Congruence FD-maximal algebras

Miroslav Plo&¢ica

Slovak Academy of Sciences, Kosice

September 4, 2016



Congruence lattices

Problem. For a given class K of algebras describe Con K =all
lattices isomorphic to Con A for some A € K.

In this lecture we concentrate on

Problem.Let K be a finitely generated CD variety. Describe finite
members of Con K.
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Necessary condition

In the sequel: V... a finitely generated CD variety;
SI(V) ... the family of subdirectly irreducible members;
M(L) ... completely A-irreducible elements of a lattice L.

Lemma

Let L € ConV. Then for every x € M(L), the lattice Tz is
isomorphic to ConT' for some T € SI(V).
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Congruence FD-maximal varieties

On the finite level (for finite L), the necessary condition is
sometimes also sufficient. In such a case we say that V is
congruence FD-maximal. Formally, V is congruence FD-maximal, if
for every finite distributive lattice L the following two conditions
are equivalent:

(i) L € ConV,
(i) for every xz € M(L), the lattice T is isomorphic to Con T for
some T" € SI(V).
In other words, V is congruence FD-maximal iff the class of all
finite members of Con V is as large as possible by the necessary
condition.
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Congruence FD-maximal algebras

Let A be a finite subdirectly irreducible algebra generating a CD
variety. We say that A is congruence FD-maximal, if for every finite
distributive lattice L the following two conditions are equivalent:

(i) L € ConPsH(A);

(i) for every z € M(L), the lattice T is isomorphic to Con T for

some T' € H(A).

In other words, A is congruence FD-maximal iff the class of all
finite members of ConP;H(A) is as large as possible by the
necessary condition.
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Connection

Theorem

If V is congruence FD-maximal, then there is a family M C SI(V)
such that

(i) every B € M is congruence FD-maximal;
(ii) for every A € SI(V) there is B € M with Con A = Con B;
(iii) if A,Be M, a € ConA, € ConB withta =14, then
Ala= B/S.

Proof: Ramsey type argument
Conjecture: The converse holds
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Easy case

Every finite algebra generating a CD variety, whose congruence
lattice is a chain, is congruence FD-maximal.
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The simplest of the difficult cases

Let A be a finite algebra generating CD variety such that Con A is
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Compatible families

Let E be a subset of B x B for some set B. Let X be a set and
let F be a set of functions X — B. We say that F is
E-compatible if {(f(x),g(z)) |z € X} =FE or

{(9(x), f(z)) |z € X} = Eforevery f,ge F, f #g.

Lemma

Suppose that E C B x B contains a pair (a,b) with a #b. Then
the following condition are equivalent.

(i) There exist arbitrarily large finite E-compatible sets of
functions.

(i) For every (a,b) € E there are x,y,z € B such that
(

(z,z), (¥, 9), (2, 2), (=, ),
(z,2), (y, 2), (x,a), (,b), (a,9), (y,b), (a, 2), (b, 2) € E.
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Characterization theorem

Let A be as above.

A is congruence FD-maximal iff
(i) A/a and A/j are isomorphic to the same algebra B;

(ii) there are homomorphisms hg, hy : A — B with Ker(hy) = a,
Ker(hy) = 8 such that the relation
E = {(ho(z),h1(z)) | x € A} C B x B admits arbitrarily
large E-compatible sets of functions.
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Positive example

For A = N5 we have B ={0,1}, £ = {(0,0),(0,1),(1,0),(1,1)}
so almost every family of functions is F-compatible and A is
congruence FD-maximal.
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Negative example 1

The lattice N5 with the distinguished element (nullary operation) b
is not congruence FD-maximal, because the quotients N5/« and
N5/ are not isomorphic.
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Negative example2

Consider the following lattice A with two additional unary
operations.

£(00) = 00, f(0a) = 0b, £(0b) = £(01) = 01
f(ab) = f(al) =0b1, f(b1) = f(11) =11
g(11) =11, g(b1) = al, g(al) = g(01) = 01

g(ab) = g(0b) = 0Oa, g(0a) = g(00) = 00
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Negative example 2

We have B = {0, 1, a, b},

E ={(0,0),(0,a),(0,b), (a,b),(0,1),(a,1),(b,1),(1,1)} (the
labels on the elements of A), and the pair (a,b) violates the
condition. Thus, A is not congruence FD-maximal.
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Generalization

Let Con A be the n-dimensional cube with a new zero added. Let
ai,...,an be the coatoms of Con A

The concept of a compatible family has to be generalized.

Let E be a subset of B™ for some set B. For a permutation 7 on
{1,...,n} denote

E™ = {(a,r(l), R ,aﬂ.(n)) ’ (al, - ,an) S E}

Let X be a set and let F be a set of functions X — B. We say
that F is E-compatible if for every mutually distinct f1,..., fn, € F
there exists 7 such that {(fi(z),..., fa(x)) |z € X} = ET.
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Compatible families generalized

Suppose that E C B™ contains a non-diagonal n-tuple. Then the
following condition are equivalent.

(i) There exist arbitrarily large finite E-compatible sets of
functions.

(i) There exist a permutation 7 such that for every
(ag,ayq,...,as,) € E™ there are ay,as, ...,as,+1 € B such
that (ai,,...,a;,) € E™ wheneveri; < --- <14, and every
every even k appears at most once among iy, . . ., iy.
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Characterization theorem

Let A be as above.

A is congruence FD-maximal iff
(i) all quotients A/« are isomorphic to the same algebra B;
(ii) there are homomorphisms h; : A — B with Ker(h;) = «;,
(it =1,...,n) such that the relation
E ={(hi(z),...,hn(x)) | z € A} C B™ admits arbitrarily
large E-compatible sets of functions.
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General case

Again, quotients with isomorphic congruence lattices must
themselves be isomorphic. Actually, we can prove more.

Theorem

Let A be congruence FD-maximal, o, 5 € Con A with ta = 10.
Then there is an isomorphism ¢ : Ta — 18 and isomorphisms

[y Ay = A/e(y) for all v € Ta that commute with the natural
projections, that is

Ay =D agp()

wl l%(w(a)
A6 —— A/p(d)

whenever v < 4.
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What remains to do?

Problem. Characterize heterogeneous relations that admit
arbitrarily large systems of compatible functions.
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