

Write ~Λ for the classical conjugate connection of Λ. The following assertion can be proved by direct evaluation.

Proposition 2. We have C(J^1(Γ, Λ)) = J^1(CΓ, Λ) + ⟨τ Γ, C ~Λ⟩. □ Remark. A more general result will be interesting from the viewpoint of our theory. If Δ is another connection on Y , then the mixed curvature of Γ and Δ is defined to be the Frölicher-Nijenhuis bracket [Γ, Δ] : Y ×_M ∧^2T M → V Y , [6], p. 232. Even in this case we deduced by direct evaluations (16) [ J^1(Γ, Λ), J^1(Δ, Λ) ] = J^1([Γ, Δ], Λ) + ⟨τ Γ, C ~Λ⟩ + ⟨τ Δ, C ~Λ⟩ .

Since CΓ =^1_2 [Γ, Γ], Proposition 2 is a special case of (16).

5. We define the integrability of Λ : T M → J^rT M by using the viewpoint of the theory of G-structures. Using the translations on R^m, we extend each X ∈ T_xR^m into a constant vector field ~X on R^m. The canonical integrable connection I : T R^m → J^rT R^m maps every X ∈ T_xR^m into j^r_x ~X.

Definition 2. A linear r-th order connection Λ on M is said to be integrable, if for every x ∈ M there exists a neighbourhood U and a diffeomorphism f : U → R^m transforming Λ into I, i.e. I ∘ T f = J^rT f ∘ (Λ|_U ).

We say that f is a normal coordinate system of the integrable connection Λ. One verifies easily that two normal coordinate systems of Λ differ by an affine transformation R^m → R^m.

In the case r = 1, a classical result reads that a classical linear connection is integrable if and only if it is both torsion-free and curvature-free.

Assume Λ is integrable and consider a tangent valued k-form φ on M. We say that φ is constant with respect to Λ, if in every normal coordinate system of Λ all coefficients of φ are constant. In particular, the identity one-form id_{T M} is constant with respect to every integrable Λ. Clearly, if ψ is another tangent valued l-form on M constant with respect Λ, then [φ, ψ] = 0.

Now we can describe the most important case in which the operation Φ → F(Φ, Λ) preserves the Frölicher-Nijenhuis bracket. Consider two projectable morphisms Φ : Y ×_M ∧^kT M → T Y and Ψ : Y ×_M ∧^lT M → T Y linear in the second factor.

Proposition 3. If Λ is integrable and the underlying tangent valued forms Φ and Ψ are constant with respect to Λ, then

(17) [F(Φ, Λ), F(Ψ, Λ)] = F([Φ, Ψ], Λ) .

Proof. In a normal coordinate system of Λ, consider constant vector fields ~X_1, . . . , ~X_{k+l}. In particular, it holds [ ~X_i, ~X_j ] = 0. By Definitions 1 and 2, we have

(18) F(Φ, Λ)( ~X_1, . . . , ~X_k) = F(Φ( ~X_1, . . . , ~X_k))

and analogously for F(Ψ, Λ) and F([Φ, Ψ], Λ). Consider (4) with ξ’s replaced by ~X’s. Since Φ and Ψ are constant with respect to Λ, Φ( ~X_1, . . . , ~X_k) and Ψ( ~X_{k+1}, . . . , ~X_{k+l}) are also constant vector fields and all terms on the right hand side except the first ones vanish. Now we apply F to both sides and use the fact that the flow prolongation preserves the bracket of vector fields. □

In particular, for every connection Γ and every integrable r-th order linear connection Λ on the base manifold we have

(19) C ( F(Γ, Λ) ) = F(CΓ, Λ) . The same is true for the mixed curvature of two connections.

6. We find it useful to discuss the case of non-integrable Λ in another concrete situation. If we interpret the construction of the tangent bundle of a fibered manifold as a functor transforming Y → M into T Y → M, every connection Γ on Y and a linear connection Λ : T M → J^1T M induces a connection T (Γ, Λ) on T Y → M.

Write X^i, Y^p for the induces coordinates on T Y . For a projectable vector field η on Y , the coordinate form of its flow prolongation T η is

(20) η + ∂ξ^i ∂x^j X^j ∂ ∂X^i + ( ∂η^p ∂x^i X^i + ∂η^p ∂y^q Y^q ) ∂ ∂Y^p .

Thus, if Γ and Λ are of the form (11) and (9). the equations of T (Γ, Λ) are

(21) dy^p = F^p_i dx^i , dX^j = Γ^j_{ik}X^k dx^i , dY^p = ( ∂F^p_i ∂x^j X^j + ∂F^p_i ∂y^q Y^q + F^p_j Γ^j_{ik}X^k ) dx^i . Both C ( T (Γ, Λ) ) and T (CΓ, Λ) are sections T Y → V (T Y → M) ⊗ ∧^2T^∗M.

Since T Y → Y is a vector bundle, the identification T Y ×_Y T Y = V (T Y → Y ) and the inclusion V (T Y → Y ) → V (T Y → M) define a map T Y ×_Y T Y → V (T Y → M). If we add Γ : Y ×_M T M → T Y to the second factor, we construct a map T Y ×_M T M → V (T Y → M). Dualizing in T M, we obtain a section

(22) νΓ : T Y → V (T Y → M) ⊗ T^∗M , νΓ(x^i, y^p, X^i, Y^p) = (x^i, y^p, X^i, Y^p, 0, dx^i, F^p_i dx^i) . The clasical curvature C ~Λ of the conjugate connection of Λ can be interpreted as a map T M → T M ⊗ ∧^2T^∗M. Hence C ~Λ ∘ T p : T Y → T M ⊗ ∧^2T^∗M and we can construct the evaluation map ⟨νΓ, C ~Λ ∘ T p⟩ : T Y → V (T Y → M) ⊗ ∧^2T^∗M . Using direct evaluations, one deduces

Proposition 4. We have C ( T (Γ, Λ) ) = T (CΓ, Λ) + ⟨νΓ, C ~Λ ∘ T p⟩. □ 7. The case of a fiber product preserving bundle functor. If F is a fiber product preserving bundle functor of the base order r on the category FM_m of fibered manifolds with m-dimensional bases and fibered manifold morphisms with local diffeomorphisms as base maps, then a natural transformation t_Y : J^rY → F Y is defined as follows. Every section s : M → Y can be interpreted as a morphism ~s of the trivial fibered manifold id_M : M → M into Y and we set

(23) t_Y (j^r_xs) = (F ~s)(x) , x ∈ M .

Taking into account t_{T M} : J^rT M → F T M and the surjective submersion F T p : F T Y → F T M, we can construct the fiber product F T Y ×_{F T M} J^rT M.

In [4] the second author introduced a map μ^F_Y : F T Y ×_{F T M} J^rT M → T F Y with the following property. If η is a projectable vector field on Y over a vector field ξ on M and F η : F Y → F (T Y → M) is its functorial prolongation, then the flow prolongation Fη : F Y → T F Y satisfies

(24) Fη = μ^F_Y ∘ (F η ×_M j^rξ) .

Moreover, the map (25) ~μ^F_Y : F T Y ×_{F T M} J^rT M → T F Y ×_{T M} J^rT M , ~μ^F_Y (A, B) = (μ^F_Y (A), B) is a diffeomorphism.

To clarify the basic ideas, we start with the case of a projectable tangent valued one-form φ : T Y → T Y over φ : T M → T M. We have the induced map F φ ×_{F φ} J^rφ : F T Y ×_{F T M} J^rT M → F T Y ×_{F T M} J^rT M . Consider the following diagram

(26) F T Y ×_{F T M} J^rT M w F φ ×_{F φ} J^rφ

u ~μ^F_Y F T Y ×_{F T M} J^rT M u μ^F_Y T F Y ×_{T M} J^rT M w T F Y Since ~μ^F_Y is invertible, the bottom arrow defines (27) Fφ = μ^F_Y ∘ (F φ ×_{F φ} J^rφ) ∘ (~μ^F_Y )^{−1} : T F Y ×_{T M} J^rT M → T F Y . If η is a projectable vector field on Y , then φ(η) is also a projectable vector field on Y .

Proposition 5. We have F(φ(η)) = Fφ ∘ (Fη ×_{T M} j^rξ).

Proof. If we interpret ξ as the morphism ~ξ of M → M into T M, we have j^r_xξ = J^r ~ξ(x). Hence j^r_x(φ ∘ ξ) = (J^rφ ∘ J^r ~ξ)(x). By functoriality, F(ω(η)) = μ^F_Y ∘ (F φ ∘ F η ×_M J^rφ ∘ J^r ~ξ) = μ^F_Y ∘ (F φ ×_{F φ} J^rφ)∘ (F η ×_M j^rξ) = μ^F_Y ∘ (F φ ×_{F φ} J^rφ) ∘ (~μ^F_Y )^{−1} ∘ ~μ^F_Y ∘ (F η ×_M J^rξ) = Fφ ∘ (Fη ×_{T M} j^rξ) . □ It can be deduced that Fφ is a bilinear morphism (this purely technical assertion will be proved in a more general framework in a next paper [5]). Definiton 3. For every linear r-th order connection Λ : T M → J^rT M, the tangent valued one-form on F Y F(φ, Λ) := Fφ ∘ (id_{T F Y} ×_{T M} Λ) : T F Y → T F Y will be called the F -prolongation of φ with respect to Λ.

Consider a projectable morphism Φ : Y ×_M T M → T Y linear in the second factor and the corresponding semibasic one-form ω(Φ) on Y . Write q : F Y → M. For FΦ : F Y ×_M J^rT M → T F Y we define analogously (28) ω(FΦ) : T F Y ×_{T M} J^rT M → T F Y , ω(FΦ)(Z, X) = Φ(z, X) , where Z ∈ T_z F Y , X ∈ J^r_xT M, T q(Z) = βX ∈ T_xM.

Lemma. We have ω(FΦ) = F ( ω(Φ) ) . Proof. By definition, ω(Φ)(η) = Φ(ξ) is the same projectable vector field on Y . Hence

(29) F(ω(Φ)(η)) = F(Φ(ξ)) .

By Proposition 3, F ( ω(Φ)(η) ) = Fφ∘(Fη×_{T M} j^rξ). Then (29) implies F ( ω(Φ)(η) ) depends on j^rξ only and the induced map F Y ×_M J^rT M → T F Y coincides with FΦ. □ If we add Λ : T M → J^rT M, the above Lemma implies Proposition 6. We have F ( ω(Φ), Λ ) = ω ( F(Φ, Λ) ) . □ 8. As an example, we discuss the case F = J^1 in detail. If F = J^r, then J^rT Y ×_J r_{T M} J^rT M = J^rT Y and the map μ^{J r}_Y : J^rT Y → T J^rY coincides with that one introduced by L. Mangiarotti and M. Modugno, [11], see [4]. Thus, we can use a result from [6] to find the coordinate expression of ~μ^{J 1}_Y : J^1T Y → T J^1Y ×_{T M} J^1T M. Let x^i, y^p, X^i, Y^p be the above coordinates on T Y and y^p_i , X^i_j , Y^p_i be the induced jet coordinates on J^1(T Y → M). Further, let x^i, y^p, y^p_i be the standard coordinates on J^1Y and dx^i, dy^p, dy^p_i be the induced coordinates on T J^1Y . Moreover, write x^i, dx^i, ξ^i_j for the corresponding coordinates on J^1T M. By [6], p. 340, the equations of ~μ^{J 1}_Y are x^i = x^i, y^p = y^p, y^p_i = y^p_i and

(30) dx^i = X^i , dy^p = Y^p , dy^p_i = Y^p_i − X^j_i y^p_j , ξ^i_j = X^i_j ,

while in the coordinate form of μ^{J 1}_Y the last equation of (30) is missing. Hence the only nontrivial equation for (~μ^{J 1}_Y )^{−1} is

(31) Y^p_i = dy^p_i + ξ^j_i y^p_j .

Thus, if x^i = x^i, y^p = y^p and

(32) X^i = a^i_j (x)X^j , Y^p = a^p_i (x, y)X^i + a^p_q (x, y)Y^q

is the coordinate expression of φ, then the additional equations of J^1φ are

X^i_j = ∂a^i_k ∂x^j X^k + a^i_kX^k_j ,

(33)

Y^p_i = ( ∂a^p_j ∂x^i + ∂a^p_j dy^q y^q_i ) X^j + a^p_j X^j_i + ( ∂a^p_q ∂x^i + ∂a^p_q ∂y^r y^r_i ) Y^q + a^p_q Y^q_i .

(34)

In the case F = J^1, we have J^1φ×_J 1_φJ^1φ = J^1φ. Using (30) and (31), we deduce that the coordinate expression of J^1φ : μ^{J1}_Y ∘ J^1φ ∘ (~μ^{J 1}_Y )^{−1} : T J^1Y ×_{T M} J^1T M → T J^1Y is

(35) dx^i = a^i_j dx^j , dy^p = a^p_i dx^i + a^p_q dy^q , dy^p_i = ( ∂a^p_j ∂x^i + ∂a^p_j ∂y^q y^q_i ) dx^j + a^p_j ξ^j_i + ( ∂a^p_q ∂x^i + ∂a^p_q ∂y^r y^r_i ) dy^q (36)

+ a^p_q ( dy^q_i + ξ^j_i y^q_j ) − y^p_j ∂a^j_k ∂x^i dx^k − y^p_j a^j_kξ^k_i . Now one can observe even on the coordinate expressions that if φ is semibasic, i.e. a^p_q = 0, and we substitute ξ^i_j = Γ^i_{kj} dx^k into (36), then the result is equal to (10) with k = 1.

9. The case of a projectable k-form. Such a k-form φ on Y can be interpreted as a map φ : T Y ×_Y · · · ×_Y T Y → T Y over φ : T M ×_M · · · ×_M T M → T M . The induced maps are F φ : F T Y ×_{F Y} · · · ×_{F Y} F T Y → F T Y , F φ : F T M ×_M · · · ×_M F T M → F T M , J^rφ : J^rT M ×_M · · · ×_M J^rT M → J^rT M . Then we can construct F φ ×_{F φ} J^rφ : (F T Y ×_{F T M} J^rT M) ×_{F Y} · · · ×_{F Y} (F T Y ×_{F T M} J^rT M) → F T Y ×_{F T M} J^rT M and a diagram analogous to (26) defines a map Fφ. The antisymmetry of φ induces the antisymmetry of Fφ, so that it can be interpreted as a map (37) Fφ : ∧^kT F Y ×_∧k_{T M} ∧^kJ^rT M → T F Y . If we add the k-th exterior power of Λ : T M → J^rT M to the second factor, we obtain a tangent valued k-form F(φ, Λ) on F Y , which will be called the F - prolongation of φ with respect to Λ.

If φ = ω(Φ), we deduce analogously to Proposition 6

(38) ω ( F(Φ, Λ) ) = F ( ω(Φ), Λ ) .

References

[1] Cabras A., Kolář I., Prolongation of tangent valued forms to Weil bundles, Archivum Math.

(Brno), 31 (1995), 139–145.

[2] Doupovec M., Kolář I., Iteration of fiber product preserving bundle functors, Monatsh. Math.

134 (2001), 39–50.

[3] Gancarzewicz J., Mikulski W., Pogoda Z., Lifts of some tensor fields and connections to product preserving bundles, Nagoya Math. J., 135 (1994), 1–41.

[4] Kolář I., On the geometry of fiber product preserving bundle functors, to appear in Proceedings of 8th ICDGA, Opava 2001.

[5] Kolář I., On the prolongation of tangent valued forms, to appear.

[6] Kolář I., Michor P. W., Slovák J., Natural Operations in Differential Geometry, Springer- Verlag, 1993.

[7] Kolář I., Mikulski W. M., On the fiber product preserving bundle functors, Differential Geometry and Its Applications, 11 (1999), 105–115.

[8] Kolář I., Mikulski W. M., Natural lifting of connections to vertical bundles, Suppl. Rendiconti Circolo Mat. Palermo, Serie II 63 (2000), 97–102.

[9] Kolář I., Modugno M., Natural maps on the iterated jet prolongation of a fibered manifold, Annali do Mat. pura ed applicata, vol. CLVIII (1991), 151–165.

[10] Kolář I., Modugno M., The Frölicher-Nijenhuis bracket on some functional spaces, Annales Polonici Mat. LXVII (1998), 97–106.

[11] Mangiarotti L., Modugno M., New operators on jet spaces, Ann. Fac. Sci. Toulouse 2 (1983), 171–198.

[12] Modugno M., Differential calculus on fibered manifolds, manuscript.

[13] Morimoto A., Prolongations of connections to bundles of infinitely near points, J. Diff. Geometry 11 (1976), 479–498.

Antonella Cabras Dipartimento di Matematica Applicata “G. Sansone” Via S. Marta 3 50139 Firenze, ITALY E-mail: cabras@dma.unifi.it

Ivan Kolář Department of Algebra and Geometry Faculty of Science, Masaryk University Janáčkovo nám. 2a 662 95 Brno, CZECH REPUBLIC E-mail: kolar@math.muni.cz