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Motivation: coding theory

(Block) code.. .
...a finitary relation C C A" on a finite set, called alphabet.

y

Remark

Often: A={0,1} and C C {0,1}" linear subspace of GF(2)";
C...linear code

v
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Motivation: coding theory

(Block) code.. .

...a finitary relation C C A" on a finite set, called alphabet.

y

Remark

Often: A={0,1} and C C {0,1}" linear subspace of GF(2)";
C...linear code

Nearest neighbour decoding

noise

@ message <+ MC CC A" ~ M C A" Mo message

noise

o Mom™S*m e A s m' < m

o m’ :=argmin_-du(c,m’)  (a codeword closest to m’)

v
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Which “closest”’—Hamming distance

Hamming distance
dHZ A" X A" —» {0,...,!7}ng0
(m,m') +— du(m,m):=[{i€n]| m#m}
(count places where strings differ)
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Which “closest”’—Hamming distance

Hamming distance
dHZ A" X A" —» {0,...,n}gR20
(m,m') +— du(m,m):=[{i€n]| m#m}
(count places where strings differ)

Remark
(A", dy). .. metric space for all n € IN.
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Which “closest”’—Hamming distance

Hamming distance
dHZ A" X A" —» {0,...,n}gR20
(m,m') — du(m,m'):={ien]| m#m}
(count places where strings differ)

Remark
(A", dy). .. metric space for all n € IN.

Toy example
e A={1,9,n,0,r,i,A,B}, n=9
e m=(AAJA 9,1 B,r.n o)
m = (A,A1,9,B,r i,n,n)

M. Behrisch, M. Hermann, S. Mengel, G. Salzer Approximating closest homomorphisms



Which “closest”’—Hamming distance

Hamming distance
dHZ A" X A" —» {0,...,n}gR20
(m,m') — du(m,m'):={ien]| m#m}
(count places where strings differ)

Remark
(A", dy). .. metric space for all n € IN.

Toy example
e A={1,9,n,0,r,i,A,B}, n=9
e m=(AA/A9 1B, rn o)
m = (A,A1,9,B,r i,n,n)

o dy(mm)=5
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Our problem

General assumption

Everything will be Boolean from now on! A={0,1}
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Our problem

General assumption

Everything will be Boolean from now on! A={0,1}

We consider. . .

e codes (Boolean relations) C C {0,1}"
= solutions (models) of conjunctive formula ¢
over a Boolean constraint language I’

@ amodel me C,ie. mE
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Our problem

General assumption

Everything will be Boolean from now on! A={0,1}

We consider. . .

@ codes (Boolean relations) C C {0,1}"
= solutions (models) of conjunctive formulae ¢
over a Boolean constraint language I’

@ amodel me C,ie. mE

We want. ..
om e C\{m} (feasibility)
o dy(m,m)=min{dy(m,c) | c € C\ {m}} (optimality)
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Nearest Other Solution—more formally. . .

Boolean constraint language }

... a finite set I" of finitary relations on {0,1}.
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Nearest Other Solution—more formally. . .

Boolean constraint language

... a finite set I" of finitary relations on {0,1}.

Problem NOSol(I")
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Nearest Other Solution—more formally. . .

Boolean constraint language
... a finite set I" of finitary relations on {0,1}.

Problem NOSol(I")

Input: @ ¢ = A, Ri(v)) (I finite, R, € I)
over variables from a minimal set V
ie.vie VR v = Uie,imv;
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Nearest Other Solution—more formally. . .

Boolean constraint language

... a finite set I" of finitary relations on {0,1}.

Problem NOSol(I")

Input: @ ¢ = A, Ri(v)) (I finite, R, € I)
over variables from a minimal set V
ie.vie VR v = Uie,imv;

e me (C,

Associated “code™: C, = {m’ e {0,1}" ’ m = go}
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Nearest Other Solution—more formally. . .

Boolean constraint language

... a finite set I" of finitary relations on {0,1}.

Problem NOSol(I")
Input: @ ¢ = A, Ri(v)) (I finite, R, € I)
over variables from a minimal set V
ie.vie VR v = Uie,imv;
e me (C,
Associated “code™ C, = {m’ e {0,1}" ’ m = go}

(Feasible) solutions: members m" € C, \ {m}
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Nearest Other Solution—more formally. . .

Boolean constraint language

... a finite set I" of finitary relations on {0,1}.

Problem NOSol(I")
Input: @ ¢ = A, Ri(v)) (I finite, R, € I)
over variables from a minimal set V
ie.vie VR v = Uie,imv;
e me (C,
Associated “code™ C, = {m’ e {0,1}" ’ m = go}
(Feasible) solutions: members m" € C, \ {m}

Optimisation objective: dy (m’, m) — min
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Concrete example

NOSol
o Ry = {(xl,x2,X3) e {0,1}* ‘ X1 DX Dxz = 1}
o Ry = {(xl,xz) e {0,1}? ’ x < XQ}

o I':= {R]_, Rz}
0 ¢ = Ri(x1,x2,x3) A Ri(x2, X3, X3) A Ra(x3, Xa) A Ro(x1, Xs)
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Concrete example

NOSol

(*] Rl = {(X17X27X3) S {0, 1}3 ‘ X1 D Xo D X3 = 1}

o R, = {(xl,xz) e {0, 1}2 ’ x < XQ}

o [':= {R]_,Rz}

0 ¢ = Ri(x1,x2,x3) A Ri(x2, X3, X3) A Ra(x3, Xa) A Ro(x1, Xs)
o\ /o\ /o\ /o\ /1\
1 1 1 1 1

o C,=4m=|0ol|,lo]. [o].]of, ]|}
0 1 0 1 1
0 0 1 1 1

— —
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Concrete example

NOSol

o Ry = {(X1,X27X3) € {0,1}° ‘ X1 D x B x5 = 1}

o R i={(x,) € (0,1 | 1 <}

o I':= {R]_,Rz}

0 ¢ = Ri(x1,x2,x3) A Ri(x2, X3, X3) A Ra(x3, Xa) A Ro(x1, Xs)

( feasible )

o\ 70\ /o\ /o\ /[1\
1 1 1 1 1

o C,=4m=|0ol|,lo]. [o].]of, ]|}
0 1 0 1 1
0 0 1 1 1

—_—— ——
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Concrete example

NOSol
o Ry = {(X1,X27X3) € {0,1}° ‘ X1 D x B x5 = 1}
o Ry = {(X17X2) e {0,1}? ’ xp < Xz}
o I':= {R]_,Rz}
0 ¢ = Ri(x1,x2,x3) A Ri(x2, X3, X3) A Ra(x3, Xa) A Ro(x1, Xs)
( feasible )
o\ 70\ /o\ /o\ /[1\
1 1 1 1 1
o C,=4m=|0ol|,lo]. [o].]of, ]|}
0 1 0 1 1
0 0 1 1 1
imal
L optima )
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Concrete example

NOSol
o Ry = {(X1,X27X3) € {0,1}° ‘ X1 D x®x3 = 1}
o R, = {(xl,xz) e {0, 1}2 ’ x < XQ}
o [':= {R]_,Rz}
0 ¢ = Ri(x1,x2,x3) A Ri(x2, X3, X3) A Ra(x3, Xa) A Ro(x1, Xs)
( feasible )
o\ /o\ /o\ /o\ /1\
1 1 1 1 1
o Co=4m:=|o|. [o].[o].|lo]. 2]}
0 1 0 1 1
0 0 1 1 1
— —
. optimal )
o min{dy(m,m) | me C,\ {m}} =1.
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Even more formally. ..

I'...Boolean constraint language, V a finite set (of variables).

Constraint over I" and V
...apair (R, (vi,...,v,)) st. R€ T, nary, (vi,...,v,) € V"J

)
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Even more formally. ..

I'...Boolean constraint language, V a finite set (of variables).

Constraint over I" and V
...apair (R, (vi,...,v,)) st. Re T, nary, (vi,...,v,) € V"

)

Satisfaction relation (assignment s € {0,1}")
s:V—TE(R,(v,...,vy) < so(v,...,v,) €R.
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Even more formally. ..

I'...Boolean constraint language, V a finite set (of variables).

Constraint over I" and V
...apair (R, (vi,...,v,)) st. Re T, nary, (vi,...,v,) € V"

)

Satisfaction relation (assignment s € {0,1}")
s:V—TE(R,(v,...,vy) < so(v,...,v,) €R.

Problem NOSol(I")
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Even more formally. ..

I'...Boolean constraint language, V a finite set (of variables).

Constraint over I" and V
...apair (R, (vi,...,v,)) st. Re T, nary, (vi,...,v,) € V"

)

Satisfaction relation (assignment s € {0,1}")
s:V—TE(R,(v,...,vy) < so(v,...,v,) €R.

Problem NOSol(I")

Input: @ finite set F of constraints over I" and V s.t.
VCU{{v, --,va} | (R,(v1,...,vn)) € F}
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Even more formally. ..

I'...Boolean constraint language, V a finite set (of variables).

Constraint over I" and V
...apair (R, (vi,...,v,)) st. Re T, nary, (vi,...,v,) € V"

)

Satisfaction relation (assignment s € {0,1}")
s:V—TE(R,(v,...,vy) < so(v,...,v,) €R.

Problem NOSol(I")

Input: @ finite set F of constraints over I" and V s.t.

VaU{{v,...,va} | (R (v1,...,vy)) € F}
° meCF::{SE{O,l}V ‘ VCEF:S):c}
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Even more formally. ..

I'...Boolean constraint language, V a finite set (of variables).

Constraint over I" and V
...apair (R, (vi,...,v,)) st. Re T, nary, (vi,...,v,) € V"

)

Satisfaction relation (assignment s € {0,1}")

s:V—TE(R,(n,...,vs)) < so(wn,...,v,) € R.

Problem NOSol(I")

Input: @ finite set F of constraints over I" and V s.t.

VaU{{v,...,va} | (R (v1,...,vy)) € F}
° meCF::{SE{O,l}V ‘ VCEF:S):c}

(Feasible) solutions: members m" € Cg \ {m}
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Even more formally. ..

I'...Boolean constraint language, V a finite set (of variables).

Constraint over I" and V

...apair (R, (vi,...,v,)) st. Re T, nary, (vi,...,v,) € V"

)

Satisfaction relation (assignment s € {0,1}")

s:V—TE(R,(n,...,vs)) < so(wn,...,v,) € R.

Problem NOSol(I")

Input: @ finite set F of constraints over I" and V s.t.
VCU{{v, --,va} | (R,(v1,...,vn)) € F}
° meCF::{SE{O,l}V ‘ VCGF:S):c}
(Feasible) solutions: members m" € Cg \ {m}

Optimisation objective: dy (m’, m) — min
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Distances between homomorphisms. ..

I' ... Boolean constraint lang; T = (2;I") CSP template.
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Distances between homomorphisms. ..

I' ... Boolean constraint lang; T = (2;I") CSP template.
NOSol(I") ... differently
Instance: a finite relational structure V = <V; (R’) >
Rel’
V:U{{vl,...,v,,} ‘ (Vis.. ., vp) € R,Rer}
m € hom (V,T).
Feasible solutions: m’" € hom (V, T) \ {m}

Optimisation criterion: dy (m, m") — min!
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Distances between homomorphisms. ..

I' ... Boolean constraint lang; T = (2;I") CSP template.
NOSol(I") ... differently
Instance: a finite relational structure V = <V; (R’) >
Rel’

v=U{{w....v} | 4,....m) eR,ReT}
m € hom (V, T).
Feasible solutions: m’" € hom (V, T) \ {m}

Optimisation criterion: dy (m, m") — min!

¢ =N Ri(vi) = (R={v;| Jiel: R =R})

Rerl
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Boolean CSP is old hat. ..

Strategy
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Boolean CSP is old hat. ..

Strategy
o introduce NOSol _(I") with pp-formulae ¢
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Boolean CSP is old hat. ..

Strategy
o introduce NOSol _(I") with pp-formulae ¢
@ prove that NOSols _(1") <ap NOSol(I")
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Boolean CSP is old hat. ..

Strategy
o introduce NOSol _(I") with pp-formulae ¢
@ prove that NOSols _(1") <ap NOSol(I")
e conclude /" C [I'], == NOSol(I") <ap NOSol(I")
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Boolean CSP is old hat. ..

Strategy
o introduce NOSol _(I") with pp-formulae ¢
@ prove that NOSols _(1") <ap NOSol(I")
e conclude /" C [I'], == NOSol(I") <ap NOSol(I")
@ use clone theory and Post's lattice to classify the
complexity
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Keep dreaming!
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Keep dreaming!

| am not going to do that, since. ..
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Keep dreaming!

| am not going to do that, since. ..

@ Introducing you to approximation complexity /
AP-reductions is dull
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Keep dreaming!

| am not going to do that, since. ..

@ Introducing you to approximation complexity /
AP-reductions is dull

@ | don't have time for that
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Keep dreaming!

| am not going to do that, since. ..

@ Introducing you to approximation complexity /
AP-reductions is dull

@ | don't have time for that

@ It simply does not work like that.
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Demotivating example

NOSol ({R})
0 0 0
o R=(my:=(0] , m:=|1] , m:=11
0 0 1

® CRr(xq, ) = R, mg, optimal solution my
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Demotivating example

NOSol ({R})
0 0 0
o R=(my:=(0] , m:=|1] , m:=11
0 0 1

® CRr(xq, ) = R, mg, optimal solution my

° C3X23X3(R(X1,X2,X3)) = {(O)}' m(l) = (O) = mll = m/2
no feasible solutions
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Demotivating example

NOSol ({R})
0 0 0
o R=(my:=(0] , m:=|1] , m:=11
0 0 1

® CRr(xq, ) = R, mg, optimal solution my

° C3X23X3(R(X1,X2,X3)) = {(O)}' m(l) = (O) = mll = m/2
no feasible solutions

0
o C3X2(R(X1,xzﬂx3)), mlo = m’l = (O)’

optimal (and only feasible) solution m}, = (2)
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Demotivating example

NOSol ({R})
0 0 0
o R=(my:=(0] , m:=|1] , m:=11
0 0 1

® CRr(xq, ) = R, mg, optimal solution my
° C3X23X3(R(X1,X2,X3)) = {(O)}' m(l) = (O) = mll = m/2
no feasible solutions
0
0 (o (Rixaaxe)) My = My = (O)

0

optimal (and only feasible) solution m}, = 1

@ witness and optimal value can change
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Conjunctive closure only!

Operational side Closure of relations under . ..

total operations:
clones
(Bodnarcuk, Kaluznin,
Kotov, Romov 1969)
partial operations:
strong partial clones
(Romov 1981)
hyperoperations:
hyperclones
(Kotov, Romov 1970(7?),
Rosenberg 1996, Romov 1997)
partial hyperoperations
strong partial hyperclones A
(Romov 2002, 2006)
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Conjunctive closure only!

Operational side Closure of relations under . ..

total operations:
clones

(Bodnarcuk, Kaluznin, LA=0
Kotov, Romov 1969)
partial operations: A—@

strong partial clones
(Romov 1981)
hyperoperations:
hyperclones
(Kotov, Romov 1970(7?),
Rosenberg 1996, Romov 1997)
partial hyperoperations©:
strong partial hyperclones A
(Romov 2002, 2006)

weak systems

34,NO
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Strong partial clones & weak bases

interval of strong par-
tial clones covering

C <04

generating systems of
Inva € mod (), _

Q pPOl Fo <F1>/\’:

pPol I
C = / Inva Poly I”
OaNpPol I' = =lnvy C
Pols I <F>/\7:

8 pPol I'; (o) 5 =



Strong partial clones & weak bases

|r.1t|er\;a| of strong par- generating systems of
tial clones covering Invy C mod <>/\ =

C <0p4
Q pPOl Fo <F1>/\’:

pPol I
C = / Inva Poly I”
OaNpPol I' = =lnvy C
Pols I” ]
ol () 5=
5 pPol I} (I'o)  —

g :{Fg RA | InvA PO|A InvA C}
<1 «— <F>A,: C "), A



Strong partial clones & weak bases

|r.1t|er\;a| of stron_g par- generating systems of
tial clones covering |nVA C mod <>/\ =

C <0p4
Q pPOl Fo <F1>/\’:

pPol I

C = / Inva Poly I”
OaNpPol I' = =lnvy C
Pols I” ]

e () 5=

3 pPol I'} (Io) , —

G:={I' CRs | InvqPolsI" =Invy C} weak base of Invs C:
I'I" = (I, C{I"),_ finite smallest 1" in

quasiorder (G, <)



Weak bases & irredundant relations

G={ICRa | lwaPolal'=Q} I'=XI" = (I, _C(I"), _

Weak base of a relational clone Q (Schnoor?, 2008)
a finite set I' C Ry, smallest in (G, <) J
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Weak bases & irredundant relations

G={ICRa | lwaPolal'=Q} I'=XI" = (I, _C(I"), _

Weak base of a relational clone @ (Schnoor?, 2008)
a finite set I' C Ry, smallest in (G, <)

<-smallest I" € G means. .. Corollary 4.3 in (Schnoor?, 2008):
Inva Pols I' = Q and
VI"CRa: InvaPolpaI"=Q = I'C(I"), _
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Weak bases & irredundant relations

G={ICRa | lwaPolal'=Q} I'=XI" = (I, _C(I"), _

Weak base of a relational clone @ (Schnoor?, 2008)
a finite set I' C Ry, smallest in (G, <)

<-smallest I" € G means. .. Corollary 4.3 in (Schnoor?, 2008):
Inva Pols I' = Q and
VI"CRa: InvaPolpaI"=Q = I'C(I"), _

Irredundant relation R C A”
R...neither duplicate nor fictitious coordinates.
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Weak bases & irredundant relations

G={ICRa | lwaPolal'=Q} I'=XI" = (I, _C(I"), _

Weak base of a relational clone @ (Schnoor?, 2008)
a finite set I' C Ry, smallest in (G, <)

<-smallest I" € G means. .. Corollary 4.3 in (Schnoor?, 2008):
Inva Pols I' = Q and
VI"CRa: InvaPolpaI"=Q = I'C(I"), _

Irredundant relation R C A”
R...neither duplicate nor fictitious coordinates.

For R C A" irredundant
Re(l'),_ = Re(l),

A=
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Minimal weak bases

I" weak base of relational clone @

InvaPola I’ = Q and VI" C Ra: InvaPolp I" = Q = I'C(I"), _ J

For R C A" irredundant
R€<F>A7::>R€<F>A J
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Minimal weak bases

I" weak base of relational clone @
InvaPola I’ = Q and VI" C Ra: InvaPolp I" = Q = I'C(I"), _

For R C A" irredundant
Re(),- = Re(l),

I' C R4 weak base of @, all R € I irredundant =
VI’ - RAZ InvAPolAF’ = Q — ['C <F/>/\
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Minimal weak bases

I" weak base of relational clone @
InvaPola I’ = Q and VI" C Ra: InvaPolp I" = Q = I'C(I"), _

For R C A" irredundant
Re(),- = Re(l),

I' C R4 weak base of @, all R € I irredundant =
VF/Q Ra: InvAPolAF’: R = I'C <F/>/\

v

Minimal weak base I" of relational clone @  (Lagerkvist, 2014)

I' = {R} with R C A" irredundant,
R C-minimal w.r.t. InvaPola {R} = Q .
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Minimal weak bases

I" weak base of relational clone @
InvaPola I’ = Q and VI" C Ra: InvaPolp I" = Q = I'C(I"), _

For R C A" irredundant
Re(),- = Re(l),

I' C R4 weak base of @, all R € I irredundant =
VF/Q Ra: InvAPolAF’: R = I'C <F/>/\

v

Minimal weak base I" of relational clone @  (Lagerkvist, 2014)

I' = {R} with R C A" irredundant,
R C-minimal w.r.t. InvaPola {R} = Q .

v

Lagerkvist computed minimal weak bases for all finitely related
Boolean clones
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