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Special elements in a lattice
Ore (1935, 1942), Birkhoff (1940), Gratzer (1959, 1978), Gratzer

and Schmidt (1961), Hashimoto and Kinugawa (1963), Reilley
(1984)...
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An element a of a lattice L is distributive if for every x,y € L,

avVixAy)=(aVx)A(aVy).
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Special elements in a lattice

Ore (1935, 1942), Birkhoff (1940), Gratzer (1959, 1978), Gratzer
and Schmidt (1961), Hashimoto and Kinugawa (1963), Reilley
(1984)...

An element a of a lattice L is distributive if for every x,y € L,
av(xAy)=(avx)A(aVy).
Dually, a is codistributive if

aN(xVy)=(aAnx)V(aAy).

B. Segelja Special elements — Weak congruences — Q-algebras



Special elements in a lattice

Ore (1935, 1942), Birkhoff (1940), Gratzer (1959, 1978), Gratzer
and Schmidt (1961), Hashimoto and Kinugawa (1963), Reilley
(1984)...

An element a of a lattice L is distributive if for every x,y € L,
avVixAy)=(aVx)A(aVy).

Dually, a is codistributive if
aN(xVy)=(anx)V(aAy).

An element a of a lattice L is neutral if for all x,y € L,

(avx)A(aVy)A(xVy)=(aAnx)V(aAy)V(xAy).
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Special elements in a lattice

Ore (1935, 1942), Birkhoff (1940), Gratzer (1959, 1978), Gratzer
and Schmidt (1961), Hashimoto and Kinugawa (1963), Reilley
(1984)...

An element a of a lattice L is distributive if for every x,y € L,
avVixAy)=(aVx)A(aVy).
Dually, a is codistributive if
aN(xVy)=(anx)V(aAy).
An element a of a lattice L is neutral if for all x,y € L,
(avx)A(aVy)A(xVy)=(aAnx)V(aAy)V(xAy).

An element a € L is cancellable, if
fromxAa=yAaand xVa=yVait follows that x = y.
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An element a is neutral if and only if it is distributive,
codistributive and cancellable.
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An element a is neutral if and only if it is distributive,
codistributive and cancellable.

Element a is standard if for all x,y € L,

xN(aVvVy)=(xANa)V(xAy).
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An element a is neutral if and only if it is distributive,
codistributive and cancellable.

Element a is standard if for all x,y € L,
xN(aVvVy)=(xANa)V(xAy).

An element satisfying the dual law
xV(aAny)=(xVa)A(xVy),

is called costandard.
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An element a is neutral if and only if it is distributive,
codistributive and cancellable.

Element a is standard if for all x,y € L,
xN(aVvVy)=(xANa)V(xAy).

An element satisfying the dual law
xV(aAny)=(xVa)A(xVy),

is called costandard.
a is modular if for all x,y € L,

from a < y it follows that aV (x Ay) = (aV x) A y.
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An element a is neutral if and only if it is distributive,
codistributive and cancellable.

Element a is standard if for all x,y € L,
xN(aVvVy)=(xANa)V(xAy).

An element satisfying the dual law
xV(aAny)=(xVa)A(xVy),

is called costandard.
a is modular if for all x,y € L,

from a < y it follows that aV (x Ay) = (aV x) A y.
a is ss-modular if for all x,y € L,

from x < y it follows that x V (aAy) = (xV a) A y.

B. Segelja Special elements — Weak congruences — Q-algebras



Theorem

If a is an element of a lattice L, then the following conditions are
equivalent:

(1) a is a distributive element in L;

(2) the function n, : x — aV x is a homomorphism from L onto
the principal filter Ta;

(3) the relation 6, on L, defined by

x 0,y if and only ifaV x=aVy,

is a congruence.

B. Segelja Special elements — Weak congruences — Q-algebras



Theorem

Let a be an element from a lattice L. The following conditions are
equivalent:

(i) a is codistributive;

(ii) the mapping m, : L —|a defined by m,(x) =aAx is a
lattice homomorphism;

(iii) binary relation 0, defined by:

(x,y) €0, ifandonly if aAx=aAy,

is a congruence relation on L.
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Theorem

Let L be a lattice and a € L. The following conditions are
equivalent:

(i) a is neutral;

(ii) a is distributive, codistributive and cancellable;

(iii) a is standard and costandard;

(iv) The mappings m, and n, are homomorphisms and the
mapping x — (x A a,x V a) is an embedding from L to |a x fa;
(v) For all x,y € L, the sublattice generated by {x,y, a} is
distributive.
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The center of a bounded lattice L is the set of all elements from L
which are neutral and have complements.
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The center of a bounded lattice L is the set of all elements from L
which are neutral and have complements.

An element a belongs to the center of a bounded lattice L if and
only if

L~ |a xta under x— (xAa,xVa).
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The center of a bounded lattice L is the set of all elements from L
which are neutral and have complements.

An element a belongs to the center of a bounded lattice L if and
only if

L= la xta under x— (xAa,xVa).

If ais a codistributive element and if the congruence block [x]g, of
an x € L has the top element, then we denote it by X.
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The center of a bounded lattice L is the set of all elements from L
which are neutral and have complements.

An element a belongs to the center of a bounded lattice L if and
only if

L= la xta under x— (xAa,xVa).

If ais a codistributive element and if the congruence block [x]g, of
an x € L has the top element, then we denote it by X.

Proposition

If a is in the center of a lattice L, then every block of the
congruence induced by m, (n,) has the top (the bottom) element.
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Proposition

If a is a codistributive element of the lattice L, and the top
elements in the congruence blocks induced by m, exist, then the
following are equivalent:

(1) a is modular and cancellable;

(ii) for every x €la, the map y — y V a is an isomorphism from
the interval [x, X] onto the interval [a,X V a].
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Element a of a bounded lattice is exceptional if it is neutral and
the blocks of the congruence 6, induced by m, have top elements
which form a sublattice M, of L.
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Element a of a bounded lattice is exceptional if it is neutral and
the blocks of the congruence 6, induced by m, have top elements
which form a sublattice M, of L.

Proposition

A codistributive element a of a lattice L is exceptional if and only
if the following two statements are true:

(i) for every x €la, [x,x| = [a,XxV a] under y — y V a, and
(ii) the mapping x — X\ a is a homomorphism from |a to Ta.
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An element a of a lattice L is said to be infinitely distributive if
for each family {x; | ie I} C L

avVv (/\x;) = /\(a\/x;).

iel i€l
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An element a of a lattice L is said to be infinitely distributive if
for each family {x; | ie I} C L

avVv (/\x;) = /\(a V X;).
icl i€l

An element satisfying the dual law is called infinitely
codistributive.
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An element a of a lattice L is said to be infinitely distributive if
for each family {x; | ie I} C L

avVv (/\x;) = /\(a V X;).
icl i€l

An element satisfying the dual law is called infinitely
codistributive.

Proposition

The following conditions are equivalent for an element a € L:
(1) a is infinitely distributive;

(ii) the mapping n, : L —7a defined by ny(x) =aV x is a
complete homomorphism.

(iii) Binary relation o, defined by: (x,y) € o, if and only if
aV x=aVyisacomplete congruence on L.
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Proposition

An element a of L is infinitely distributive if and only if for every
b €ta, the family {x € L | aV x > b} has the bottom element.
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Proposition

An element a of L is infinitely distributive if and only if for every
b €ta, the family {x € L | aV x > b} has the bottom element.

Proposition

An element a of L is infinitely distributive if and only if for every
b €ta, the family {x € L | aVV x = b} has the bottom element and
a is a modular element of L.
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Proposition

An element a of L is infinitely distributive if and only if for every
b €ta, the family {x € L | aV x > b} has the bottom element.

Proposition

An element a of L is infinitely distributive if and only if for every
b €ta, the family {x € L | aVV x = b} has the bottom element and
a is a modular element of L.

Theorem

The following statements are equivalent for an element a of L:

(i) a is cancellable and a = ta, under x — X V a;

(i) a is an exceptional infinitely distributive element, and the set
of all bottom elements {x | x € L} is equal to the set M, of all top
elements.
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If a is a neutral element of the lattice L, then an arbitrary lattice
identity is satisfied on L if and only if this identity holds on |a and
on tTa.
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Theorem

(1) (L. Libkin 1995) In an atomistic algebraic lattice an element is
neutral if and only if it is distributive and codistributive.

(i) (S. Radeleczki 2000) Every costandard element in an atomistic
lattice is neutral.

(iii) (B. Se¥elja, A. Tepavevi¢ 2008) A codistributive element s in
an atomistic algebraic lattice L has a complement s’ which is
distributive. In addition,

(a) The kernels of the homomorphisms x — x A's from L to |s and
x+— x Vs from L to 1s’ coincide,

(b) s’ = |s , under x — x A s.
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An element d of a lattice L is called a join-semidistributive if
dVx=dVy=dV(xAy)=dVx

holds for all x and y in L.
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Weak equivalences on a set
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Weak equivalences on a set
In 1946, O. Boruvka, inspired by a paper of O. Ore, introduced

equivalences in a set, as symmetric and transitive relations on a
set.
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Weak equivalences on a set

In 1946, O. Boruvka, inspired by a paper of O. Ore, introduced
equivalences in a set, as symmetric and transitive relations on a
set.

These are in a bijection with partitions in a set.
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Weak equivalences on a set

In 1946, O. Boruvka, inspired by a paper of O. Ore, introduced
equivalences in a set, as symmetric and transitive relations on a
set.

These are in a bijection with partitions in a set.

Detailed description of the lattice of partitions in a set was done by
H. Draskovic¢ova in 1970.
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Weak equivalences on a set

In 1946, O. Boruvka, inspired by a paper of O. Ore, introduced
equivalences in a set, as symmetric and transitive relations on a
set.

These are in a bijection with partitions in a set.

Detailed description of the lattice of partitions in a set was done by
H. Draskovic¢ova in 1970.

For an (s)(t) relation p on a nonempty set A we use the name
weak equivalence on A. Each weak equivalence (except the
empty relation, which is also a weak equivalence on A) is an
(ordinary) equivalence relation on a subset Ap of A:

Ap = {x € A| xpx}.
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Proposition (Draskovi¢ova, 1970)

The collection Ew(A) of all weak equivalences on A is an algebraic
lattice under inclusion. This lattice is upper-continuous and
semimodular.
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Proposition (Draskovi¢ova, 1970)

The collection Ew(A) of all weak equivalences on A is an algebraic
lattice under inclusion. This lattice is upper-continuous and

semimodular.
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The lattice of weak equivalences of a three-element set
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Weak congruence relations
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Weak congruence relations
F. Sik, together with his Ph.D. student T.D. Mai (1974), was first

to investigate compatible (s)(t) relations on algebras, mainly on
Q-groups.
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Weak congruence relations

F. Sik, together with his Ph.D. student T.D. Mai (1974), was first
to investigate compatible (s)(t) relations on algebras, mainly on
Q-groups.

They called these relations congruences in algebras, and
investigated lattices of such relations associated to group-like
algebras.
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Weak congruence relations

F. Sik, together with his Ph.D. student T.D. Mai (1974), was first
to investigate compatible (s)(t) relations on algebras, mainly on
Q-groups.

They called these relations congruences in algebras, and
investigated lattices of such relations associated to group-like
algebras.

In 1988. B. Seelja and G. Vojvodi¢ introduced the notion weak

congruence on an algebra, and described some basic properties of
the corresponding lattice.
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Definition
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Definition

A weak congruence on an algebra A is a symmetric and
transitive subuniverse of A2.

B. Segelja Special elements — Weak congruences — Q-algebras



Definition

A weak congruence on an algebra A is a symmetric and

transitive subuniverse of A?.
Equivalently, it is a symmetric, transitive and compatible relation 6

on an algebra A, hence fulfilling the weak reflexivity:
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Definition

A weak congruence on an algebra A is a symmetric and
transitive subuniverse of A2.

Equivalently, it is a symmetric, transitive and compatible relation 6

on an algebra A, hence fulfilling the weak reflexivity:

For every nullary operation ¢ in the language of A, cfc.
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Definition

A weak congruence on an algebra A is a symmetric and
transitive subuniverse of A?.

Equivalently, it is a symmetric, transitive and compatible relation 6
on an algebra A, hence fulfilling the weak reflexivity:

For every nullary operation ¢ in the language of A, cfc.

By the definition, if A has no fundamental nullary operations, then
the empty set is also a weak congruence on this algebra.
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Definition

A weak congruence on an algebra A is a symmetric and
transitive subuniverse of A?.

Equivalently, it is a symmetric, transitive and compatible relation 6
on an algebra A, hence fulfilling the weak reflexivity:

For every nullary operation ¢ in the language of A, cfc.

By the definition, if A has no fundamental nullary operations, then
the empty set is also a weak congruence on this algebra.

Clearly, every congruence on a subalgebra of A is a weak
congruence on A, and vice versa, every nonempty weak
congruence 6 on A is a congruence on a subalgebra By of A,
where By := {x € A| x0 x}.
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The weak congruences on A form an algebraic lattice under
inclusion, denoted by Cony,(.A).
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A
The weak congruences on A form an algebraic lattice under

inclusion, denoted by Cony,(.A).

A
The congruence lattice Con(A) of A is a principal filter in
Cony(.A), generated by the diagonal relation A of A.
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The weak congruences on A form an algebraic lattice under
inclusion, denoted by Cony,(.A).

| \

The congruence lattice Con(A) of A is a principal filter in
Cony(.A), generated by the diagonal relation A of A.

| A\

The congruence lattice of any subalgebra of A is an interval
sublattice of Cony,(A).

A
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A
The weak congruences on A form an algebraic lattice under

inclusion, denoted by Cony,(.A).

A\

A
The congruence lattice Con(A) of A is a principal filter in
Cony(A), generated by the diagonal relation A of A.

A

A
The congruence lattice of any subalgebra of A is an interval

sublattice of Con,(A).

A

A
The subalgebra lattice Sub(.A) is isomorphic to the principal ideal
generated by A, by sending each weak congruence 6 contained in
A to its domain.

\
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A
The weak congruences on A form an algebraic lattice under

inclusion, denoted by Cony,(.A).

A\

A
The congruence lattice Con(A) of A is a principal filter in
Cony(A), generated by the diagonal relation A of A.

A

A
The congruence lattice of any subalgebra of A is an interval
sublattice of Con,(A).

A

A
The subalgebra lattice Sub(.A) is isomorphic to the principal ideal
generated by A, by sending each weak congruence 6 contained in
A to its domain.

\

Therefore, both the subalgebra lattice and the congruence lattice
of an algebra may be recovered and investigated within a single
algebraic lattice.
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B. Seselja
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a) dihedral group of order 8 b) quaternion group




Congruence Intersection Property, CIP
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Congruence Intersection Property, CIP

If p is a congruence on a subalgebra of A, then let

pa:=[)(0 € ConAl|pC0).
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Congruence Intersection Property, CIP

If p is a congruence on a subalgebra of A, then let

pa:=[)(0 € ConAl|pC0).

In the lattice of weak congruences, p4 = p V A.
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Congruence Intersection Property, CIP

If p is a congruence on a subalgebra of A, then let
pa:=[)(0 € ConAl|pC0).

In the lattice of weak congruences, p4 = p V A.
A is said to have the congruence intersection property (CIP) if
for any p €Con B, 8 €ConC, B,C €Sub A,

(pN0)a=panba.
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Congruence Intersection Property, CIP

If p is a congruence on a subalgebra of A, then let
pa:=[)(0 € ConAl|pC0).

In the lattice of weak congruences, p4 = p V A.
A is said to have the congruence intersection property (CIP) if
for any p €Con B, 8 €ConC, B,C €Sub A,

(pN0)a=panba.

In lattice terms, an algebra has the CIP if and only if

AV (pAB) = (AVp)A(A V).
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Congruence Intersection Property, CIP

If p is a congruence on a subalgebra of A, then let

pa:=[)(0 € ConAl|pC0).

In the lattice of weak congruences, p4 = p V A.
A is said to have the congruence intersection property (CIP) if
for any p €Con B, 8 €ConC, B,C €Sub A,

(pN0)a=panba.

In lattice terms, an algebra has the CIP if and only if

AV (pAB) = (AVp)A(A V).

Hence, A has the CIP if and only if AA is a distributive element of
the lattice Cw A,
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Congruence Intersection Property, CIP

If p is a congruence on a subalgebra of A, then let

pa:=[)(0 € ConAl|pC0).

In the lattice of weak congruences, p4 = p V A.
A is said to have the congruence intersection property (CIP) if
for any p €Con B, 8 €ConC, B,C €Sub A,

(pN0)a=panba.

In lattice terms, an algebra has the CIP if and only if

AV (pAB) = (AVp)A(A V).

Hence, A has the CIP if and only if AA is a distributive element of
the lattice CwA, if and only if np : p+— pV A is a homomorphism
from Con,,(.A) onto TA.
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A special case of the CIP is the weak congruence intersection
property (wCIP).
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A special case of the CIP is the weak congruence intersection
property (wCIP).

An algebra A satisfies the wCIP if for any congruence p on a
subalgebra of A and for any congruence 6 on A,

(pNO)a=pand.
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A special case of the CIP is the weak congruence intersection
property (wCIP).

An algebra A satisfies the wCIP if for any congruence p on a
subalgebra of A and for any congruence 6 on A,

(pNO)a=pand.
Equivalently, A has the wCIP if and only if for any p,6 € Cw A,

A <0 implies AV (pAB)=(AVp)AS.
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A special case of the CIP is the weak congruence intersection
property (wCIP).

An algebra A satisfies the wCIP if for any congruence p on a
subalgebra of A and for any congruence 6 on A,

(pNO)a=pand.
Equivalently, A has the wCIP if and only if for any p,6 € Cw A,
A <0 implies AV (pAB)=(AVp)AS.

That is, A has the wCIP if and only if A is a modular element in
the lattice Cony,(A).
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Varieties satisfying the CIP
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Varieties satisfying the CIP

As it is known, an algebra A is Abelian if it satisfies the term
condition (TC):
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Varieties satisfying the CIP

As it is known, an algebra A is Abelian if it satisfies the term
condition (TC): For each term t(x,y) in the language of A and
for all a, b, and d in A (where X stands for the n-tuple x1, ..., x,)
if t(a,€) = t(a, d), then t(b, <) = t(b, d).
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Varieties satisfying the CIP

As it is known, an algebra A is Abelian if it satisfies the term
condition (TC): For each term t(x,y) in the language of A and
for all a, b, and d in A (where X stands for the n-tuple x1, ..., x,)
if t(a,€) = t(a, d), then t(b, <) = t(b, d).

If A? satisfies the weak CIP, then the algebra A is Abelian.
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Varieties satisfying the CIP

As it is known, an algebra A is Abelian if it satisfies the term
condition (TC): For each term t(x,y) in the language of A and
for all a, b, and d in A (where X stands for the n-tuple x1, ..., x,)
if t(a,€) = t(a, d), then t(b, <) = t(b, d).

If A? satisfies the weak CIP, then the algebra A is Abelian.

Every CIP variety is Abelian.
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Varieties satisfying the CIP

As it is known, an algebra A is Abelian if it satisfies the term
condition (TC): For each term t(x,y) in the language of A and
for all a, b, and d in A (where X stands for the n-tuple x1, ..., x,)
if t(a,€) = t(a, d), then t(b, <) = t(b, d).

If A? satisfies the weak CIP, then the algebra A is Abelian.

Every CIP variety is Abelian.

Since a locally finite variety is Abelian if and only if it is
Hamiltonian (Kiss,Valeriote, 1993), the following holds:
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Varieties satisfying the CIP

As it is known, an algebra A is Abelian if it satisfies the term
condition (TC): For each term t(x,y) in the language of A and
for all a, b, and d in A (where X stands for the n-tuple x1, ..., x,)
if t(a,€) = t(a, d), then t(b, <) = t(b, d).

If A? satisfies the weak CIP, then the algebra A is Abelian.

Every CIP variety is Abelian.

Since a locally finite variety is Abelian if and only if it is
Hamiltonian (Kiss,Valeriote, 1993), the following holds:

Every locally finite CIP variety is Hamiltonian.
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A CM Abelian variety has the CIP if and only if it has a constant
term operation.
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A CM Abelian variety has the CIP if and only if it has a constant
term operation.

A CM variety is Abelian if and only if it has the wCIP. \
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A CM Abelian variety has the CIP if and only if it has a constant
term operation.

A CM variety is Abelian if and only if it has the wCIP. \

The above equivalences are not generally satisfied for single
algebras in CM varieties. As an example we mention the
eight-element quaternion group, which satisfies the CIP, but fails
to be Abelian.
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A CM Abelian variety has the CIP if and only if it has a constant
term operation.

A CM variety is Abelian if and only if it has the wCIP. \

The above equivalences are not generally satisfied for single
algebras in CM varieties. As an example we mention the
eight-element quaternion group, which satisfies the CIP, but fails
to be Abelian.

If a variety V is CM and SM, then it is a CIP variety.

B. Segelja Special elements — Weak congruences — Q-algebras



A CM Abelian variety has the CIP if and only if it has a constant
term operation.

A CM variety is Abelian if and only if it has the wCIP.

The above equivalences are not generally satisfied for single
algebras in CM varieties. As an example we mention the
eight-element quaternion group, which satisfies the CIP, but fails
to be Abelian.

If a variety V is CM and SM, then it is a CIP variety.

Problem

Which (possibly locally finite) Abelian (or Hamiltonian) varieties
possess the CIP?
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Congruence Extension Property, CEP
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Congruence Extension Property, CEP
Recall that an algebra A has the Congruence Extension

Property, the CEP, if for any congruence p on a subalgebra B of
A, there is a congruence 6 on A, such that p = B2nN4.

B. Segelja Special elements — Weak congruences — Q-algebras



Congruence Extension Property, CEP

Recall that an algebra A has the Congruence Extension
Property, the CEP, if for any congruence p on a subalgebra B of
A, there is a congruence 6 on A, such that p = B2nN4.

Theorem

The following are equivalent for an algebra A :
(i) A has the CEP;
(i) in Cony(A), for p,8 € ConB, B € Sub A,
pVA=0VA implies p=0;
(iii) for p,0 € Cony(A),
p <0 implies pV(ANO)=(pVA)AD,
(iv) for p € Cony(A), B € Sub A,
p < B2 implies pV (A AB?) = (pV A)AB?;
(v) for p,0 € Cony(A),
pV(ANO)=(pVA)A(pVE).
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An algebra A has the CIP and the CEP if and only if A is a
neutral element in the lattice Con,,(.A).
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An algebra A has the CIP and the CEP if and only if A is a
neutral element in the lattice Con,,(.A).

Hence, A has both, the CIP and the CEP, if and only if the
mapping pa : p— (B,, pV A), where B, = {x € A| xpx}, is an
embedding of the lattice Cony(.A) into the direct product

Sub A x Con A.
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An algebra A has the CIP and the CEP if and only if A is a
neutral element in the lattice Cony,(A).

Hence, A has both, the CIP and the CEP, if and only if the
mapping pa : p— (B,, pV A), where B, = {x € A| xpx}, is an
embedding of the lattice Cony(.A) into the direct product

Sub A x Con A.

If A has a complement, i.e., if it belongs to the center of
Cony(.A), then pa is an isomorphism.
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An algebra A has the CIP and the CEP if and only if A is a
neutral element in the lattice Cony,(A).

Hence, A has both, the CIP and the CEP, if and only if the
mapping pa : p— (B,, pV A), where B, = {x € A| xpx}, is an
embedding of the lattice Cony(.A) into the direct product

Sub A x Con A.

If A has a complement, i.e., if it belongs to the center of
Cony(.A), then pa is an isomorphism.

If an algebra A has the CIP and the CEP, then any lattice identity
holds on Cony,(A) if and only if it holds on Sub.A and on Con A.
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«CIP

An algebra A is said to posses the *CIP if for any family
{pi | i € I} of congruences on subalgebras of A (p; € A;),

(i li€Na=\(p)ali€l).
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«CIP

An algebra A is said to posses the *CIP if for any family
{pi | i € I} of congruences on subalgebras of A (p; € A;),

(i li€Na=\(p)ali€l).

Obviously, A has the xCIP if and only if A is an infinitely
distributive element in the lattice Con,,(.A), i.e., if

AV N pi = N\AVp).

icl i€l
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Lattice identities in Con,,(.A)
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Lattice identities in Con,,(.A)

Proposition

If an algebra A has the CIP and the CEP, and Sub A and Con A
are modular (distributive) lattices, then also its lattice of weak
congruences is modular (distributive).
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Lattice identities in Con,,(.A)

Proposition

If an algebra A has the CIP and the CEP, and Sub A and Con A
are modular (distributive) lattices, then also its lattice of weak
congruences is modular (distributive).

For the converse, observe that in a modular lattice every
codistributive element is neutral.
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Lattice identities in Con,,(.A)

Proposition

If an algebra A has the CIP and the CEP, and Sub. A and Con A
are modular (distributive) lattices, then also its lattice of weak
congruences is modular (distributive).

For the converse, observe that in a modular lattice every
codistributive element is neutral.

An algebra A has modular (distributive) lattice of weak
congruences if and only if Sub A and Con A are modular
(distributive) lattices and A has the CIP and the CEP.
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Theorem

The lattice of weak congruences of an algebra A is relatively
complemented if and only if all of the following conditions are
satisfied:

- A has at least one nullary operation,

- no nontrivial congruence on A has a block which is a subalgebra
of A,

- A satisfies the CEP and the CIP, and

- both Sub A and Con A are relatively complemented lattices.
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Theorem

Let A be an algebra which has the CIP. Then the weak congruence
lattice of A is complemented if and only if the following conditions
hold:

- A has at least one nullary operation;

- no congruence on A has a block which is a proper subalgebra of
A,.

- Sub A and Con A are complemented lattices.
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Theorem

Let A be an algebra which has the CIP. Then the weak congruence
lattice of A is complemented if and only if the following conditions
hold:

- A has at least one nullary operation;

- no congruence on A has a block which is a proper subalgebra of
A,.

- Sub A and Con A are complemented lattices.

Corollary

| \

The weak congruence lattice of an algebra A is Boolean if and
only if A satisfies conditions:

(1) for every subalgebra B, Con B is isomorphic with Con A, under
p— pa and

(if) Sub A and Con A are Boolean lattices.

\
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Weak congruences on groups and rings
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Weak congruences on groups and rings

For every group G there is a 1-1 correspondence between weak
congruences and ordered pairs (H, K) of subgroups of G, such that
K< H.
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Theorem (Czédli, Se¥elja, TepavZevi¢, 2009)

For any finite group G the following five conditions are equivalent.
(i) G is a Dedekind group;

(ii) G has the CIP;

(i) A is a join-semidistributive element in Cony(G);

(iv) for every normal subgroup N of G,

Cn := {K € Sub(G) : 3H € Subp(K) with (H)c = N}

is a sublattice of Sub(G);
(v) for every normal subgroup N of G, Cy is closed with respect to
intersection.

V.
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Theorem (Czédli, Erné, Se¥elja, Tepavievié, 2009)

The following statements on a group G are equivalent:
(1) G is a Dedekind group.
2) Cony(G) is modular.

(2)
(3) A is a standard (equivalently, a neutral) element of Cony,(G).
(4) G has the CIP and the CEP.
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Theorem (Czédli, Erné, Se¥elja, Tepavievié, 2009)

The following statements on a group G are equivalent:
(1) G is a Dedekind group.
2) Cony(G) is modular.

(2)
(3) A is a standard (equivalently, a neutral) element of Cony,(G).
(4) G has the CIP and the CEP.

Recall that Ore's Theorem says that the locally cyclic groups are
exactly those with a distributive subgroup lattice.
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Theorem (Czédli, Erné, Se¥elja, Tepavievié, 2009)

The following statements on a group G are equivalent:
(1) G is a Dedekind group.
2) Cony(G) is modular.

(2)
(3) A is a standard (equivalently, a neutral) element of Cony,(G).
(4) G has the CIP and the CEP.

Recall that Ore's Theorem says that the locally cyclic groups are
exactly those with a distributive subgroup lattice.

A group is locally cyclic if and only if its weak congruence lattice is
distributive.
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We call a ring Hamiltonian if each subring is an ideal.
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We call a ring Hamiltonian if each subring is an ideal.

Theorem (Czé&dli, Erné, Seselja, Tepavievid, 2009)

A ring is Hamiltonian if and only if it is generated by its
Hamiltonian subrings and has a modular weak congruence lattice
(or A is a neutral element of it).
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We call a ring Hamiltonian if each subring is an ideal.

Theorem (Czé&dli, Erné, Seselja, Tepavievid, 2009)

A ring is Hamiltonian if and only if it is generated by its
Hamiltonian subrings and has a modular weak congruence lattice
(or A is a neutral element of it).

Example
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We call a ring Hamiltonian if each subring is an ideal.

Theorem (Czé&dli, Erné, Seselja, Tepavievid, 2009)

A ring is Hamiltonian if and only if it is generated by its
Hamiltonian subrings and has a modular weak congruence lattice
(or A is a neutral element of it).

Example
In the ring Z of all integers, the subrings coincide with the additive
subgroups nZ and with the ideals. Thus Z is Hamiltonian. The
weak congruence lattice Cony,(Z) is distributive, being isomorphic
to

D> ={(x,y) € D*| x> y},

where D is the lattice of all natural numbers (including 0), ordered
by the dual of the divisibility relation.
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Proposition

Every module satisfies the CEP and the CIP. In addition, the
lattice of weak congruences of a module is modular.
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Proposition

Every module satisfies the CEP and the CIP. In addition, the
lattice of weak congruences of a module is modular.

Theorem (Chajda, Sezelja, Tepavievi¢, 1995)

The variety of modules is weak congruence modular.
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Proposition

Every module satisfies the CEP and the CIP. In addition, the
lattice of weak congruences of a module is modular.

Theorem (Chajda, Sezelja, Tepavievi¢, 1995)

The variety of modules is weak congruence modular.

Theorem (Chajda, Se¥elja, Tepavievi¢, 1995)

A variety V which has a nullary operation in the similarity type is
weak congruence modular if and only if V is polynomially
equivalent to the variety of modules over a ring with unit.
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The CIP for groups
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The CIP for groups B
If H is a subgroup of a group G, then let H be the normal closure
of H, i.e., the smallest normal subgroup of G containing H.
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The CIP for groups

If H is a subgroup of a group G, then let H be the normal closure
of H, i.e., the smallest normal subgroup of G containing H.

Then G has the CIP if and only if for every pair of subgroups H, K,

HNK=HNK.
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The CIP for groups

If H is a subgroup of a group G, then let H be the normal closure
of H, i.e., the smallest normal subgroup of G containing H.

Then G has the CIP if and only if for every pair of subgroups H, K,

HNK=HnNK.
Analogously, G satisfies the xCIP if and only if

ﬂ Hi = ﬂﬁlv

iel iel

for every family {H; | i € I} of subgroups.
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The CIP for groups B
If H is a subgroup of a group G, then let H be the normal closure
of H, i.e., the smallest normal subgroup of G containing H.
Then G has the CIP if and only if for every pair of subgroups H, K,
HNK=HNK.
Analogously, G satisfies the xCIP if and only if
ﬂ Hi = ﬂﬁlv
icl icl

for every family {H; | i € I} of subgroups.

A finite group G is a Dedekind group if and only if it satisfies the
CIP.

B. Segelja Special elements — Weak congruences — Q-algebras



The CIP for groups B
If H is a subgroup of a group G, then let H be the normal closure
of H, i.e., the smallest normal subgroup of G containing H.
Then G has the CIP if and only if for every pair of subgroups H, K,
HNK=HNK.
Analogously, G satisfies the xCIP if and only if
ﬂ Hi = ﬂﬁlv
icl icl

for every family {H; | i € I} of subgroups.

Theorem

A finite group G is a Dedekind group if and only if it satisfies the
CIP.

| A\

Theorem

A group G is a Dedekind group if and only if it satisfies the  CIP.

v
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Problem

Is it true that a group is a Dedekind one if and only if it satisfies
the CIP?
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Problem

Is it true that a group is a Dedekind one if and only if it satisfies
the CIP?

V.N. Obraztsov (1998) proved that there exists a group G such
that

- G is torsion-free;

- in G every two non trivial cyclic subgroups have a non-trivial
intersection;

- G is simple.
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Problem

Is it true that a group is a Dedekind one if and only if it satisfies
the CIP?

V.N. Obraztsov (1998) proved that there exists a group G such
that

- G Is torsion-free;

- in G every two non trivial cyclic subgroups have a non-trivial
intersection;

- G is simple.

Obviously such a group has the CIP but it is not a Dedekind one.
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Representation of lattices by weak congruences
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Representation of lattices by weak congruences

Bacic representation problem
Represent an algebraic lattice by a weak congruence lattice of an
algebra.
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Representation of lattices by weak congruences

Bacic representation problem

Represent an algebraic lattice by a weak congruence lattice of an
algebra.

Easily solved by Gratzer-Schmidt theorem:

Let B = (A, F) be an algebra such that Con B is isomorphic with
L. Then the required algebra 4 can be obtained by adding to F all
the elements from A as nullary operations: A = (A, F U {A}).
Obviously, Cony(A) = Con B = L.
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Representation of lattices by weak congruences

Bacic representation problem

Represent an algebraic lattice by a weak congruence lattice of an
algebra.

Easily solved by Gratzer-Schmidt theorem:

Let B = (A, F) be an algebra such that Con B is isomorphic with
L. Then the required algebra 4 can be obtained by adding to F all
the elements from A as nullary operations: A = (A, F U {A}).
Obviously, Cony(A) = Con B = L.

The above construction by which the diagonal relation of the

algebra corresponds to the bottom of the lattice is called the
trivial representation.
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Weak congruence lattice representation problem

Let L be an algebraic lattice and a € L. Find an algebra such that
its weak congruence lattice is isomorphic with L, the diagonal
relation being the image of a under the isomorphism.
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Weak congruence lattice representation problem

Let L be an algebraic lattice and a< L. Find an algebra such that
its weak congruence lattice is isomorphic with L, the diagonal
relation being the image of a under the isomorphism.

A representation by which the diagonal relation corresponds to an
element different from the bottom of the lattice is said to be
non-trivial.
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Examples: lattices without non-trivial
representations
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Examples: lattices without non-trivial
representations




A-suitable elements of a lattice
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A-suitable elements of a lattice

Let L be an algebraic lattice. An element a€ L is said to be
A-suitable if there is an algebra A such that the weak congruence
lattice Cony,(\A) is isomorphic to L, and A corresponds to a under
the isomorphism.
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A-suitable elements of a lattice

Let L be an algebraic lattice. An element a€ L is said to be
A-suitable if there is an algebra A such that the weak congruence
lattice Cony,(\A) is isomorphic to L, and A corresponds to a under
the isomorphism.

Proposition

Every A-suitable element of a lattice is co-distributive.
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A A-suitable element a € L satisfies the following:
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A A-suitable element a € L satisfies the following:

@ ifxNy=#0thenxVy=XVYy;
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A A-suitable element a € L satisfies the following:

@ ifxNy=#0thenxVy=XVYy;
o ifx£0andXxX <y, thenyNa#yAa;
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A A-suitable element a € L satisfies the following:

@ ifxNy=#0thenxVy=XVYy;
o ifx£0andXxX <y, thenyNa#yAa;
o ifx<a, then\/(yeta|yVx<1l)#1,
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A A-suitable element a € L satisfies the following:

@ ifxNy=#0thenxVy=XVYy;
o ifx£0andXxX <y, thenyNa#yAa;
o ifx<a, then\/(yeta|yVx<1l)#1,
e Ify €la and x < y, then there exists z € [y,y], such that
- for all t € [x,X], the set {c € Ext(t) | ¢ < z} is either empty
or has the top element, and
- for all t € [x,X], the set {c € Ext(t) | ¢ £ z} is an antichain
(possibly empty), where
Ext(t) .={w e [y,y] | wNnx = t}.
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If a is a A-suitable element of the lattice L, then the following hold:
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If a is a A-suitable element of the lattice L, then the following hold:

@ xANa<yAaimpliesxVa<yVaforall x,y €L ifand only
if every algebra representing L is Hamiltonian;
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If a is a A-suitable element of the lattice L, then the following hold:

@ xANa<yAaimpliesxVa<yVaforall x,y €L ifand only
if every algebra representing L is Hamiltonian;

@ a is a cancellable element in L if and only if every algebra
representing L has the CEP;
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Proposition

If a is a A-suitable element of the lattice L, then the following hold:
@ xANa<yAaimpliesxVa<yVaforall x,y €L ifand only
if every algebra representing L is Hamiltonian;

@ a is a cancellable element in L if and only if every algebra
representing L has the CEP;

@ a is a distributive element in L if and only if every algebra
representing L has the CIP;
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Proposition

If a is a A-suitable element of the lattice L, then the following hold:

@ xANa<yAaimpliesxVa<yVaforall x,y €L ifand only
if every algebra representing L is Hamiltonian;

@ a is a cancellable element in L if and only if every algebra
representing L has the CEP;

@ a is a distributive element in L if and only if every algebra
representing L has the CIP;

@ xVa=1 for every x € L if and only if no congruence on an
algebra representing L has a block which is a proper
subalgebra;
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A
@ x < aimpliesxV a <1 for every x € L if and only if every
algebra representing L is quasi-Hamiltonian;
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A
@ x < aimpliesxV a <1 for every x € L if and only if every
algebra representing L is quasi-Hamiltonian;
@ a has a complement in L if and only if every algebra

representing L has at least one nullary operation and has no
congruence whose block is a proper subalgebra.
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If a is a A-suitable element belonging to the center of a lattice L,
then every algebra representing L satisfies the following:
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If a is a A-suitable element belonging to the center of a lattice L,
then every algebra representing L satisfies the following:

o A has at least one nullary operation;
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If a is a A-suitable element belonging to the center of a lattice L,
then every algebra representing L satisfies the following:

o A has at least one nullary operation;
o A has the CEP and the CIP;
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If a is a A-suitable element belonging to the center of a lattice L,
then every algebra representing L satisfies the following:

o A has at least one nullary operation;
@ A has the CEP and the CIP;
o for every subalgebra B of A, Con B is isomorphic with Con A;
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If a is a A-suitable element belonging to the center of a lattice L,
then every algebra representing L satisfies the following:

o A has at least one nullary operation;
@ A has the CEP and the CIP;
o for every subalgebra B of A, Con B is isomorphic with Con A;

e A is not Hamiltonian, moreover no congruence on A has a
block which is a subalgebra of A.
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Example




A
In the free distributive lattice with three generators, the generating
elements (and, trivially, the bottom) are the only ones which are
A-suitable.
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A
In the free distributive lattice with three generators, the generating
elements (and, trivially, the bottom) are the only ones which are
A-suitable.

Hence, there is one possible non-trivial representation of this
lattice.
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A
In the free distributive lattice with three generators, the generating
elements (and, trivially, the bottom) are the only ones which are
A-suitable.

Hence, there is one possible non-trivial representation of this
lattice.
Every algebra representing this lattice:
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A
In the free distributive lattice with three generators, the generating
elements (and, trivially, the bottom) are the only ones which are
A-suitable.

Hence, there is one possible non-trivial representation of this
lattice.
Every algebra representing this lattice:

@ is non-Hamiltonian;
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A
In the free distributive lattice with three generators, the generating
elements (and, trivially, the bottom) are the only ones which are
A-suitable.

Hence, there is one possible non-trivial representation of this
lattice.
Every algebra representing this lattice:

@ is non-Hamiltonian;

@ has nullary operations;

B. Segelja Special elements — Weak congruences — Q-algebras



A
In the free distributive lattice with three generators, the generating
elements (and, trivially, the bottom) are the only ones which are
A-suitable.

Hence, there is one possible non-trivial representation of this
lattice.
Every algebra representing this lattice:

@ is non-Hamiltonian;
@ has nullary operations;
@ satisfy the CEP and the CIP;
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A
In the free distributive lattice with three generators, the generating
elements (and, trivially, the bottom) are the only ones which are
A-suitable.

Hence, there is one possible non-trivial representation of this
lattice.
Every algebra representing this lattice:

is non-Hamiltonian;
has nullary operations;
satisfy the CEP and the CIP;

all its proper subalgebras are Hamiltonian.

B. Segelja Special elements — Weak congruences — Q-algebras



A
In a complete and atomic Boolean algebra B all elements except

the top are A-suitable.
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A
In a complete and atomic Boolean algebra B all elements except

the top are A-suitable.
Hence, for every a € B, a # 1, there could be a representation of
B by weak congruences.
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A
In a complete and atomic Boolean algebra B all elements except

the top are A-suitable.

Hence, for every a € B, a # 1, there could be a representation of
B by weak congruences.

The representation is not trivial if a # 0. In this case, every
algebra A representing B has the following properties:
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A
In a complete and atomic Boolean algebra B all elements except

the top are A-suitable.

Hence, for every a € B, a # 1, there could be a representation of
B by weak congruences.

The representation is not trivial if a # 0. In this case, every
algebra A representing B has the following properties:

o A has at least one nullary operation in its similarity type;
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A
In a complete and atomic Boolean algebra B all elements except

the top are A-suitable.

Hence, for every a € B, a # 1, there could be a representation of
B by weak congruences.

The representation is not trivial if a # 0. In this case, every
algebra A representing B has the following properties:

@ A has at least one nullary operation in its similarity type;
o A satisfies the CEP and the CIP;
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A
In a complete and atomic Boolean algebra B all elements except

the top are A-suitable.

Hence, for every a € B, a # 1, there could be a representation of
B by weak congruences.

The representation is not trivial if a # 0. In this case, every
algebra A representing B has the following properties:

@ A has at least one nullary operation in its similarity type;
o A satisfies the CEP and the CIP;
o A is not Hamiltonian, neither quasi-Hamiltonian;
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A
In a complete and atomic Boolean algebra B all elements except

the top are A-suitable.
Hence, for every a € B, a # 1, there could be a representation of
B by weak congruences.
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A
In a complete and atomic Boolean algebra B all elements except

the top are A-suitable.

Hence, for every a € B, a # 1, there could be a representation of
B by weak congruences.

The representation is not trivial if a # 0. In this case, every
algebra A representing B has the following properties:

@ A has at least one nullary operation in its similarity type;

o A satisfies the CEP and the CIP;

o A is not Hamiltonian, neither quasi-Hamiltonian;

@ no congruence on A has a block which is a subalgebra of A;

@ all congruence lattices of subalgebras of A are isomorphic
with Con Al.
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The weak congruence lattice of an algebra A is atomistic if and
only if all the following conditions are fulfilled:
© The subalgebra lattice of A is atomistic;
@ A has the smallest nontrivial subalgebra B,, whose
congruence lattice is atomistic;

© Every congruence on every subalgebra is an extension of a
congruence on the smallest subalgebra.
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Theorem (geéelja, Stepanovi¢, Tepavievic)

Let L be an algebraic lattice and a € L an element from the center
of the lattice, such that Ta has a single co-atom.
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Theorem (geéelja, Stepanovi¢, Tepavievic)

Let L be an algebraic lattice and a € L an element from the center
of the lattice, such that Ta has a single co-atom.

Then, there is an algebra A, whose weak congruence lattice

Cony (A) is isomorphic with L under a mapping sending A to a.
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Lattice-valued functions and relations
Let © be a complete lattice.

A lattice-valued function on a nonempty set X is mapping
X — Q.

If w: X — Qs a lattice-valued function on a set X then for
p € Q, the set
p = {x € X | u(x) > p}
is a p-cut, or a cut set, (cut) of p.
Obviously,
pp = 1 (1p).

Proposition

The collection {y, | p € Q} of all cuts of the function ji: X — Q
is a closure system on X.
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A lattice-valued (binary) relation R on A is a lattice-valued
function on A?, i.e., it is a mapping R : A> — Q.

R is symmetric if

R(x,y) = R(y,x) forall x,y € A;

R is transitive if

R(x,y) > R(x,z) AR(z,y) for all x,y,z € A.
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Let 1: A— Qand R : A2 = Q be a lattice-valued function a
lattice-valued relation on A, respectively.
Then R is a lattice-valued relation on  if for all x,y € A

R(x,y) < pu(x) A ply)-
A lattice-valued relation R on i : A — Q is said to be reflexive on
w or p-reflexive if

R(x,x) = p(x) for every x € A.

A symmetric and transitive 2-valued relation R on A, which is
p-reflexive is a lattice-valued equivalence on i : A — Q.

A lattice-valued equivalence R on A fulfills the strictness property:

R(x,y) < R(x,x) A R(y, y).

A lattice-valued equivalence R on A is a lattice-valued equality,
if it satisfies the separation property:

R(x,y) = R(x,x) = R(y,x) # 0 implies x =y.
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If A= (A, F)is an algebra, then the function p1: A — Q is
compatible with the operations on A if it is not constantly equal
to 0, and fulfils the following:
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If A= (A, F)is an algebra, then the function p1: A — Q is
compatible with the operations on A if it is not constantly equal
to 0, and fulfils the following:

For any operation f from F with arity greater than 0,

f:A" > A neN, and for all a1,...,a, € A, we have that
/\ ,u(a,-) < ,U,(f(a]_, sy an))7
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and for a nullary operation c € F, p(c) =1.
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compatible with the operations on A if it is not constantly equal
to 0, and fulfils the following:

For any operation f from F with arity greater than 0,

f:A" > A neN, and for all a1,...,a, € A, we have that
/\ ,u(a,-) < ,U,(f(a]_, sy an))v
i=1

and for a nullary operation c € F, p(c) =1.

A lattice-valued relation R : A2 — Q on an algebra A = (A, F) is
compatible with the operations in F if the following holds:
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If A= (A, F)is an algebra, then the function p1: A — Q is
compatible with the operations on A if it is not constantly equal
to 0, and fulfils the following:
For any operation f from F with arity greater than 0,
f:A" > A neN, and for all a1,...,a, € A, we have that

n

/\ ,u(a,-) < ,U,(f(a]_, sy an))v

i=1

and for a nullary operation c € F, p(c) =1.

A lattice-valued relation R : A2 — Q on an algebra A = (A, F) is
compatible with the operations in F if the following holds:

For every n-ary operation f € F, for all ay,...,an, b1,..., b, € A,
and for every constant (nullary operation) c € F

n

/\ R(ai, b)) < R(f(ay, ..., an), f(b, ..., bn));

i=1
and R(c,c)=1
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Q-set

Let € be a fixed complete lattice.
In the sequel we use Q-valued’ instead of 'lattice-valued'.

An Q-set is a pair (A, E), where A is a nonempty set, and E is a
symmetric and transitive Q-valued relation on A, fulfilling the
separation property.

For an Q-set (A, E), we denote by 1 the Q-valued function on A,
defined by
u(x) = E(x.%).

We say that yu is determined by E.
By the strictness property, E is an Q-valued relation on pu, namely,
it is an Q-valued equality on p.
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Proposition

If (A, E) is an Q-set and p € 2, then the cut i, is a subset of A,
and the cut E, is an equivalence relation on .
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Proposition

If (A, E) is an Q-set and p € 2, then the cut i, is a subset of A,
and the cut E, is an equivalence relation on .

In addition, the collection of all cuts {E, | p € Q} of E is a closure
system, a subposet of the lattice of all weak equivalences on A.
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Let A= (A, F) be an algebra and E : A2 — Q an Q-valued
equality on A, which is compatible with the operations in F.
Then, (A, E) is an Q-algebra.

Algebra A is the underlying algebra of (A, E).

The function p: A — Q, defined by p(x) = E(x, x) is obviously
compatible on A.

Proposition

Let (A, E) be an Q-algebra. Then the following hold for every
p € Q:
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(2-algebra; identities

Let A= (A, F) be an algebra and E : A2 — Q an Q-valued
equality on A, which is compatible with the operations in F.
Then, (A, E) is an Q-algebra.

Algebra A is the underlying algebra of (A, E).

The function p: A — Q, defined by p(x) = E(x, x) is obviously
compatible on A.

Proposition

Let (A, E) be an Q-algebra. Then the following hold for every
p € Q:

(i) The cut pup of p is a subalgebra of A, and

(ii ) The cut E, of E is a congruence relation on jip.
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Therefore:
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Therefore:

Every Q-algebra (A, E) uniquely determines a closure system in
the lattice Cony,(A) of weak congruences on A.
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Therefore:

Every Q-algebra (A, E) uniquely determines a closure system in
the lattice Cony,(A) of weak congruences on A.

The converse:
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Therefore:

Every Q-algebra (A, E) uniquely determines a closure system in
the lattice Cony,(A) of weak congruences on A.

The converse:

Theorem

Let A be an algebra and R a closure system in Cony,(.A) such that
for all a,b € A,

ifa b, then (a,b) ¢ {RE€R|(a,a) € R}.

Then there is a complete lattice Q and an Q-algebra (A, E) with
the underlying algebra A, such that R consists of cuts of E.
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Let
u(xiy ..oy xn) = v(xi, ..., x,) (briefly u=v)

be an identity in the type of an Q-algebra (A, E).

B. Segelja Special elements — Weak congruences — Q-algebras



Let
u(xiy ..oy xn) = v(xi, ..., x,) (briefly u=v)

be an identity in the type of an Q-algebra (A, E). We assume that
variables appearing in terms v and v are from xg, ..., x,.
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Let
u(xiy ..oy xn) = v(xi, ..., x,) (briefly u=v)

be an identity in the type of an Q-algebra (A, E). We assume that
variables appearing in terms v and v are from xg, ..., x,.

Then, (A, E) satisfies identity u ~ v (this identity holds on
(A, E)) if the following condition is fulfilled:
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Let
u(xiy ..oy xn) = v(xi, ..., x,) (briefly u=v)

be an identity in the type of an Q-algebra (A, E). We assume that
variables appearing in terms v and v are from xg, ..., x,.

Then, (A, E) satisfies identity u ~ v (this identity holds on
(A, E)) if the following condition is fulfilled:

wu(ai) < E(u(ay,...,an),v(a1,...,an)),
1

n

]

for all a1,...,a, € A and the term-operations u” and v on A
corresponding to terms u and v respectively.
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If Q-algebra (A, E) satisfies an identity, then this identity does not
necessarily hold on A.
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If Q-algebra (A, E) satisfies an identity, then this identity does not

necessarily hold on A.
On the other hand, if the supporting algebra fulfills an identity
then also the corresponding Q-algebra does.
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If Q-algebra (A, E) satisfies an identity, then this identity does not
necessarily hold on A.

On the other hand, if the supporting algebra fulfills an identity
then also the corresponding €2-algebra does.

Proposition

If an identity u = v holds on an algebra A, then it also holds on an
Q-algebra (A, E).
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Theorem

Let (A, E) be an Q-algebra, and F a set of identities in the
language of A. Then, (A, E) satisfies all identities in F if and only
if for every p € L the quotient algebra 1,/ E,, satisfies the same
identities.
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Theorem

Let (A, E) be an Q-algebra, and F a set of identities in the
language of A. Then, (A, E) satisfies all identities in F if and only
if for every p € L the quotient algebra 1,/ E,, satisfies the same
identities.

In addition, the poset

({up/Ep | p €2}, Q)

is a closure system which is, up to an isomorphism, a subposet of
the weak congruence lattice of A.
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(2-subalgebra
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(2-subalgebra

Let (A, E) be an Q-algebra, and E; : A — Q a symmetric and
transitive Q2-relation on A, so that the following holds:
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(2-subalgebra
Let (A, E) be an Q-algebra, and E; : A — Q a symmetric and

transitive Q2-relation on A, so that the following holds:
Forall x,y € A

Ei(x,y) = E(x,y) AN E1(x,x) A E1(y, y).
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(2-subalgebra
Let (A, E) be an Q-algebra, and E; : A — Q a symmetric and
transitive Q2-relation on A, so that the following holds:

Forall x,y € A

Ei(x,y) = E(x,y) AN E1(x,x) A E1(y, y).

Let also E; be compatible with the operations in A.
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(2-subalgebra
Let (A, E) be an Q-algebra, and E; : A — Q a symmetric and

transitive Q2-relation on A, so that the following holds:
Forall x,y € A

Ei(x,y) = E(x,y) AN E1(x,x) A E1(y, y).

Let also E; be compatible with the operations in A.

Obviously, (A, E1) is an Q-algebra and we say that it is an
Q-subalgebra of (A, E).
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(2-subalgebra

Let (A, E) be an Q-algebra, and E; : A — Q a symmetric and
transitive Q2-relation on A, so that the following holds:
Forall x,y € A

Ei(x,y) = E(x,y) AN E1(x,x) A E1(y, y).

Let also E; be compatible with the operations in A.

Obviously, (A, E1) is an Q-algebra and we say that it is an
Q-subalgebra of (A, E).

Proposition

If (A, Ey) is an Q-subalgebra of an Q-algebra (A, E), and
u1 2 A— Q is an Q-valued function on A, defined by
u1(x) = Ei(x, x), then p1 is compatible on A.
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An Q-subalgebra (A, E1) of (A, E) fulfills all the identities that the
latter does:
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An Q-subalgebra (A, E1) of (A, E) fulfills all the identities that the
latter does:

Let (A, Ey) be an Q-subalgebra of an Q-algebra (A, E). If (A, E)
satisfies the set ¥ of identities, then also (A, Ey) satisfies all
identities in 3.
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Example: Q-group
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Example: Q-group

Let (G, E) be an Q-algebra in which G = (G,-,7!,e) is an algebra
with a binary operation (-), unary operation (~!) and a constant

().
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Example: Q-group

Let (G, E) be an Q-algebra in which G = (G,-,7!,e) is an algebra
with a binary operation (-), unary operation (~!) and a constant

(e)-
Then, (G, E) is an Q-group if the following known group identities
hold with respect to E:
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Example: Q-group

Let (G, E) be an Q-algebra in which G = (G,-,7!,e) is an algebra
with a binary operation (-), unary operation (~!) and a constant
(e).

Then, (G, E) is an Q-group if the following known group identities
hold with respect to E:

x-(y-z)=(x-y)-z,
X-er X, e X~ X,

1 1

xX-x""xe x T-x=e.

B. Segelja Special elements — Weak congruences — Q-algebras



Example: Q-group

Let (G, E) be an Q-algebra in which G = (G,-,7!,e) is an algebra
with a binary operation (-), unary operation (~!) and a constant
(e).

Then, (G, E) is an Q-group if the following known group identities
hold with respect to E:

x-(y-z)=(x-y)-z,
X-er X, e X~ X,
1 1'X%€.

X xR e X

In terms of Q-algebras, these identities are equivalent with
formulas:
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Example: Q-group

Let (G, E) be an Q-algebra in which G = (G,-,7!,e) is an algebra
with a binary operation (-), unary operation (~!) and a constant
(e).

Then, (G, E) is an Q-group if the following known group identities
hold with respect to E:

x-(y-z)=(x-y)-z,
X-er X, e X~ X,

1 1

xX-x""xe x T-x=e.

In terms of Q-algebras, these identities are equivalent with
formulas:

(1) E(x-
(i) E(x-
(iif) E(x -

(v-2),(x-y) - 2) = p(x) A ply) A l2),
e,x) = u(x) and E(e - x,x) = u(x),
x71e) > p(x) and E(x7 1 x,e) > pu(x).
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Let (G, E) be an Q-algebra. Then, (G, E) is an Q-group if and only
if for every p € €2, the cut i, is a subalgebra of G, the cut relation
E, is a congruence on L, and the quotient structure i,/ Ep is a

group.
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Normal Q2-subgroup
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Normal Q2-subgroup
Let G = (G, E*) be an Q-group and N = (G, E¥) an Q-subgroup
of G.
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Normal Q2-subgroup

Let G = (G, E*) be an Q-group and N = (G, E¥) an Q-subgroup
of G.

Then, N is a normal Q-subgroup of G, if there is an Q-valued
congruence © on G, such that for all x,y € G,

E”(x,y) = E¥(x,y) N ©O(e,x) N O(e, y).
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Normal Q2-subgroup

Let G = (G, E*) be an Q-group and N = (G, E¥) an Q-subgroup
of G.

Then, N is a normal Q-subgroup of G, if there is an Q-valued
congruence © on G, such that for all x,y € G,

E”(x,y) = E¥(x,y) N ©O(e,x) N O(e, y).

An Q-subgroup N = (G, EV) of an Q-group G = (G, E*) is a
normal Q-subgroup of G, if and only if for every p € , up/E;j is a
normal subgroup of the group pp/Ep'.
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Normal Q2-subgroup

Let G = (G, E*) be an Q-group and N = (G, E¥) an Q-subgroup
of G.

Then, N is a normal Q-subgroup of G, if there is an Q-valued
congruence © on G, such that for all x,y € G,

E”(x,y) = E¥(x,y) N ©O(e,x) N O(e, y).

An Q-subgroup N = (G, EV) of an Q-group G = (G, E*) is a
normal Q-subgroup of G, if and only if for every p € , up/E;j is a
normal subgroup of the group pp/Ep'.

If G = (G, E*) is a commutative Q-group, then every Q-subgroup
of G is normal.
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Concrete example
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Concrete example
g - (N07@771 70)v
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Concrete example
g:(N07@77170)u NOZ{O,I,Z,...}
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Concrete example
g:(N07@77170)u NOZ{O,I,Z,...}
@ — a binary operation on Ny:
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Concrete example
g:(N07@77170)u NOZ{O,I,Z,...}
@ — a binary operation on Ny:
L if x=y
X@Y'_{x—i—y if x#y’

B. Segelja Special elements — Weak congruences — Q-algebras



Concrete example
g:(N07@77170)u NOZ{O,I,Z,...}
@ — a binary operation on Ny:
L if x=y
X@Y'_{x—i—y if x#y’

—1 — a unary operation on Ny defined by x~! = x.
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Concrete example
g:(No,@,fl,O), No:{O,l,Z,...}
@ — a binary operation on Npy:
. if x=y

X@y'_{ x+y if x#y’
— a unary operation on Ny defined by x~1 = x.
A neutral element in G is 0, but @ is not associative, hence G is
not a group.

-1
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Concrete example
g:(N07@77170)u NOZ{O,I,Z,...}
@ — a binary operation on Ny:

Y= U x4y if x#y

— a unary operation on Ny defined by x~1 = x.
A neutral element in G is 0, but @ is not associative, hence G is
not a group.

-1

P10 ) p

B. Segelja Special elements — Weak congruences — Q-algebras



__(0 1 2 3 ... n >
- L pp p2 P3 --o Pn oo )

B. Segelja Special elements — Weak congruences — Q-algebras



n
Pn

2
P2 p3

1
P1

3 4 5

2

rOFOWD’.

o ~o o -

romwor

o o «o -

moror

O “O o -

Er10 1

Lo e o0 B~ Vo B

Special elements — Weak congruences — Q-algebras

B. Seselja



EF10 1 2 3 4 5
01 0 r 0 r O
110 pp O r 0 r
2|r 0 p 0 r O
30 r 0 p3 0 r
4 |\r 0 r 0 ps O
510 r 0 r 0 ps

The structure (G, E#) is an Q-group.

B. Segelja Special elements — Weak congruences — Q-algebras



Cut subalgebras:
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Cut subalgebras:

w1 — the trivial one-element subalgebra {0}.
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Cut subalgebras:

w1 — the trivial one-element subalgebra {0}.
For every p, € Q, pp, = {0, n}.
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Cut subalgebras:

w1 — the trivial one-element subalgebra {0}.
For every p, € Q, pp, = {0, n}.

®[0 n EL 10 n
0/0 n ; 0 |1 0.
nin 0 n [0 1
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Cut subalgebras:

w1 — the trivial one-element subalgebra {0}.
For every p, € Q, pp, = {0, n}.

®[0 n EL 10 n
0/0 n ; 0 |1 0.
nin 0 n [0 1

For every p, € Q, the quotient structure yp, /E}, is a two-element
group.
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Relational structures: 2-poset and 2-lattice
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Relational structures: 2-poset and 2-lattice

Let E be an Q-valued equality on a nonempty set A.
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Relational structures: 2-poset and 2-lattice
Let E be an Q-valued equality on a nonempty set A.

An Q-valued relation R: A2 — Qon A is E-antisymmetric, if the
following holds:

R(x,y) AN R(y,x) = E(x,y), forall x,y € A.
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Relational structures: 2-poset and 2-lattice
Let E be an Q-valued equality on a nonempty set A.

An Q-valued relation R: A2 — Qon A is E-antisymmetric, if the
following holds:

R(x,y) AN R(y,x) = E(x,y), forall x,y € A.

Let (M, E) be an Q-set.
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Relational structures: 2-poset and 2-lattice

Let E be an Q-valued equality on a nonempty set A.
An Q-valued relation R: A2 — Qon A is E-antisymmetric, if the
following holds:

R(x,y) AN R(y,x) = E(x,y), forall x,y € A.

Let (M, E) be an Q-set.
An Q-valued relation R : M2 — Q on M is an Q-valued order on
(M, E), if it fulfills the strictness property:

R(x,y) < R(x,x) AR(y,y),
it is E-antisymmetric, and it is transitive:

R(x,z) AN R(z,y) < R(x,y) for all x,y,z e M.
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Relational structures: 2-poset and 2-lattice

Let E be an Q-valued equality on a nonempty set A.
An Q-valued relation R: A2 — Qon A is E-antisymmetric, if the
following holds:

R(x,y) AN R(y,x) = E(x,y), forall x,y € A.

Let (M, E) be an Q-set.
An Q-valued relation R : M2 — Q on M is an Q-valued order on
(M, E), if it fulfills the strictness property:

R(x,y) < R(x,x) AR(y,y),
it is E-antisymmetric, and it is transitive:
R(x,z) AN R(z,y) < R(x,y) for all x,y,z e M.

A structure (M, E, R) is an Q-poset, if (M, E) is an Q-set, and
R : M? — Qis an Q-valued order on (M, E).
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It is clear that by E-antisymmetry, R(x, x) = E(x, x), for every
x e M.
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It is clear that by E-antisymmetry, R(x, x) = E(x, x), for every
x e M.
As usual, we denote by p the Q-valued function on M, defined by

u(x) = E(x,x) = R(x, x).
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It is clear that by E-antisymmetry, R(x, x) = E(x, x), for every
x e M.
As usual, we denote by p the Q-valued function on M, defined by

u(x) = E(x,x) = R(x, x).

In an Q-set, every cut E, of E is a classical equivalence relation on
the cut pp of p.
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It is clear that by E-antisymmetry, R(x, x) = E(x, x), for every
x e M.
As usual, we denote by p the Q-valued function on M, defined by

p(x) = E(x,x) = R(x,x).
In an Q-set, every cut E, of E is a classical equivalence relation on

the cut pp of p.
Let [x]g, be the equivalence class of x € .
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It is clear that by E-antisymmetry, R(x, x) = E(x, x), for every

x e M.

As usual, we denote by p the Q-valued function on M, defined by
u(x) = E(x,x) = R(x, x).

In an Q-set, every cut E, of E is a classical equivalence relation on
the cut pp of p.

Let [x]g, be the equivalence class of x € .

tp/ Ep is the corresponding quotient set: for p € Q

[X]Ep =A{y € pp | XEpy},x € ppi pp/Ep = {[X]Ep | x € pp}.
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It is clear that by E-antisymmetry, R(x, x) = E(x, x), for every

x e M.

As usual, we denote by p the Q-valued function on M, defined by
u(x) = E(x,x) = R(x, x).

In an Q-set, every cut E, of E is a classical equivalence relation on
the cut pp of p.

Let [x]g, be the equivalence class of x € .

tp/ Ep is the corresponding quotient set: for p € Q

[X]Ep =A{y € pp | XEpy},x € ppi pp/Ep = {[X]Ep | x € pp}.

Proposition

Let (M, E,R) be an Q-poset. Then for every p € Q, the binary
relation <p, on i,/ Ep, defined by

[x]e, <p lylg, if and only if (x,y) € Ry,

is a classic ordering relation.
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Let (M, E,R) be an Q-poset and a,b € M. An element c € M is a
pseudo-infimum of a and b, if for every p < u(a) A u(b) the
following holds:
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Let (M, E,R) be an Q-poset and a,b € M. An element c € M is a
pseudo-infimum of a and b, if for every p < u(a) A u(b) the
following holds:

(i) p<R(c,a)AR(c,b) and

for every x € pip

p < R(x,a) A R(x, b) implies p < R(x, ¢).
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Let (M, E,R) be an Q-poset and a,b € M. An element c € M is a
pseudo-infimum of a and b, if for every p < u(a) A u(b) the
following holds:

(i) p<R(c,a)AR(c,b) and

for every x € pip

p < R(x,a) A R(x, b) implies p < R(x, ¢).

An element d € M is a pseudo-supremum of a, b € M, if for
every p < u(a) A u(b) the following holds:
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Let (M, E,R) be an Q-poset and a,b € M. An element c € M is a
pseudo-infimum of a and b, if for every p < u(a) A u(b) the
following holds:

(i) p<R(c,a)AR(c,b) and

for every x € pip

p < R(x,a) A R(x, b) implies p < R(x, ¢).

An element d € M is a pseudo-supremum of a, b € M, if for
every p < u(a) A u(b) the following holds:

(i) p< R(a,d)AR(b,d) and

for every x € pp

p < R(a,x) A R(b,x) implies p < R(d, x).
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Let (M, E,R) be an Q-poset and a,b € M. An element c € M is a
pseudo-infimum of a and b, if for every p < u(a) A u(b) the
following holds:

(i) p<R(c,a)AR(c,b) and

for every x € pip

p < R(x,a) A R(x, b) implies p < R(x, ¢).

An element d € M is a pseudo-supremum of a, b € M, if for
every p < u(a) A u(b) the following holds:

(i) p< R(a,d)AR(b,d) and

for every x € pp

p < R(a,x) A R(b,x) implies p < R(d, x).

It is straightforward that a pseudo-infimum (supremum) of a and b
belongs to p,, for every p < p(a) A pu(b).
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A pseudo-infimum and a pseudo-supremum for given a, b € M, if
they exist, are not unique in general.
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A pseudo-infimum and a pseudo-supremum for given a, b € M, if
they exist, are not unique in general.

Proposition

Let (M, E,R) be an Q-poset and a,b,c,ci,d,dy € M.

If ¢ is a pseudo-infimum of a and b, then

w(a) A u(b) < E(c,c1) if and only if ¢1 is also a pseudo-infimum of
a and b. Analogously, if d is a pseudo-supremum of a and b, then
wu(a) A u(b) < E(d, dy) if and only if dy is also a pseudo-supremum
of a and b.

’
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A pseudo-infimum and a pseudo-supremum for given a, b € M, if
they exist, are not unique in general.

Proposition

Let (M, E,R) be an Q-poset and a,b,c,ci,d,dy € M.

If ¢ is a pseudo-infimum of a and b, then

w(a) A u(b) < E(c,c1) if and only if ¢1 is also a pseudo-infimum of
a and b. Analogously, if d is a pseudo-supremum of a and b, then
wu(a) A u(b) < E(d, dy) if and only if dy is also a pseudo-supremum
of a and b.

’

Since for p < g, every equivalence class of ji4/Eq is contained in a
class of pp/Ep, we get that pseudo-infima (suprema) of two
elements a, b, if they exist, belong to the same equivalence class in

o/ Ep, for p < p(a) A p(b).
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We say that an Q-poset (M, E, R) is an Q-lattice as an ordered
structure, if for every a, b € M there exist a pseudo-infimum and
a pseudo-supremum.
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We say that an Q-poset (M, E, R) is an Q-lattice as an ordered
structure, if for every a, b € M there exist a pseudo-infimum and
a pseudo-supremum.

Theorem

Let (M, E,R) be an Q-poset. Then it is an Q-lattice as an ordered
structure if and only if for every q € Q, the poset (uq/Eq, <q) is a
lattice, and the following holds:

for all a,b € M, and p = p(a) A u(b),

inf([a]g,, [ble,) C inf([a]g,. [b]E,) and

sup([alz,. [ble,) € sup([alE,  [blE,),

for every q, q < p.
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Q-lattice as 2-algebra
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Q-lattice as 2-algebra

Let M = (M, 1,LI) be a bi-groupoid and E : M?> — Q an Q-valued
equality on M, hence (M, E) is supposed to be an Q-set.
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Q-lattice as 2-algebra

Let M = (M, 1,LI) be a bi-groupoid and E : M?> — Q an Q-valued
equality on M, hence (M, E) is supposed to be an Q-set.

In addition, E should be compatible with operations M and LI in
the following sense:
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Q-lattice as 2-algebra

Let M = (M, 1,LI) be a bi-groupoid and E : M?> — Q an Q-valued
equality on M, hence (M, E) is supposed to be an Q-set.

In addition, E should be compatible with operations M and LI in
the following sense:

E(x,y) NE(z,t) < E(xMz,yMNt) and

E(x,y) NE(z,t) < E(xUz,yut).

B. Segelja Special elements — Weak congruences — Q-algebras



Q-lattice as 2-algebra

Let M = (M, 1,LI) be a bi-groupoid and E : M?> — Q an Q-valued
equality on M, hence (M, E) is supposed to be an Q-set.

In addition, E should be compatible with operations M and LI in
the following sense:

E(x,y) NE(z,t) < E(xMz,yMNt) and

E(x,y) NE(z,t) < E(xUz,yut).

Proposition

If E is a compatible Q-valued equality on a bi-groupoid

M = (M,n,U), and p: M — Q is defined by j(x) = E(x, x),
then the following hold:

(i) Forall x,y € M,

u(x) A p(y) < p(xMy) and p(x) A p(y) < p(xUy).

(if) For every p € Q, the cut pp, of ju is a sub-bi-groupoid of M.
(iii) For every p € Q, the cut E, of E is a congruence on fip.

v
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Let M = (M,,U) be a bi-groupoid and (M, E) an Q-algebra.
Then (M, E) is an Q-lattice as an Q-algebra (Q-lattice as an
algebra), if it satisfies the lattice identities:
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Let M = (M,,U) be a bi-groupoid and (M, E) an Q-algebra.
Then (M, E) is an Q-lattice as an Q-algebra (Q-lattice as an
algebra), if it satisfies the lattice identities:

ll: xMy=yMNx
2 xUy=ylx
B3: xMN(yNz)=(xMNy)nz
A xU(yUz)=(xUy)Uz
5 (xMy)Ux =~ x
6: (xUy)Nx=x.

(commutativity)
(associativity)

(absorption)
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In terms of Q-algebras for all x,y,z € M, the following formulas
should be satisfied, where, as already indicated, the mapping
w: M — Qis defined by p(x) = E(x, x):
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In terms of Q-algebras for all x,y,z € M, the following formulas
should be satisfied, where, as already indicated, the mapping
w: M — Qis defined by p(x) = E(x, x):

L1: p(x)Aply) < E(xMy,yMx)
L2: p(x) A p(y) < E(xUy,yUx)
L3: pu(x) Aply) Ap(z) < E((xMy) Mz, xM(y M z))
L4 p(x) A ply) Ap(z) < E((xUy) Uz, x U (y U 2))
L5 p(x) A puly) < E((xMy) U x, x)
L6 : pu(x) A ply) < E((xUy) Mx, x)
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In terms of Q-algebras for all x,y,z € M, the following formulas
should be satisfied, where, as already indicated, the mapping
w: M — Qis defined by p(x) = E(x, x):

L1: p(x)Aply) < E(xMy,yMx)
L2: p(x) A p(y) < E(xUy,yUx)
L3: pu(x) Aply) Ap(z) < E((xMy) Mz, xM(y M z))
LA p(x) A py) Ap(z) < E((xUy) Uz, x U (y U 2))
L5 p(x) A puly) < E((xMy) U x, x)
L6 : pu(x) A ply) < E((xUy) Mx, x)

Let M = (M,N,U) be a bi-groupoid, and let E be an Q2-valued
compatible equality on M. Then, (M, E) is an Q-lattice if and
only if for every p € Q, the quotient structure i,/ Ep is a lattice.
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Equivalence of two approaches
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Equivalence of two approaches

Let (M, E, R) be an Q-lattice as an ordered structure.
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Equivalence of two approaches
Let (M, E, R) be an Q-lattice as an ordered structure.

Using Axiom of Choice, we define two binary operations, M and U
on M as follows:
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Equivalence of two approaches

Let (M, E, R) be an Q-lattice as an ordered structure.
Using Axiom of Choice, we define two binary operations, M and U
on M as follows:

For every pair a, b of elements from M, all b is an arbitrary, fixed

pseudo-infimum of a and b, and all b is an arbitrary, fixed
pseudo-supremum of a and b.
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Equivalence of two approaches

Let (M, E, R) be an Q-lattice as an ordered structure.
Using Axiom of Choice, we define two binary operations, M and U
on M as follows:

For every pair a, b of elements from M, all b is an arbitrary, fixed
pseudo-infimum of a and b, and all b is an arbitrary, fixed
pseudo-supremum of a and b.

If (M, E, R) is an Q-lattice as an ordered structure, and
M = (M,N,U) the bi-groupoid in which operations M, U are
introduced above, then (M, E) is an Q-lattice as an algebra.
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Let M = (M,1,U) be a bi-groupoid, (M, E) an Q-lattice as an
algebra and R : M? — Q an Q-valued relation on M defined by
R(x,y) = pu(x) A u(y) A E(x My, x).

Then, (M, E, R) is an Q-lattice as an ordered structure.
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Example
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Example

Let M ={a,b,c,d,e, f,g}, and let Q be the lattice given in
Figure 1.

1

N
NS
%

O Lattice Q
0

Figure 1
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Table 2: Q-valued order R

Table 1: Q-valued equality E
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Table 2: Q-valued order R

Table 1: Q-valued equality E

R(x,y) A R(y,x)

E(x,y)
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Ela b c d e f g Rla b c d e f g
alr p OO0 00O alr r 00 r 00
blp r 00 0 0O blp r 00 r 00
c|/0 0 s g g 00 c|0 0 s g s g g¢q
dj{0 0 g1 g 00 dir r s 11 q g
el/0 0 g g1 0O el0 0 g g1 g ¢q
f10 00 0O0 g0 O f10 00 0O g g
g/0 0 0 0 0 0 g¢g g/0 0 0 0 0 0 g
Table 1: Q-valued equality E Table 2: Q-valued order R

E(x,y) = R(x,y) A R(y, x)

(M, E,R) is an Q-lattice as an ordered structure.
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_(a b c d e f g
F=\r r s 11 g q )’
The cuts of p and the cuts of E represented by partitions are:

po=M; Eo = M?;

Up = {3, b, c, d, e} ) Ep = {{37 b},{C},{d},{e}};
Mq:{c7d7e7 f,g} ; Eq:{{c,d,e},{f},{g}};
pr={a,b,d,e}; E, = {{a},{b}. {d}. {e}}:
Hs = {C, d, e} ; Es = {{C}7{d}7{e}};

pr = p1 = {d, e}; E; = E1 = {{d},{e}}.
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{a,b

{e}

{d}

Mp/Ep

{g} * {e {e}
o b}
{f} c}
®a}
{Cv dv e} [ ] {d} {d}
{d) )
g/ Eq wr/E, ps/Es  pe/Er = pa/Ex

Figure 2: Quotient lattices
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Two binary operations on M are constructed by means of
pseudo-infima and pseudo-suprema. In this way, we obtain the
bi-groupoid M = (M, 1, ).
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Two binary operations on M are constructed by means of
pseudo-infima and pseudo-suprema. In this way, we obtain the
bi-groupoid M = (M, 1, ).

mn| a b c d e f g
al| a a d d a b* ™
b| a b d d b a* g™
c d d c d ¢ c* c*
d| d d d d d d* d*
e a b c d e ¢ c*
fld* a* d e c* f f
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R -0 Q 0 o v |[C
Q) - ® 60 a0 o o0
R -0 Q 0 T L |Q
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0] - -
0y 0y 0y 0y OR

(M, E) is an Q-lattice as an algebra.
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Thank you for your attention!
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