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transitive : Va,b,ce X (a <b&b=c)=a=c
reflexive: Vae X, a < a

antisymmetric : Va,b e X (a<b& b=<a)=a=5b

(X, <) is called a partially ordered set
@ a partial order < is called linear order

Va,b € Xeithera<borb=<a

(X, <) is called a linearly ordered set or chain
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Preliminaries

Transformation

@ o : X — Xis called a full transformation on X

T(X) := the set of all full transformations on X
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Preliminaries

Transformation

@ o : X — Xis called a full transformation on X

T(X) := the set of all full transformations on X
e YCX

@ «: Y — Xis called a partial transformation on X

P(X) := the set of all partial transformations on X

@ A partial transformation « : ¥ — X'is order-preserving
Vx,ye Y, x 2y=xa=x)ya

OP(X) := the set of all order-preserving partial transformations on X

Laddawan Lohapan Partial Transformations 3/19



Transformation
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semigroups of order-preserving partial transformations

@ In 2010, W. Mora and Y. Kemprasit, Regular elements of some

order-preserving transformation semigroups

@ In 2011, I. Dimitrova and J. Koppitz, On the maximal regular
subsemigroups of ideals of order-preserving or order-reversing

transformations

@ In 2015, P. Zhao, H. Hu and T. You, Maximal regular
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Preliminaries

Fence

A fence X, also called zigzag poset, is a partially ordered set (X, <) in

which the order relation forms a path with alternating orientations:

apy <as > az <ag > - > dom—1 = Ao > Aoyl < * -
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Preliminaries

Fence

which the order relation forms a path with alternating orientations:

apy <as > az <ag > - > dom—1 = Ao > Aoyl < * -

as ay dg

ai as as ar

up-fence
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Preliminaries

Fence

or a; »>az <as>ay <---<Aadoyp—1 > Aogm =< Aogpm41 > - -
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Preliminaries

Fence

or a; »>az <as>ay <---<Aadoyp—1 > Aogm =< Aogpm41 > - -

ai as as ar

az ay ag
down-fence

where X = {a;,as,as,...}.
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Preliminaries

Fence

The number of antichains in a fence
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Preliminaries

Fence

The number of antichains in a fence is Fibonacci numbers

0,1,1,2,3,5,8,13,21,34, ...
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fence-preserving partial transformations on N

Definition

Let N be the set of natural numbers. We define a partial order < on N
by

n<n+1 if nisodd

n>=n+1 if niseven.

Then (N, <) is an up-fence.
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Preliminaries

fence-preserving partial transformations on N

Definition

A partial transformation o on a fence N is fence-preserving if a < b in
doma, then aa < ba.
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fence-preserving partial transformations on N
Definition

A partial transformation o on a fence N is fence-preserving if a < b in

doma, then aa < ba.

Example
a: N\ {1,2} - Ndefined by ia =i—2 foralli e N\ {1,2}isa

fecne-preserving partial transformation on N.
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Preliminaries

Notation
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Preliminaries

Notation

e FP(N) := the set of all partial transformations on N
which is fence-preserving
@ Reg(FP(N)) := the set of all fence-preserving partial trans-
formations on N which is regular in F/P(N)
:={a € FP(N) : ais regular in FP(N)}
@ idy : N — N defined by xidy = x forall x e N
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Preliminaries

Notation

@ a|lb : aandb are not comparable

@ A|B : foreachx e 4 ,x|yforallyeB
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Preliminaries

Results

Theorem
Let a € FP(N). Then « is regular if and only if there exists a subset Y C

doma: such that oy is a bijection from Y to rana and (a|y)_l € FP(N).
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Preliminaries

Results

Theorem
Let a € FP(N). Then « is regular if and only if there exists a subset Y C

doma: such that oy is a bijection from Y to rana and (a|y)_l € FP(N).

Corollary
Let o € FP(N) with | rana |= 2. Then « is regular if and only if rana is

not a fence or there is a two-element subfence Y of doma such that

Yo = rana.
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Preliminaries

A :={a € Reg(FP(N)) :| rana |< 2}
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Preliminaries
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Preliminaries

B :={a € Reg(FP(N)) : (a,b € rana & a }f b) = aa~' }f ba~1}
@ 4, C AU {ldN}
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Preliminaries

B :={a € Reg(FP(N)) : (a,b € rana & a }f b) = aa~' }f ba~1}

o A §A1U{idN}
°A2 QB

A1 U {ldN}

4

A2

Laddawan Lohapan Partial Transformations

14/19



Preliminaries

Maximal regular subsemigroups of F'/P(N)

Theorem
Ay U {idy} = {a € Reg(FP(N)) : ranc is a fence and | rana |< 2}
U{idn} is a maximal regular subsemigroup of FP(N).
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Preliminaries

Maximal regular subsemigroups of F'/P(N)

Theorem
Ay U {idy} = {a € Reg(FP(N)) : ranc is a fence and | rana |< 2}
U{idn} is a maximal regular subsemigroup of FP(N).

Theorem
B = {a € Reg(FP(N)) : (a,b € rana & a lf b) = aa~! }yba~ '} is a

maximal regular subsemigroup of FP(N).
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Preliminaries

Maximal regular subsemigroups of F'/P(N)

Leta € N\ {1,2,3} and let C, be the set of all « € Reg(FP(N)) with
(i) a ¢ rana or rana C {a — 1,a,a+ 1}

(ii) a & doma or | aca™ |> 2 or rana = ran(algy—1,44+1})

(”l) a|don1a\{a} €B.
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Theorem
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Maximal regular subsemigroups of F'/P(N)

Leta € N\ {1,2,3} and let C, be the set of all « € Reg(FP(N)) with
(i) a ¢ rana or rana C {a — 1,a,a+ 1}

(ii) a & doma or | aca™ |> 2 or rana = ran(algy—1,44+1})

(i) lgomar(a} € B:

Theorem

C;: .= C, U {idy} is a maximal regular subsemigroup of FP(N).

Corollary
Leta,b € N\ {1,2,3} witha # b. Then C;, # C;
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